Gratuate Iexts
InMathematics



Graduate Texts in Mathematics 1 75

Editorial Board
S. Axler F.W.Gehring K.A.Ribet

Springer-Science+Business Media, LLC



Graduate Texts in Mathematics

wn

O 00 3

11

12
13

14
15
16
17
18
19
20
21
22

23
24

25
26
27
28
29
30
31

32

TAKEUTY/ZARING. Introduction to
Axiomatic Set Theory. 2nd ed.

OxTOBY. Measure and Category. 2nd ed.
ScHAEFER. Topological Vector Spaces.
HiLTON/STAMMBACH. A Course in
Homological Algebra. 2nd ed.

MaAc LANE. Categories for the Working
Mathematician.

HUGHES/PIPER. Projective Planes.

SERRE. A Course in Arithmetic.
TAKEUTVZARING. Axiomatic Set Theory.
HuUMPHREYS. Introduction to Lie Algebras
and Representation Theory.

CoHeN. A Course in Simple Homotopy
Theory.

Conway. Functions of One Complex
Variable 1. 2nd ed.

BEeALs. Advanced Mathematical Analysis.
ANDERSON/FULLER. Rings and Categories
of Modules. 2nd ed.
GOLUBITSKY/GUILLEMIN. Stable Mappings
and Their Singularities.

BERBERIAN. Lectures in Functional
Analysis and Operator Theory.

WINTER. The Structure of Fields.
ROSENBLATT. Random Processes. 2nd ed.
HaLMos. Measure Theory.

HaLmos. A Hilbert Space Problem Book.
2nd ed.

HuseMoLLER. Fibre Bundles. 3rd ed.
HuMPHREYS. Linear Algebraic Groups.
BARNES/MACK. An Algebraic Introduction
to Mathematical Logic.

GREUB. Linear Algebra. 4th ed.

HoLMEs. Geometric Functional Analysis
and Its Applications.

HEWITT/STROMBERG. Real and Abstract
Analysis.

MANES. Algebraic Theories.

KEeLLEY. General Topology.
ZARisk/SAMUEL. Commutative Algebra.
Vol.l

ZARISK/SAMUEL. Commutative Algebra.
Vol.II.

JacoBsoN. Lectures in Abstract Algebra 1.
Basic Concepts.

JacoBsoN. Lectures in Abstract Algebra
IL. Linear Algebra.

JAacoBsoN. Lectures in Abstract Algebra
IIL. Theory of Fields and Galois Theory.

33
34

35

36

37
38

39

41

42

43

45

47

48

49

50
51

52
53
54

55

56

57

58

59
60

HirscH. Differential Topology.
SpITZER. Principles of Random Walk.
2nd ed.

'WERMER. Banach Algebras and Several
Complex Variables. 2nd ed.
KELLEY/NAMIOKA et al. Linear
Topological Spaces.

MonkK. Mathematical Logic.
GRAUERT/FRITZSCHE. Several Complex
Variables.

ARVESON. An Invitation to C*-Algebras.
KEMENY/SNELL/KNAPP. Denumerable
Markov Chains. 2nd ed.

AposTOL. Modular Functions and
Dirichlet Series in Number Theory.
2nd ed.

SERRE. Linear Representations of Finite
Groups.

GILLMAN/JERISON. Rings of Continuous
Functions.

KENDIG. Elementary Algebraic Geometry.
LOEVE. Probability Theory 1. 4th ed.
LoEVE. Probability Theory II. 4th ed.
Moise. Geometric Topology in
Dimensions 2 and 3.

SacHs/Wu. General Relativity for
Mathematicians.

GRUENBERG/WEIR. Linear Geometry.
2nd ed.

EpwaRrDs. Fermat’s Last Theorem.
KLINGENBERG. A Course in Differential
Geometry.

HARTSHORNE. Algebraic Geometry.
MaNIN. A Course in Mathematical Logic.
GRAVER/WATKINS. Combinatorics with
Emphasis on the Theory of Graphs.
BroOwN/PEARCY. Introduction to Operator
Theory I: Elements of Functional
Analysis.

Massey. Algebraic Topology: An
Introduction.

CroweLL/Fox. Introduction to Knot
Theory.

KosLitz. p-adic Numbers, p-adic
Analysis, and Zeta-Functions. 2nd ed.
LANG. Cyclotomic Fields.

ARNOLD. Mathematical Methods in
Classical Mechanics. 2nd ed.

continued after index



W.B. Raymond Lickorish

An Introduction to
Knot Theory

With 114 Ilustrations

© Springer



W.B. Raymond Lickorish

Professor of Geometric Topology, University of Cambridge,
and Fellow of Pembroke College, Cambridge

Department of Pure Mathematics and Mathematical Statistics

Cambridge CB2 1SB

England

Editorial Board

S. Axler F.W. Gehring K.A. Ribet

Mathematics Department ~ Mathematics Department ~ Department of Mathematics

San Francisco State East Hall University of California
University University of Michigan at Berkeley

San Francisco, CA 94132  Ann Arbor, MI 48109 Berkeley, CA 94720

USA USA USA

Mathematics Subject Classification (1991): 57-01, 57M25, 16534, 57M05

Library of Congress Cataloging-in-Publication Data
Lickorish, W.B. Raymond.
An introduction to knot theory / W.B. Raymond Lickorish.
p. cm — (Graduate texts in mathematics ; 175)
Including bibliographical references (p. — ) and index.
ISBN 978-1-4612-6869-7 ISBN 978-1-4612-0691-0 (eBook)
DOI 10.1007/978-1-4612-0691-0
1. Knot theory. I Title. I Series
QA612.2.L.53 1997
514°.224—dc21 97-16660

Printed on acid-free paper.

© 1997 Springer SciencetBusiness Media New York

Originally published by Springer-Verlag New York Berlin Heidelberg in 1997

Softcover reprint of the hardcover 1st edition 1997

All rights reserved. This work may not be translated or copied in whole or in part without the written
permission of the publisher (Springer Science+Business Media, LLC), except for brief excerpts in
connection with reviews or scholarly analysis. Use in connection with any form of information storage
and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology now
known or hereafter developed is forbidden.

The use of general descriptive names, trade names, trademarks, etc., in this publication, even if the
former are not especially identified, is not to be taken as a sign that such names, as understood by the
Trade Marks and Merchandise Marks Act, may accordingly be used freely by anyone.

Production managed by Steven Pisano; manufacturing supervised by Johanna Tschebull.
Photocomposed pages prepared from the author’s TeX files.

987654321

ISBN 978-1-4612-6869-7 SPIN 10628672



Preface

This account is an introduction to mathematical knot theory, the theory of knots
and links of simple closed curves in three-dimensional space. Knots can be studied
at many levels and from many points of view. They can be admired as artifacts of
the decorative arts and crafts, or viewed as accessible intimations of a geometrical
sophistication that may never be attained. The study of knots can be given some
motivation in terms of applications in molecular biology or by reference to paral-
lels in equilibrium statistical mechanics or quantum field theory. Here, however,
knot theory is considered as part of geometric topology. Motivation for such a
topological study of knots is meant to come from a curiosity to know how the ge-
ometry of three-dimensional space can be explored by knotting phenomena using
precise mathematics. The aim will be to find invariants that distinguish knots, to
investigate geometric properties of knots and to see something of the way they
interact with more adventurous three-dimensional topology. The book is based on
an expanded version of notes for a course for recent graduates in mathematics
given at the University of Cambridge; it is intended for others with a similar level
of mathematical understanding. In particular, a knowledge of the very basic ideas
of the fundamental group and of a simple homology theory is assumed; it is, after
all, more important to know about those topics than about the intricacies of knot
theory.

There are other works on knot theory written at this level; indeed most of them
are listed in the bibliography. However, the quantity of what may reasonably be
termed mathematical knot theory has expanded enormously in recent years. Much
of the newly discovered material is not particularly difficult and has a right to be
included in an introduction. This makes some of the excellent established treatises
seem a little dated. However, concentrating entirely on developments of the past
decade gives a most misleading view of the subject. An attempt is made here to
outline some of the highlights from throughout the twentieth century, with a little
bias towards recent discoveries.

The present size of the subject means that a choice of topics must be made for
inclusion in any first course or book of reasonable length. Such selection must be
subjective. An attempt has been made here to give the flavour and the results from
three or four main techniques and not to become unduly enmeshed in any of them.
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Firstly, there is the three-manifold method of manipulating surfaces, using the
pattern of simple closed curves in which two surfaces intersect. This leads to the
theorem concerning the unique factorisation of knots into primes and to the theory
concerning the primeness of alternating diagrams. Combinatorics applied to knot
and link diagrams lead (by way of the Kauffman bracket) to the Jones polynomial,
an invariant that is good, but not infallible, at distinguishing different knots and
links. This invariant also has applications to the way diagrams of certain knots
might be drawn. Next, techniques of elementary homology theory are used on the
infinite cyclic cover of the complement of a link to lead to the “abelian” invariants,
in particular to the well-known Alexander polynomial. That is reinforced by the
association of that polynomial invariant with the Conway polynomial, as well as
by a study of the fundamental group of a link’s complement. The use of (framed)
links to describe, by means of “surgery”, any closed orientable three-manifold is
explored. Together with the skein theory of the Kauffman bracket, this idea leads
to some “quantum” invariants for three-manifolds. A technique, belonging to a
more general theory of three-manifolds, that will not be described is that of the
W. Haken’s classification of knots. That technique gives a theoretical algorithm
which always decides if two knots are or are not the same. It is almost impossible
to use it, but it is good to know it exists [42].

One can take the view that the object of mathematics is to prove that certain
things are true. That object will here be pursued. A declaration that something is
true, followed by copious calculations that produce no contradiction, should not
completely satisfy the intellect. However, even neglecting all logical or philosoph-
ical objections to this quest, there are genuine practical difficulties in attempting
to give a totally self-contained introduction to knot theory. To avoid pathological
possibilities, in which diagrams of links might have infinitely many crossings, it is
necessary to impose a piecewise linear or differential restriction on links. Then all
manoeuvres must preserve such structures, and the technicalities of a piecewise
linear or differential theory are needed. One needs, for example, to know that any
two-dimensional sphere, smoothly or piecewise linearly embedded in Euclidean
three-space, bounds a smooth or piecewise linear ball. This is the Schonflies theo-
rem; the existence of wild horned spheres shows it is not true without the technical
restrictions. What is needed, then, is a full development of the theory of piecewise
linear or differential manifolds at least up to dimension three. Laudable though
such an account might be, experience suggests that it is initially counter-productive
in the study of knot theory. Conversely, experience of knot theory can produce the
incentive to understand these geometric foundations at a later time. Thus some ba-
sic (intuitively likely) results of piecewise linear theory will sometimes be quoted,
sometimes with a sketch of how they are proved. Perhaps here piecewise linear
theory has an advantage over differential theory, because up to dimension three,
simplexes are readily visualisable; but differential theory, if known, will answer
just as well. That apologia underpins the start of the theory. Significant direct
quotations of results have however also been made in the discussion of the fun-
damental group of a link complement. That topic has been treated extensively
elsewhere, so the remarks here are intended to be but something of a little survey.
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Also quoted is R. C. Kirby’s theorem concerning moves between surgery links for
a three-manifold. Furthermore, at the end of a section extensions of a theory just
considered are sometimes outlined without detailed proof. Otherwise it is intended
that everything should be proved!

W. B. Raymond Lickorish
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A Beginning for Knot Theory

The mathematical theory of knots is intended to be a precise investigation into the
way that 1-dimensional “string” can lie in ordinary 3-dimensional space. A glance
at the diagrams on the pages that follow indicates the sort of complication that is
envisaged. Because the theory is intended to correspond to reality, it is important
that initial definitions, whilst being precise, exclude unwanted pathology both in
the things being studied and in the properties they might have. On the other hand,
obsessive concentration on basic geometric technology can deter progress. It can
initially be but tasted if it seem onerous. At its foundations, knot theory will here be
considered as a branch of topology. It is, at least initially, not a very sophisticated
application of topology, but it benefits from topological language and provides
some very accessible illustrations of the use of the fundamental group and of
homology groups.

As is customary, R” will denote n-dimensional Euclidean space and S" will
be the n-dimensional sphere. Thus S” is the unit sphere in R"*!, but it can be
regarded as being R” together with an extra point at infinity. There is a linear or
affine structure on R”; it contains lines and planes and r-simplexes (r-dimensional
analogues of intervals, triangles and tetrahedra). S” can also be regarded as the
boundary of a standard (n + 1)-simplex, so that §" is then triangulated with
the structure of a simplicial complex bounding a triangulated (n + 1)-ball B"+!.
Sometimes it seems more natural to describe B”*! as a disc; it is then denoted
D

Definition 1.1. A link L of m components is a subset of S3, or of R, that consists
of m disjoint, piecewise linear, simple closed curves. A link of one component is
a knot.

The piecewise linear condition means that the curves composing L are each
made up of a finite number of straight line segments placed end to end, “straight”
being in the linear structure of R* ¢ R? U oo = §° or, alternatively, in the
structure of one of the 3-simplexes that make up S* in a triangulation. In practice,
when drawing diagrams of knots or links it is assumed that there are so very many
straight line segments that the curves appear pretty well rounded. This insistence
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on having a finite number of straight line segments prevents a link from having an
infinite number of kinks, getting ever smaller as they converge to a point (those
links are called “wild”). An alternative way of avoiding wildness is to require that L
be a smooth 1-dimensional submanifold of the smooth 3-manifold S>. That leads
to an equivalent theory, but in these low dimensions simplexes are often easier
to manipulate than are sophisticated theorems of differential manifolds. Thus a
piecewise linear condition applies to practically everything discussed here, but it
will be given as little emphasis as possible.

Definition 1.2. Links L, and L, in S° are equivalent if there is an orientation-
preserving piecewise linear homeomorphism # : S3 — $3 such that k(L) =

(L>).

Here the piecewise linear condition means that after subdividing the simplexes
in each copy of S? into possibly very many smaller simplexes, # maps simplexes
to simplexes in a linear way. Soon, equivalent links will be regarded as being
the same link; in practice this causes no confusion. If the links are oriented or
their components are ordered, 4 may be required to preserve such attributes. It
is a basic theorem of piecewise linear topology that such an 4 is isofopic to the
identity. This means there exist i, : §> — S fort € [0, 1] so that hy = 1
and hy, = h and (x,t) — (h;x, 1) is a piecewise linear homeomorphism of
$3 x [0, 1] to itself. Thus certainly the whole of S3 can be continuously distorted,
using the homeomorphism #, at time ¢, to move L, to L,. An inept attempt to
define equivalence in terms of moving one subset until it becomes the other could
misguidedly permit knots to be pulled tighter and tighter until any complication
disappears at a single point. If L, and L, are equivalent, their complements in
§3 are, of course, homeomorphic 3-dimensional manifolds. Thus it is reasonable
to try to distinguish links by applying any topological invariant (for example, the
fundamental group) to such complements. Similarly, any facet of the extensive
theory of 3-dimensional manifolds can be applied to link complements; the theory
of knots and links forms a fundamental source of examples in 3-manifold theory. It
has recently been proved, at some length [37], that two knots with homeomorphic
oriented complements are equivalent; that is not true, in general, for links of more
than one component (a fairly easy exercise).

An elementary method of changing a link L in R? to an equivalent link is to find
a planar triangle in R? that intersects L in exactly one edge of the triangle, delete
that edge from L, and replace it by the other two edges of the triangle. See Figure
1.1. It can be shown that if two links are equivalent, they differ by a finite sequence
of such moves or the inverses of such moves (replace two edges of a triangle by
the other one). This result will be assumed; any proof would have to penetrate the
technicalities of piecewise linear theory (a proof can be found in [17]).

Using such (possibly very small) moves, L can easily be changed so that it is
in general position with respect to the standard projection p : R* — RZ?. Here
this means that each line segment of L projects to a line segment in R?, that the
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Figure 1.1

projections of two such segments intersect in at most one point which for disjoint
segments is not an end point, and that no point belongs to the projections of three
segments. Given such a situation, the image of L in R? together with “over and
under” information at the crossings is called a link diagram of L. Of course, a
crossing is a point of intersection of the projections of two line segments of L; the
“over and under” information refers to the relative heights above R? of the two
inverse images of a crossing. This information is always indicated in pictures by
breaks in the under-passing segments.

If L, and L, are equivalent, they are related by a sequence of triangle moves as
described above. After moving all the vertices of all the triangles by a very small
amount, it can be assumed that the projections of no three of the vertices lie on a
line in R? and the projections of no three edges pass through a single point. Then
each triangle projects to a triangle, and one can analyse the effect on link diagrams
of each triangle move. One of the more interesting possibilities is shown in Figure
1.2.

Figure 1.2

With a little careful thought, it follows that any two diagrams of equivalent links
L, and L, are related by a sequence of Reidemeister moves and an orientation-
preserving homeomorphism of the plane. The Reidemeister moves are of three
types, shown below in Figure 1.3; each replaces a simple configuration of arcs and
crossings in a disc by another configuration. A move of Type I inserts or deletes a
“kink” in the diagram; moves of Type III preserve the number of crossings. Any
homeomorphism of the plane must, of course, preserve all crossing information.

-a~\_J \VAIA'X ’\X/\ ~\/&

Type I Type 11 Type I11

Figure 1.3
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Figure 1.4

QL. DG .—

Figure 1.5

The “moves” shown in Figure 1.4 can be seen (exercise) to be consequences of
the three types of Reidemeister move.

If the point at infinity is added to R?, so that all moves and diagrams are now
regarded as being in S2, then the “moves” of Figure 1.5 are combinations of
Reidemeister moves of types two and three only (an easy exercise). Diagrams
related by moves of Type II and Type I1I only are sometimes said to be regularly
isotopic. Tt will always be assumed that S> and R? are oriented. The components
of an n-component link can be oriented in 2" ways, and a choice of orientation,
indicated by arrows on a diagram, is extra information that may or may not be given.
If K is an oriented knot, the reverse of K—denoted r K—is the same knot as a set
but with the other orientation. Often K and rK are equivalent. If L is a link in §>
and p : 3 — §3 is an orientation-reversing piecewise linear homeomorphism,
then p(L) is a link called the obverse or reflection of L. Up to equivalence of p(L),
the choice of p is immaterial; p (L) is denoted L. Regarding S* as R? U 0o, one can
take p to be the map (x, y, z) — (x, ¥, —z), and then it is clear that a diagram for
L is the same as one for L but with all the over-passes changed to under-passes.
As will later become clear, sometimes L and L are equivalent, sometimes they are
not. There do exist oriented knots (the knot named 935 is an example) for which
K,rK, K and rK are four distinct oriented knots.

A knot K is said to be the unknot if it bounds an embedded piecewise linear
disc in S°. Triangle moves across the 2-simplexes of a triangulation of such a disc
show that the unknot is equivalent to the boundary of a single 2-simplex linearly
embedded in $3, and hence it has (as expected) a diagram with no crossing at all.
Two oriented knots K and K, can be added together to form their sum K| + K>
by a method that corresponds to the intuitive idea of tying one and then the other
in the same piece of string; see Figure 1.6. More precisely, regard K| and K as
being in distinct copies of 3, remove from each S> a (small) ball that meets the
given knot in an unknotted spanning arc (one where the ball-arc pair is piecewise
linearly homeomorphic to the product of an interval with a disc-point pair), and
then identify together the resulting boundary spheres, and their intersections with
the knots, so that all orientations match up. Some basic piecewise linear theory
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1.1. The Knot Table to Eight Crossings
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shows that balls meeting the knots in unknotted spanning arcs are essentially
unique, so that the addition of oriented knots is (up to equivalence, of course) well
defined. It is immediate that this addition is commutative, and it is easily seen to
be associative. The unknot is a zero for this addition, but it will be seen a little later
that no knot other than the unknot has an additive inverse.

& CB - &

Definition 1.3. A knot K is a prime knot if it is not the unknot, and K = K + K>
implies that K| or K3 is the unknot.

(Whereas “irreducible” might be a better term than “prime”, this is traditional
terminology, and it transpires that prime knots do have the usual algebraic property
of primeness.)

Fairly simple knots can be defined by drawing diagrams, and to refuse to do this
would be pedantic in the extreme. The crossing number of a knot is the minimal
number of crossings needed for a diagram of the knot. Table 1.1 is a table of
diagrams of all knots with crossing number at most 8. There are 35 such knots.
Following traditional expediency, the unknot is omitted, only prime knots are
included and a// orientations are neglected (so that each diagram represents one,
two or four oriented knots in oriented S by means of the above operations r and p).
A notation such as “8s” beside a diagram simply means that it shows the fifth knot
with crossing number 8 in a traditional ordering (begun in the nineteenth century
by P. G. Tait [118] and C. N. Little [92]). Such terminology and tables of diagrams
exist for knots up to eleven crossings. It is easy to tabulate knot diagrams and,
for low numbers of crossings, to be confident that a list is complete; the difficulty
comes in proving that the entries are prime and that the tabulation contains no
duplicates. This is accomplished by associating to a knot some “invariant”—a
well-defined mathematical entity such as a a number, a polynomial, or a group—
and proving the invariants are distinct. Many such invariants are discussed later.
Recent calculations by M. B. Thistlethwaite have produced the data in Table 1.2
for the number of prime knots (with the above conventions that neglect orientation)
for crossing number up to 15. The table has been checked by J. Hoste and J. Weeks
using totally independent methods from those of Thistlethwaite.

TABLE 1.2.

Crossing
number 3 4 5 6 7 8 9 10 11 12 13 14 15

Number
ofknots 1 1 2 3 7 21 49 165 552 2176 9988 46972 253293
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The naming of knots by means of traditional ordering is overwhelmed by the
quantity of twelve-crossing knots. C. H. Dowker and Thistlethwaite [26] have
adapted Tait’s knot notation to produce a coding for knots that is suitable for a
computer. The method is as follows: Follow along a knot diagram from some
base point, allocating in order the integers 1, 2, 3, ... to the crossings as they
are reached. Each crossing receives two numbers, one from the over-pass strand,
one from the under-pass. At each crossing one of the numbers will be even and
the other odd. Thus an n-crossing diagram with a base point produces a pairing
between the first n odd numbers and the first » even numbers. An even number
is then decorated with a minus sign if the corresponding strand is an under-pass;
if it is an over-pass, it is undecorated. If the knot is prime, its diagram can easily
be reconstructed uniquely (neglecting orientations) from that pairing with signs.
Thus, specifying the signed even numbers in the order in which they correspond
to the odd numbers 1, 3,5, ..., 2n — 1 specifies the knot up to reflection. Of
course, there is no unique such specification, but for a given n, there can be only
finitely many such ways of describing a knot. Selecting the lowest possible n and
the first description in a lexicographical ordering of the strings of even numbers
does give a canonical name for the (unoriented, prime) knot from which the knot
can be constructed. For example, the first four knots in the tables are given by the
notations

462, 4682, 481026, 681024

The crossing number is an easily defined example of the idea of a knot invariant.
Knots with different crossing numbers cannot be equivalent. However, because it
is defined in terms of a minimum taken over the infinity of possible diagrams of
a knot, the crossing number is in general very difficult to calculate and use. The
unknotting number u(K) of aknot K is likewise a popular but intractable invariant;
it will be mentioned in Chapter 7. By definition, #(K) is the minimum number of
crossing changes (from “over” to “under” or vice versa) needed to change K to
the unknot, where the minimum is taken over all possible sets of crossing changes
in all possible diagrams of K. However, if intuitively K is thought of as a curve
moving around in §3, then u(K ) is the minimum number of times that K must pass
through itself to achieve the unknot. This obvious measure of a knot’s complexity
is often hard to determine and use. In fact, knowledge of the unknotting number
of a knot might better be thought of as an end product of knot theory. If it has been
shown that K is not the unknot, but that one crossing change on some diagram
of K does give the unknot, then of course u(K) = 1. Thus, for example, it will
soon be clear that u(3;) = u(4,) = 1. However, at the time of writing, u#(8;¢) is
unknown (it is either 1 or 2). A discussion of the problem of finding unknotting
numbers and of many, many other problems in knot theory can be found in [67].

A glance at Table 1.1 shows that all the knots up to 8,3 have the property that
in the displayed diagrams, the “over” or “under” nature of the crossings alternates
as one travels along the knot. A knot is called alternating if it has such a diagram;
alternating knots do seem to have particularly pleasant properties. It will later be
seen that knots 89, 8,0 and 8,, are not alternating. The apparent preponderance
of alternating knots is simply a phenomenon of low crossing numbers. Looking at
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the given table, it is easy to imagine how various of its knots can be generalised to
form infinite sets of knots by inserting extra crossings in a variety of ways. Further,
note that for either orientation, r(4;) = 4, = 4, and r(3;) = 3; later it will be
seen that 3; # 3;. Also 87 = 8,7, but it is known that 8,7 # r(8,7). A proof of
this last result is not easy; it follows from F. Bonahon’s “equivariant characteristic
variety theorem” [14], and it was also proved by A. Kawauchi [63]; another proof
is in [40]. The first examples of knots that differ from their reverses were those of
H. F. Trotter [125], which will be discussed in Chapter 11.

It is usually much more relevant to consider various classes of knots and links
that have been found to be interesting, rather than to seek some list of all possible
knots. An example, which later will be featured often, is that of pretzel knots and
links. The pretzel link P(ay, a, . .., a,) is shown in Figure 1.7. Here the a; are
integers indicating the number of crossings in the various “tassels” of the diagram.
If a; is positive, the crossings are in the sense shown (the complete “tassel” has
a right-hand twist); if a; is negative, the crossings are in the opposite sense. As n
varies and different values are chosen for the g;, this gives an infinite collection of
links. Indeed, counting link components shows that it gives infinitely many links,
but various invariants will later be used to distinguish pretzel knots.

Figure 1.7

The upper two diagrams of Figure 1.8 show rational (or 2-bridge) knots or links,
denoted C(ay, ay, . .., a,). Such a link has no more than two components. The
diagrams differ slightly in the way the various strands are joined at the right-hand
edge of the diagram; the first method is for odd n, the second for even n. Again the
a; are integers, the sense of the crossings being as in the first diagram when all g;
are positive (so that then the upper “tassels” twist to the left and the lower ones to
the right). For example, the second diagram shows C(4, 2, 3, —3). This notation,
devised by J. H. Conway [20], is chosen so that the link can be termed the “(p, gq)
rational link” where the rational number g/ p has the repeated fraction expansion

1

TR

a, +

1
a + ...

ap—1 + —

n

It turns out that different ways of expressing ¢g/p as such a repeated fraction
always give the same link (though a link can correspond to distinct rationals). For
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Figure 1.8

a (p, q) rational knot, | p| is an invariant of the knot—namely, its determinant (see
Chapter 9). An important property of a rational link is that it can be formed by
gluing together two trivial 2-string tangles. Such a tangle is a 3-ball containing
two standard (unknotted, unlinked) disjoint spanning arcs. Each arc meets the
boundary of its ball at just its end points. The gluing process identifies together
the boundaries of the balls to obtain §°, and to produce the link, it identifies the
four ends of the arcs in one ball with the ends of those in the other. This can be
seen by considering a vertical line through one of the diagrams in Figure 1.8. The
line meets the link in four points. The diagram to one side of the line represents
two arcs in a ball and, forgetting the configuration on the other side of the line, the
arcs untwist.

The remainder of Figure 1.8 shows how C(a,, a3, . . ., a,) can be regarded as
the boundary of n twisted bands “plumbed” together. If the g; in the expression
for g/ p as a repeated fraction are all even, then the union of these bands is an
orientable surface. The recipe for this plumbing can be encoded in a simple linear
graph, as shown, in which each vertex represents a twisted band and each edge a
plumbing. The boundary of a collection of bands plumbed according to the recipe
of a tree (a connected graph with no closed loop) is called an arborescent link.
(Conway called such a link “algebraic™.) If the tree has only one vertex incident
to more than two edges, the resulting link is a “Montesinos link”; the pretzel links
are simple examples. Arborescent links have been classified by Bonahonand L. C.
Siebenmann [15].

The ideas of braids and the braid group give a useful way of describing knots
and links. A braid of n strings is n oriented arcs traversing a box steadily from
the left to the right. The box will be depicted as a square or rectangle, and the
arcs will join n standard fixed points on the left edge to » such points on the right
edge. Over-passes are indicated in the usual way. The arcs are required to meet
each vertical line that meets the rectangle in precisely n points (the arcs can never
turn back in their progress from left to right). Two braids are the same if they
are ambient isotopic (that is, the strings can be “moved” from one position to the
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other) while keeping their end points fixed. The standard generating element o; is
shown in Figure 1.9 , as is the way of defining a product of braids by placing one
after another. Given any braid b, its ends on the right edge may be joined to those
on the left edge, in the standard way shown, to produce the closed braid b that
represents a link in $3. Any braid can be written as a product of the o; and their
inverses (cri_l is o; with the crossing switched), and it is a result discovered by J.
W. Alexander that any oriented link is the closure of some braid for some 7. There
are moves (the Markov moves; see Chapter 16) that explain when two braids have
the same closure. More details can be found in [9] or [7]. The n-string braids form
a group B, with respect to the above product; it has a presentation

(01,02, ...,0,-1; 0i0j = 0;0; if i — Jjl =2, 0i0i410; = 0i410;0i41 ).

Figure 1.9 shows the braid oy03 . . . 6,_1. If b = (0107 .. .a,,vl)’",then’l;is called
the (n, m) torus link. It is a knot if n and m are coprime. This link can be drawn
on the standard (unknotted) torus in R* (just consider the n — 1 parallel strings of
0107 .. .0, as being on the bottom of the torus, and the other string as looping
over the top of the torus).

N — ]
ia P by|b2 > O:-b:
G, b,b, 0103***0p.1 5
Figure 1.9

There are many methods of constructing complicated knots in easy stages. A
common process is that of the construction of a satellite knot. Start with a knot K
in a solid torus T'. This is called a pattern. Lete : T — S be an embedding so
that eT is a regular neighbourhood of a knot C in S>. Then eK is called a satellite
of C, and C is sometimes called a companion of eK . The process is illustrated in
Figure 1.10, where a satellite of the trefoil knot 3| is constructed. Note that if
K C T and C are given, there are still different possibilities for the satellite, for
T can be twisted as it embeds around C. A simple example of the construction is
provided by the sum K| + K of two knots; the sum is a satellite of K and of K.
If K isa (p, q) torus knot on the boundary of T, then ¢ K is called the (p, q) cable

S=c3s

Figure 1.10
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Figure 1.11

knot about C provided e maps a longitude of T to a longitude of C (see Definition
1.6).

A crossing in a diagram of an oriented link can be allocated a sign; the crossing is
said to be positive or negative, or to have sign +1 or —1. The standard convention is
shown in Figure 1.11. The convention uses orientations of both strands appearing
at the crossing and also the orientation of space. A positive crossing shows one
strand (either one) passing the other in the manner of a “right-hand screw”. Note
that, for a knot, the sign of a crossing does not depend on the knot orientation
chosen, for reversing orientations of both strands at a crossing leaves the sign
unchanged.

Definition 1.4. Suppose that L is a two-component oriented link with components
Ly and L,. The linking number lk(L, L;) of L; and L, is half the sum of the
signs, in a diagram for L, of the crossings at which one strand is from L; and the
other is from L,.

Note at once that this is well defined, for any two diagrams for L are related by a
sequence of Reidemeister moves, and it is easy to see that the above definition is not
changed by such a move (a move of Type I causes no trouble, as it features strands
from only one component). The linking number is thus an invariant of oriented
two-component links. To be equivalent, two such links must certainly have the
same linking number. The definition given of linking number is symmetric:

Ik(Ly, Ly) = lk(La, Ly).

This definition of linking number is convenient for many purposes, but it should
not obscure the fact that linking numbers embody some elementary homology
theory. Suppose that K is a knot in S3. Then K has a regular neighbourhood N
that is a solid torus. (This is easy to believe, but, technically, the regular neigh-
bourhood is the simplicial neighbourhood of K in the second derived subdivision
of a triangulation of S3 in which K is a subcomplex.) The exterior X of K is the
closure of S* — N. Thus X is a connected 3-manifold, with boundary X thatis a
torus. This X has the same homotopy type as §> — K, X N N = 30X = 9N and
X UN = 53 (Note the custom of using “9” to denote the boundary of an object.)

Theorem 1.5. Let K be an oriented knot in (oriented) S°, and let X be its exterior.
Then H\(X) is canonically isomorphic fo the integers Z generated by the class of
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a simple closed curve (v in AN that bounds a disc in N meeting K at one point. If
C is an oriented simple closed curve in X, then the homology class [C] € H(X)
is Ik(C, K). Further, H3(X) = Hy(X) = 0.

PROOF. This result is true in any reasonable homology theory with integer co-
efficients; indeed, it follows at once from the relatively sophisticated theorem of
Alexander duality. The following proof uses the Mayer—Vietoris theorem, which
relates the homology of two spaces to that of their union and intersection. As it
has been assumed that all links are piecewise linearly embedded, it is convenient
to think of simplicial homology and to suppose that X and N are sub-complexes
of some triangulation of S3. Consider then the following Mayer—Vietoris exact
sequence for X and the solid torus N that intersect in their common torus boundary:

H3y(X) @ Hy(N) —> H3(S%) — -+
. — Hy(XNN) — Hy(X) ® Hy(N) — Hy(§*) — ---
. — H(XNN) — H(X)® H(N) — H(S) — -

Now, H3(X) @ H3(N) = 0. This is because any connected triangulated 3-manifold
with non-empty boundary deformation retracts to some 2-dimensional subcomplex
(just “remove” 3-simplexes one by one, starting at the boundary), and hence it has
zero 3-dimensional homology. The homology of the torus, the solid torus and the
3-sphere are all known as part of any elementary homology theory, so in the above
itis only H>(X) and H, (X) that are not known.

The groups H3(S*) and H,(X N N) are both copies of Z. Recall that the Mayer—
Vietoris sequence comes from the corresponding short exact sequence of chain
complexes. A generator of H3(S?) is represented by the chain consisting of the
sum of all the 3-simplexes of S> coherently oriented. This pulls back to the sum of
the 3-simplexes in X plus those in N. That maps by the boundary (chain) map to
the sum of the 2-simplexes in 3 X plus those in d N, and this in turn pulls back to the
sum of the (coherently oriented) 2-simplexes in X N N; this represents a generator
of H(X N N). Thus inspection of the map in the sequence between H3(S*) and
H,(X N N) shows that a generator is sent to a generator, and hence the map is an
isomorphism. As H,(S*) = 0, the exactness implies that H,(X) @& Hy(N) = 0.

As Hy(§*) = 0 and H(S*) = 0, the map from Hi(X " N) = Z ® Z to
H,(X)@® H{(N) is an isomorphism. As H,(N) = Z, this implies that H;(X) = Z.
This isomorphism H\(X N N) — H;(X) ® H;(N) is induced by the inclusion
maps of X N N into each of X and N. Suppose that i is a non-separating simple
closed curve in X N N that bounds a disc in the solid torus N, oriented so that u
encircles K witharight-hand screw. Then y represents an element that is indivisible
(that is, it is not the multiple of another element by a non-unit integer) in H; (X NN);
of course, u represents zero in H) (N). Thus under the above isomorphism, [u] +>
(1,0) €e Z&Z = H (X)D H,(N), for the image must still be indivisible, and this
can be taken to define the choice of identification of H;(X) with Z. Examination
of the definition of linking numbers in terms of signs of crossings shows that C is
homologous in X to Ik(C, K)[u]. |
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Note that, with the notation of the above proof, a unique element of H;(X N N)
must map to (0, 1), where the 1 € H,(N) is represented by the oriented curve
K. As (0, 1) is indivisible, this class is represented by a simple closed curve A in
X N N. This gives substance to the following definition:

Definition 1.6. Let K be an oriented knot in (oriented) S* with solid torus neigh-
bourhood N. A meridian x of K is a non-separating simple closed curve in dN
that bounds a disc in N. A longitude A of K is a simple closed curve in N that is
homologous to K in N and null-homologous in the exterior of K.

Note that A and u, the longitude and meridian, both have standard orientations
coming from orientations of K and S°, they are well defined up to homotopy in d N
and their homology classes form a base for H;(dN). The above ideas can easily
be extended to the following result for links of several components.

Theorem 1.7. Let L be an oriented link of n components in (oriented) S* and let X
be its exterior. Then Hy(X) = €D, _, Z. Further, H,(X) is canonically isomorphic
to €, Z generated by the homology classes of the meridians {1;} of the individual
components of L.

PROOF. The proof of this is just an adaptation of that of the previous theorem.
Here N is now a disjoint union of # solid tori. The map H;(S*) — H,(XNN)isthe
map Z — P, Z that sends 1to (1, 1, ..., 1), implying that H>(X) = €D, _, Z.
Now Hi{(N N X) = €D,,Z and H|(N) = €, Z, and the map H;(N N X) —
Hi(N) @ H,(X) is still an isomorphism, so H,(X) = €, Z. The argument about
the generators is as before. O

If C is an oriented simple closed curve in the exterior of the oriented link L,
the linking number of C and L is defined by 1k(C, L) = ), 1k(C, L;) where the
L; are the components of L. By Theorem 1.7, 1k(C, L) is the image of [C] €
H(X) = @, Z under the projection onto Z that maps each generator to 1.

Exercises

1. Show that the knot 4, is equivalent to its reverse and to its reflection.

2. A diagram of an oriented knot is shown on a screen by means of an overhead projector.
What knot appears on the screen if the transparency is turned over?

3. From the theory of the Reidemeister moves, prove that two diagrams in S? of the same
oriented knot in §* are equivalent, by Reidemeister moves of only Types Il and III , if
and only if the the sum of the signs of the crossings is the same for the two diagrams.

4. Attempt a classificaton of links of two components up to six crossings, noting any pairs
of links in your table that you have not yet proved to be distinct.
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10.

11.

12.

Chapter 1

. Show that any diagram of a knot K can be changed to a diagram of the unknot
by changing some of the crossings from “over” to “under”. How many changes are
necessary?

. Prove that the (p, q) torus knot, where p and g are coprime, is equivalent to the (g, p)
torus knot. How does it relate to the (p, —g) and (—p, —¢q) torus knots?

. Find descriptions of the knot 8¢ in the Dowker—Thistlethwaite notation, in the Conway
notation as a 2-bridge knot C(ay, a,, a3, as) and also as a closed braid b.

. Prove that any 2-bridge knot is an alternating knot.

. A knot diagram is said to be three-colourable if each segment of the diagram (from
one under-pass to the next) can be coloured red, blue or green so that all three colours
are used and at each crossing either one colour or all three colours appear. Show that
three-colourability is unchanged by Reidemeister moves. Deduce that the knot 3, is
indeed distinct from the unknot and that 3, and 4, are distinct. Generalise this idea
to n-colourability by labelling segments with integers so that at every crossing, the
over-pass is labelled with the average, modulo #, of the labels of the two segments on
either side.

Can n-colourability distinguish the Kinoshita—Terasaka knot (Figure 3.3) from the
unknot?

Let X, and X, be the exteriors of two non-trivial knots K; and K,. Determine how a
homeomorphism A : 3X; — 39X, can be chosen so that the 3-manifold X, U, X, has
the same homology groups as S°.

Let M be a homology 3-sphere, that is, a 3-manifold with the same homology groups as
S3. Show that the linking number of a link of two disjoint oriented simple closed curves
in M can be defined in a way that gives the standard linking number when M = S°.
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Seifert Surfaces and Knot
Factorisation

It will now be shown that any link in S* can be regarded as the boundary of some
surface embedded in S°. Such surfaces can be used to study the link in different
ways. Here they are used to show that knots can be factorised into a sum of
prime knots. Later they will feature in the theory and calculation of the Alexander
polynomial.

Definition 2.1. A Seifert surface for an oriented link L in S? is a connected
compact oriented surface contained in S3 that has L as its oriented boundary.

Examples of such surfaces are shown in Figure 2.1 and have been mentioned in
Chapter 1 for two-bridge knots. Of course, any embedding into S* of a compact
connected oriented surface with non-empty boundary provides an example of a
link equipped with a Seifert surface. A surface is non-orientable if and only if it
contains a Mobius band. Some surface can be constructed with a given link as its
boundary in the following way: Colour black or white, in chessboard fashion, the
regions of S? that form the complement of a diagram of the link. Consider all the
regions of one colour joined by “half-twisted” strips at the crossings. This is a
surface with the link as boundary, and it may well be orientable. However, it may
quite well be non-orientable for either one or both of the two colours. The usual
diagram of the knot 4, has both such surfaces non-orientable. Thus, although this
method may provide an excellent Seifert surface, a general method, such as that
of Seifert which follows, is needed.

Figure 2.1

15
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K= (=X

Figure 2.2

Theorem 2.2. Any oriented link in S* has a Seifert surface.

PROOF. Let D be an oriented diagram for the oriented link L and let Dbe D
modified as shown in Figure 2.2. D is the same as D except in a small neigh-
bourhood of each crossing where the crossing has been removed in the only way
compatible with the orientation. This Dis just a disjoint union of oriented simple
closed curves in 2. Thus D is the boundary of the union of some disjoint discs all
on one side of (above) 2. Join these discs together with half-twisted strips at the
crossings. This forms an oriented surface with L as boundary; each disc gets an
orientation from the orientation of D, and the strips faithfully relay this orientation.
If this surface is not connected, connect components together by removing small
discs and inserting long, thin tubes. O

In the above proof, D was a collection of disjoint simple closed curves con-
structed from D. These curves are called the Seifert circuits of D. The Seifert
circuits of the knot 8,9 are shown in Figure 2.3. A Seifert surface for this knot is
then constructed by adding three discs above the page and eight half-twisted strips
near the crossings to join the discs together.

&

Figure 2.3

The proof of Theorem 2.2 gives a way of constructing a Seifert surface from a
diagram of the link. The surface that results may however not be the easiest for any
specific use. A surface coming from the chessboard colouring technique, or from
some partial use of it, may well seem more agreeable. The diagram of Figure 2.4
shows how, at least intuitively, a knot can have two very different Seifert surfaces;
the two thin circles can be joined by a tube after following along the narrow
(“knotted”) strip or after swallowing that part of the picture.

Definition 2.3. The genus g(K) of a knot K is defined by

g(K) = min. {genus (F) : F is a Seifert surface for K}.
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Figure 2.4

Here F has one boundary component, so as an abstract surface it is a disc with a
number of “hollow handles” added. That number is its genus. More precisely, the
genus of Fis % (1 — x (F)), where x (F) is the Euler characteristic of F'. The Euler
characteristic in turn can be defined as the number of vertices minus the number
of edges plus the number of triangles in any triangulation of F. It does not seem
to be common to discuss the genus of a link, but there is no difficulty in extending
the definition.

Note that it follows at once that K is the unknot if and only if it has genus 0. Also,
if K has a Seifert surface of genus 1 and K is known not to be the unknot, then
g(K) = 1. The proof of Theorem 2.2 constructs a Seifert surface F for K from a
diagram D of K. If D has n crossings and s Seifert circuits, then x(F) = s — n,
so that g(K) < %(n —s+ 1).

It has already been noted that though it is easy to define numerical knot and link
invariants by minimising some geometric phenomenon associated with it, often
such invariants are very hard to calculate and difficult to use. The genus of a knot,
however, has a utility that arises from the following result of [115], which states
that knot genus is additive.

Theorem 2.4. For any two knots K| and K3,
&Ky + K») = g(Ky) + g(K>) .

PRrROOF. Firstly, suppose that K, and K>, together with minimal genus Seifert
surfaces F| and F>, are situated far apart in S°. Each F; is a connected surface with
non-empty boundary, so elementary homology theory shows that F; U F> does
not separate S3. Thus one can choose an arc « from a point in K to a point in K
that meets F; U F, at no other point and that intersects once a 2-sphere separating
K, from K. The union of F; U F, with a “thin” strip around « (twisted to match
orientations) gives a Seifert surface for K; + K, that has genus the sum of the
genera of F; and F,. Thus

g(K1 + K3) < g(Ky) + g(K3) .

Now suppose that F is a minimal genus Seifert surface for K| + K,. Let X be
a 2-sphere, intersecting K| + K> transversely at two points, of the sort that occurs
in the definition of K| + K;. Thus X separates K| + K into two arcs ) and «p,
and if B8 is any arc in X joining the two points of ¥ N (K, + K3), then o) U B



18 Chapter 2

and oy U B are copies of K| and K,. Now F and X are surfaces in S3. Here it is
being assumed throughout that all such inclusions are piecewise linear (as usual,
“smooth” is just as good). Thus each can be regarded as a sub-complex of some
triangulation of §3, and X can be moved (by a general position argument, moving
“one vertex at a time”) to a position in which it is transverse to the whole of F. (The
local situation is then modelled on the intersection of two planes, or half-planes,
placed in general position in 3-dimensional Euclidean space.) Thus, without loss
of generality, it may be assumed that F 1N X is a 1-dimensional manifold which
must be a finite collection of simple closed curves and one arc g joining the points
of £ N (K, + K,). Each of these simple closed curves separates % into two discs
(using the 2-dimensional Schonflies theorem), only one of which contains . Let
C be a simple closed curve of F N X that is innermost on ¥ — B. This means that
C bounds in ¥ a disc D, the interior of which misses F'. Now use D to do surgery
on F in the following way: Create a new surface F from F by deleting from F a
small annular neighbourhood of C and replacing it by two discs, each a “parallel”
copy of D, one on either side of D. If C did not separate F, this F would be a
Seifert surface for K| + K> of genus lower than that of F' (since the surgery has
the effect of removing a hollow handle). As that is not possible, C separates F,
and so F is disconnected. Consider the component of F that contains K| + K».
This is a surface of the same genus as F but which meets X in fewer simple closed
curves (C, at least, has been eliminated). Repetition of this process yields a Seifert
surface F' for K| + K,, of the same genus as F, that intersects £ only in 8. Thus
3 separates F’ into two pieces which are Seifert surfaces for K| and K;. Hence

8(K1) + g(K>) = g(Ki + K3),

which, together with the preceding inequality, proves the result. O

Corollary 2.5. No (non-trivial) knot has an additive inverse. That is, if K| + K,
is the unknot, then each of K, and K, is unknotted.

Corollary 2.6. If K is a non-trivial knot and )| K denotes the sum of n copies
of K, then if n # m it follows that 3| K # Y | K. There are, then, certainly
infinitely many distinct knots.

Corollary 2.7. A knot of genus 1 is prime.

Corollary 2.8. A knot can be expressed as a finite sum of prime knots.

ProoF. If a knot is not prime, it can be expressed as the sum of two knots of
smaller genus. Now use induction on the genus. O

It will be worthwhile recalling now the following basic Schonflies theorem,
already mentioned in the introduction. Essentially, it states that S cannot knot
in §3.
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Theorem 2.9. Schonflies Theorem. Let ¢ : S —> S be any piecewise linear
embedding. Then S> — eS? has two components, the closure of each of which is a
piecewise linear ball.

No proof will be given here for this fundamental, non-trivial result (for a proof
see [81]). The piecewise linear condition has to be inserted, as there exist the
famous “wild horned spheres” that are are examples of topological embeddings
e : S — §3 for which the complementary components are not even simply
connected.

The next result considers the different ways in which a knot might be expressed
as the sum of other knots. It is the basic result needed to show that the expression of
a knot as a sum of prime knots is essentially unique. The technique of its proof again
consists of minimising the intersection of surfaces in S* that meet transversely in
simple closed curves, but the procedure here is more sophisticated than in the proof
of Theorem 2.4. In the proof, use will be made of the idea of a ball-arc pair. Such a
pair is just a 3-ball containing an arc which meets the ball’s boundary at just its two
end points. The pair is unknotted if it is pairwise homeomorphicto (D x I, * x I),
where % is a point in the interior of the disc D and [ is a closed interval.

Theorem 2.10. Suppose that a knot K can be expressed as K = P + Q, where
P is a prime knot, and that K can also be expressed as K = K| + K;. Then either
(8) Ky = P + K| for some K|, and Q = K| + K;, or

(b) K> = P + K for some K3, and Q = K, + Kj,.

PROOF. Let X be a 2-sphere in S°, meeting K transversely at two points, that
demonstrates K as the sum K + K. The factorisation K = P + Q implies that
there is a 3-ball B contained in > such that B N K is an arc o (with K intersecting
d B transversely at the two points d«) so that the ball-arc pair (B, a) becomes, on
gluing a trivial ball-arc pair to its boundary, the pair (S, P). As in the proof of
Theorem 2.4, it may be assumed, after small movements of X, that X intersects 3 B
transversely in a union of simple closed curves disjoint from K. The immediate
aim will be to reduce £ N 9 B. Note that if this intersection is empty, then B is
contained in one of the two components of §* — X, and the result follows at once.

As ¥ N K is two points, any oriented simple closed curve in ¥ — K has linking
number zero or =1 with K. Amongst the components of ¥ N 9B that have zero
linking number with K select a component that is innermost on ¥ (with ¥ N K
considered “outside”). This component boundsadisc D C X,withDNaB = aD.
Now 3D bounds a disc D’ € 3B with D’ N K = @ (by linking numbers), though
D’ N ¥ may have many components (see Figure 2.5). By the Schonflies theorem,
the sphere D U D’ bounds a ball. “Moving” D’ across this ball to just the other side
of D changes B to a new position, with X N d B now having fewer components than
before. As the new position of B differs from the old by the addition or subtraction
of a ball disjoint from K, the new (B, «) pair corresponds to P exactly as before.
After repetition of this procedure, it may be assumed that each component of
% N 9B has linking number £1 with K. (Thus, on each of the spheres X and 0B,
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the components of & N 3B look like lines of latitude encircling, as the two poles,
the two intersection points with K.)

z

2) D

D

B

Figure 2.5

If now X N B has a component that is a disc D, then D N K is one point, and as
P is prime, one side of D in B is a trivial ball-arc pair (see Figure 2.5). Removing
from B (a regular neighbourhood of) this trivial pair produces a new B with the
same properties as before but having fewer components of X N B. Thus it may be
assumed that every component of ¥ N B is an annulus.

Let A be an annulus component of £ N B. Then 3A bounds an annujus A’ in
3B and A may be chosen (furthest from «) so that A’ N X = 0A’. Let M be the
part of B bounded by the torus A U A’ and otherwise disjoint from % U 9 B. Let
A be the closure of one of the components of 8B — A’. Then A is a disc, with dA
one of the components of A’, and A N K equal to a single point (though A N X
may have many components). This is illustrated schematically in Figure 2.6. Let
N(A) be a small regular neighbourhood of A in the closure of B — M. This should
be thought of as a thickening of A into B — M. The pair (N(A), N(A) Na) isa
trivial ball-arc pair. However, M U N(A) is a ball, because its boundary is a sphere,
and the fact that P is prime implies that the ball-arc pair (M U N(A), N(A) N )
is either trivial or a copy of the pair (B, «). If it is trivial (that is, when M is a solid
torus), B may be changed, as before, by removing (a neighbourhood of) this pair
to give a new B with fewer components of X N B. Otherwise, M is a copy of B less
a neighbourhood of «, and that is just the exterior of the knot P; dA corresponds
to a meridian of P. The closure of one of the complementary domains of £ in S,

W
N

K2

Figure 2.6
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say that corresponding to K|, contains M, and M N £ = A. The meridian dA
bounds a disc in ¥ — A that meets K at one point. This means that P is a summand
of K| as required, so K| = P + K for some K.

In this last circumstance, remove the interior of M and replace it with a solid
torus S' x DZ2. Glue the boundary of the solid torus to M, and ensure that the
boundary of any meridional disc of S' x D? is identified with a curve on 3 M that
cuts A at one point. Then (S' x D?) U N(A) is a ball, so B has been changed to
become a new ball B’, and (B’, @) is a trivial ball-arc pair. The closure of 3 — B is
unchanged; it is still a ball, so S is changed to a new copy of S>. In that new copy,
the knot has become Q and, viewed as being decomposed by I, it has become
K| + K>. Thus Q = K| + K». ad

Corollary 2.11. Suppose that P is a prime knot and that P + Q = K| + K3.
Suppose also that P = K. Then @ = Ko.

ProOOF. By Theorem 2.10, there are two possibilities. The first is that for some
K{,P+ K| = K, = Pand Q = K| + K;. But then the genus of K| must be
zero, so K| is the unknot and so Q = K. The second possibility is that for some
K;, P+ K, =K,and Q = K; + K. Butthen Q = K; + P = K». O

Theorem 2.12. Up fo ordering of summands, there is a unique expression for a
knot K as a finite sum of prime knots.

PrROOF. Suppose K = P+ P+ -+ P, = Q1+ Q2+ --- + Q,, where
the P; and Q; are all prime. By the theorem, P; is a summand of Q; or of O, +
03 + - - + Oy, and if the latter, then it is a summand of one of the Q; for j > 2,
by induction on n. Of course if P; is a summand of Q;, then P, = ;. By the
corollary, P; and Q; may then be cancelled from both sides of the equation, and
the result follows by induction on m. Note that this induction starts when m = 0.
Then n = 0 because the unknot cannot be expressed as a sum of non-trivial knots
(again by consideration of genus). O

The theorems of this chapter are intended to make it reasonable to restrict at-
tention to prime knots in most circumstances. Certainly that is the tradition when
considering knot tabulation.

Exercises

1. Prove that a non-trivial torus knot is prime by considering the way in which a 2-sphere,
meeting the knot at two points, would cut the torus that contains the knot.

2. For a 2-bridge knot K there is a 2-sphere separating S> into two balls, each of which
intersects K in two standard arcs. By considering how this sphere might intersect a
2-sphere meeting the knot at two points, prove that a non-trivial 2-bridge knot is prime.
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. The bridge number of a knot K in §? is the least integer » for which there is an §?

separating S* into two balls, each meeting K in n standard (unknotted and unlinked)
spanning arcs. Show that the sum of two 2-bridge knots is a 3-bridge knot.

. Suppose that F is a Seifert surface for an oriented knot K, and let C be an oriented

simple closed curve contained in F — K. Prove that Ik(C, K) = 0.

. Prove that any knot may be changed to the unknot by a sequence of moves, each of

which changes four arcs contained in a ball from one of the following configurations
to the other.

[Think of the knot as the boundary of a non-orientable surface.]

= | e

. Let F be the Seifert surface for a knot constructed by means of the Seifert method

(Theorem 2.2). Let N be a regular neighbourhood of F. Show that the closure of
§3 — N is a handlebody (that is, it is homeomorphic to a regular neighbourhood of a
connected graph in §%) homeomorphic to N.

. Show, as outlined below, that a knot K with exterior X has a Seifert surface. Construct

f 1 X — S' asfollows: First define £]3X so that f maps a longitude to a single point
and, when restricted to a meridian, f is a homeomorphism. Such an f can be extended
over the 1-skeleton TV of some triangulation T of X so that if C is an oriented simple
closed curve in T, then 1k(C, K) = [fC] € H,(S"). Finally extend f over the
2-skeleton, then over the 3-skeleton (using the fact that any map S? — S' extends over
the 3-ball). Assuming f is simplicial with respect to some triangulations of X and S'
(subdivisions of T and of a standard triangulation of S'), consider f~'(x) where x is
a point that is not a vertex in §'.

Suppose that a knot A were to have an additive inverse B so that A 4 B is the unknot.
Let K be the simple closed curve in §* described as an infinite sum A + B + A +
B + .. - where each summand is in a ball, the balls becoming successively smaller and
converging to a single point. This K will not be piecewise linear. By considering the
infinite sumasboth (A+B)+(A+B)+---and A+ (B+ A)+(B+ A)+- - -, show
that there is a homeomorphism (probably not piecewise linear) of $* to itself sending
A to the unknot.

. Suppose that addition of links is defined by just removing an unknotted ball-arc pair

from each and identifying the resultant boundaries. Show that this is nor a well-defined
operation and that L, + L, = L; + L; does not necessarily imply that L, = L;.
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The Jones Polynomial

The theory of the polynomial invented by V. F. R. Jones gives a way of associating
to every knot and link a Laurent polynomial with integer coefficients (that is, a
finite polynomial expression that can include negative as well as positive powers
of the indeterminate). The association of polynomial to link will be made by using
a link diagram. The whole theory rests upon the fact that if the diagram is changed
by a Reidemeister move, the polynomial stays the same. The polynomial for the
link is then defined independently of the choice of diagram. Thus, if two links
can be shown, by means of specific calculation from diagrams, to have distinct
polynomials, then they are indeed distinct links. This is a relatively easy way of
distinguishing knots with diagrams of few crossings. Table 3.1 displays the Jones
polynomials for the knots of at most eight crossings shown in Chapter 1. Those
polynomials are, by easy inspection, all distinct, so the corresponding knots are
all distinct. As will be observed, the Jones polynomial is good, but not infallible,
at distinguishing knots. However, that is not its most exciting achievement. Other
invariants have, particularly with the aid of computers, always managed to distin-
guish any interesting pair of knots. Some of those invariants will be encountered
in later chapters. The Jones polynomial, however, has been used to prove pleasing
new results concerning the possible diagrams that certain knots can possess (see
Chapter 5). In addition, the Jones polynomial has been much generalised; it has
been developed into a theory, allied in some sense to quantum theory, giving in-
variants for 3-dimensional manifolds (see Chapter 13) and has been the genesis of
a remarkable resurgence of interest in knot theory in all its forms. It is amazing
that so simple, powerful and provocative a theory remained unknown until 1984,
[53]. Because of the ease with which it can be developed, understood and used, the
Jones polynomial has a place very near to the beginning of any exposition of knot
theory. The simplest way to define it is by using a slightly different polynomial:
the bracket polynomial discovered by L. H. Kauffman [59].

Definition 3.1. The Kauffman bracket is a function from unoriented link diagrams
in the oriented plane (or, better, in S?) to Laurent polynomials with integer coef-
ficients in an indeterminate A. It maps a diagram D to (D) € Z[A~', A] and is
characterised by

23
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M O =1,
() (DuQ) = (-A"2 - A%)(D),
(i) (X )=AD O +A7(=).

In this definition, () is the diagram of the unknot with no crossing, and D U () is
a diagram consisting of the diagram D together with an extra closed curve () that
contains no crossing at all, not with itself nor with D. In (iii) the formula refers to
three link diagrams that are exactly the same except near a point where they differ
in the way indicated. The bracket polynomial of a diagram with n crossings can
be calculated by expressing it as a linear sum of 2" diagrams with no crossing,
using (1ii), and noting that any diagram with ¢ components and no crossing has,
by (i) and (ii), (—A™2 — A%)“~! for its polynomial. In doing this, (iii) must be
used on the crossings in some order, but it is easy to see (by transposing adjacent
crossings in the order) that another choice of order does not effect the outcome.
This means that the bracket polynomial is defined for link diagrams in the plane,
and that it satisfies (i), (ii) and (iii). (If ever the empty diagram is required, it
must be given the “polynomial” (—A~2 — A2?)~') If a diagram is changed in
some way, then perhaps the polynomial changes, though the method of calculation
makes it clear that changing a diagram by means of an orientation-preserving
homeomorphism of the whole plane has no effect on the polynomial. The effect
on (D) of a Reidemeister move on D will now be investigated.

Lemma 3.2. If a diagram is changed by a Type I Reidemeister move, its bracket
polynomial changes in the following way:

(o~) = —A (), (m6~) = —AT(—).

Proor.
(07 = AT +ATHRS)
= (A=A = A) + A7) ().
That produces the first equation; the second follows in the same way. O

Note that if in (iii) the crossing on the left-hand side were changed, then the
right-hand side would be the same except for the interchange of A and A~!. This
follows from an application of (iii) rotated through 7 /2. This means that if Dis
the reflection of D—that is, D with the overs and unders of all of its crossings
changed—then (D) = (D), where the over-bar on the right denotes the effect of
the involution on Z[A~!, A]induced by exchanging A and A~". The two equations
of Lemma 3.2 are related by this observation. This lemma is used several times in
the following examples, which calculate the bracket polynomial of a diagram of a
simple two-component link and then of a diagram of a trefoil knot.

(=AM Dr+a (D)

= (-A*—A™Y.
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(hr=ac@d r+ai R
=A-A*—AaH + A7
=7 -A7 - A%,
Lemma 3.3. If a diagram D is changed by a Type II or Type IIl Reidemeister
move, then (D) does not change. That is,
M) (N = (=), (i) () = {

Hence {D) is invariant under regular isotopy of D.

PROOF. (i)
(M) = AD ) + AT ()
OO+ +ATOQ.
(i1)
(SR = AN + A5 K

= A=+ ATHD @)

= (Sx7).
Here the second line follows from the first by using (i) twice. O

Definition 3.4. The writhe w(D) of a diagram D of an oriented link is the sum of
the signs of the crossings of D, where each crossing has sign +1 or —1 as defined
(by convention) in Figure 1.11.

Note that this definition of w(D) uses the orientation of the plane and that of
the link. Note, too, that w(D) does not change if D is changed under a Type 11
or Type III Reidemeister move. However, w(D) does change by +1 or —1 if D
is changed by a Type I Reidemeister move. It is thought that nineteenth-century
knot tabulators believed that the writhe of a diagram was a knot invariant, at least
when no reduction in the number of crossings by a Type I move was possible in
a diagram. That lead to the famous error of the inclusion, in the early knot tables,
of both a knot and its reflection, listed as 104 and 10,6, (an error detected by K.
Perko in the 1970’s). See Figure 3.1. The writhes of the diagrams are -8 and 10,
respectively; yet, modulo reflection, these diagrams represent the same knot.

Figure 3.1
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The writhe of an oriented link diagram and the bracket polynomial of the diagram
with orientation neglected are, then, both invariant under Reidemeister moves of
Types II and III, and both behave in a predictable way under Type I moves. This
leads to the following result, which is essentially a statement of the existence of
the Jones invariant.

Theorem 3.5. Let D be a diagram of an oviented link L. Then the expression
(=A)~v YD)
is an invariant of the oriented link L.

Proor. It follows from Lemma 3.3 that the given expression is unchanged by
Reidemeister moves of Types Il and I1I; Lemma 3.2 and the above remarks on w (D)
show it is unchanged by a Type I move. As any two diagrams of two equivalent
links are related by a sequence of such moves, the result follows at once. O

Definition 3.6. The Jones polynomial V(L) of an oriented link L is the Laurent
polynomial in ¢!/2, with integer coefficients, defined by

v = (™) ez,

12=p-2

where D is any oriented diagram for L.

Here ¢!/2 is just an indeterminate the square of which is . In fact, links with
an odd number of components, including knots, have polynomials consisting of
only integer powers of z. It is easy to show, by induction on the number of cross-
ings in a diagram, that the given expression does indeed belong to Z[t~!/2, ¢1/2].
Note that by Theorem 3.5, the Jones polynomial invariant is well defined and that
V (unknot) = 1. At the time of writing, it is unknown whether there is a non-
trivial knot K with V(K) = 1 and finding such a K, or proving none exists, is
thought to be an important problem. The following table gives the Jones poly-
nomial of knots with diagrams of at most eight crossings. It does not take very
long to calculate such a table directly from the definition. It is clear that if the
orientation of every component of a link is changed, then the sign of each crossing
does not change. Thus the Jones polynomial of a knot does not depend upon the
orientation chosen for the knot. It is easy to check that if the oriented link L* is
obtained from the oriented link L by reversing the orientation of one component
K, then V(L*) = t—3%&K.L=K)y (L), Thus the Jones polynomial depends on ori-
entations in a very elementary way. Displayed in Table 3.1 are the coefficients of
the Jones polynomials of the knots shown in Chapter 1. A bold entry in the table
is a coefficient of 1°. For example,

V) =t =13+t 2 =2 2 -t 412

The bracket polynomial of a diagram can be regarded as an invariant of framed
unoriented links. For the moment, regard a framed link as a link L with an integer
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Jones Polynomial Table

TaBLE 3.1.

-1
-1

22

-1

202

2 2

1

2

-2

-2 3

2

63

76

-2

3
2002
-2

-4
2
3

4
-2

-3

77

-1
-1

-1 1

1

8

8

8;

-1
-2
-1

3 2
-4
-4

4 4

3
3
4 4

3
3

3

84

3
3
-3
-3
3

-1
-2
2
2
-2

85

4 4
4
5

4
5

-5

5
5

5

-6
6

-6

3
2
-3

3

8

-1

2
2
-2

8;

83

4
5

5
-4
5
5
5

8

-1

4 2

4 4

-1

810

-2
-2

3
2

-2
-2

811

4
-4

-5

5
-5
-5

6
-6
-7

4

3

812

-1

813

6
6
-6
7

-3
-3

814

5
-4
5
6

4
-5
5
6

1
-1

815

-1

3
-3
-4

0 0

816

-3
-4
0

817

79

1

815

-1

0

819

820

1 -2 2 -3 3

821
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assigned to each component. Let D be a diagram for L with the property that for
each component K of L, the part of D corresponding to K has as its writhe the
integer assigned to K. Then (D) is an invariant of the framed link. Note that any
diagram for L can be adjusted by moves of Type I (or its reflection) to achieve any
given framing.

The Jones polynomial is characterised by the following proposition, which
follows easily from the above definition (though historically it preceded that
definition).

Proposition 3.7. The Jones polynomial invariant is a function
V : {Oriented links in $°} — Z[1~"/2, 1'/?]

such that

(1) V(unknot) = 1,

(i) whenever three oriented links L, L _ and Ly are the same, except in the
neighbourhood of a point where they are as shown in Figure 3.2, then

WLy —tVL) + @V = 1'V(Lg) = 0.

X3

Figure 3.2

PRrROOF.
() =40+ 47X,
(XD =470+ A,
Multiplying the first equation by A, the second by A~!, and subtracting gives

ACK) = AT (X = AP - ah)() (0.
Thus, for the oriented links with diagrams as shown, using the fact that in those
diagrams w(Ly) — 1 = w(Ly) = w(L_) + 1, it follows that

—AYW(Ly) + ATV(LD) = (A — A7)V (Ly).

The substitution 7!/2

= A~ gives the required answer. 0

Working from Proposition 3.7, a straightforward exercise shows that if L’ is
L together with an additional trivial (unknotted, unlinking) component, then its
Jones polynomial is given by V(L") = (—t~"2 — t!/2)V(L). Proposition 3.7
characterises the invariant in that using it allows the Jones polynomial of any
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oriented link to be calculated. This follows from the fact that any link can be
changed to an unlink of ¢ unknots (for which the Jones polynomial is (—~'/2 —
t'72)e=1 ) by changing crossings in some diagram; formula (ii) of Proposition 3.7
relates the polynomials before and after such a change with the that of a link
diagram with fewer crossings (which has a known polynomial by induction).

The Jones polynomial of the sum of two knots is just the product of their Jones
polynomials, that is,

V(K| + K3) = V(K)V(K>).

This follows at once by considering a calculation of the polynomial of K} + K
and operating firstly on the crossings of just one summand. The same formula is
true for links, but the sum of two links is not well defined; the result depends on
which two components are fused together in the summing operation. That fact can
easily be used, in a straightforward exercise, to produce two distinct links with the
same Jones polynomial.

If an oriented link has a diagram D, its reflection has Dasa diagram; of course,
w(D) = —w(D). As (D) = (D}, this means that if L is the reflection of the
oriented link L, then V (L) is obtained from L by interchanging r~'/? and ¢'/%. The
bracket polynomial of a diagram, of writhe equal to 3, for the right-handed trefoil
knot 3, has already been calculated, and that at once determines that —¢4 -+ 3 4 ¢
is the Jones polynomial of the right-hand trefoil knot. Thus its reflection, the left-
hand trefoil knot, has Jones polynomial —t~* 4¢3 4+ ¢~!, and as this is a different
polynomial, the two trefoil knots are distinct knots (that is, the trefoil knot is not
amphicheiral). The figure-eight knot 4, is seen, by simple experiment, to be the
same knot as its reflection; a glance at Table 3.1 verifies that its Jones polynomial
is indeed symmetric between ¢ and ¢~

Figure 3.3 shows two distinct knots with the same Jones polynomial. The knot
on the left is the Kinoshita—Terasaka knot, and that on the right is the Conway
knot. That the knots are distinct can be shown by analysing their knot groups [110]
or by determining their genera [32]. These two knots are related by the process
called mutation. (Conway was the first to use this term.) That means that there is a
ball in S® whose boundary meets one of the knots at four points. If this ball, with
its intersection with the knot, is removed from §3, rotated through angle w about
an axis (in such a way as to preserve the four points), and then replaced, then the
result is the other knot. In the diagrams, the boundary of the ball is indicated by

Figure 3.3
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Figure 3.4

a dotted circle; the three possible axes of rotation are an axis perpendicular to the
plane of the diagram, a north—south axis and an east-west axis (though the latter
produces no change in the example depicted). In the case of oriented knots, it may
be necessary to change all the orientations within the ball in addition to rotating it,
so that the result should be consistently oriented. Now the Jones polynomial can
be calculated using Proposition 3.7. Use this first on the crossings within the ball,
changing and destroying crossings and removing unlinking unknots, until the Jones
polynomial of the knot (or link) is a linear sum of Jones polynomials of links that,
within the ball, are all of one of the three forms of Figure 3.4.

As each of these three configurations within the ball is unchanged by any of the
three rotations, the same calculation ensues whether or not the ball is rotated. In
fact, as oriented links are here being considered, only two of these three diagrams
can occur; which two depends on the way the arrows are deployed.

Pretzel links offer another easy example of mutation. There is a mutation on the

pretzel link P(ay, aa, . . ., a,) of Figure 1.7 that interchanges a; and a, .., . Thus the
Jones polynomial of P(ay, az, . . ., a,) is not changed when the {a;} are permuted
in any way.

It should be noted that the length of a calculation of the Jones polynomial of
a link made directly from the definition depends exponentially on the number of
crossings in a diagram. Thus it is impractical when the number of crossings is not
small. There is however a calculation for the (p, g) torus knot given in Theorem
14.13.

Exercises

1. Find the Jones polynomial of the (2, ¢)-torus knot.

2. Calculate the Jones polynomial of the 2-bridge knot given in Conway notation by
C(a, b), where a and b are positive integers.

3. Show that the Jones polynomial of an oriented link L takes the value (—2)*>~' when
t = 1, where #L is the number of components of L.

172 2mi /3

4. What is the value of the Jones polynomial of an oriented link L (i) when ¢
and (ii) when ¢1/2 = 713 7

=¢€

5. Calculate V(5;) using only the characterisation of the Jones polynomial given in
Proposition 3.7.
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. Prove that the knots 8g and 10,2, as shown in Figure 16.1, have the same Jones

polynomial.

I

By considering the closure of braids of the form 00,07 0,, find two links with distinct
Jones polynomials but with homeomorphic exteriors.

Suppose that K and K are knots and that K; U K is the “distant union” of K| and K>,
namely the two component link consisting of a copy of K, and a copy of K, separated
by a 2-sphere. Show that V(K| U K3) = (—t~'2 — t'2)V(K)V(K>).

Determine which knots with crossing number at most 8, other than 8,7, are amphicheiral
(equivalent to their reflections). [In fact, 8,7 # 8,7.]

Verify the discovery of Perko that the knots illustrated in Figure 3.1 differ simply by
reflection.

By considering the intersection between a disc spanning the unknot U and a 2-sphere
meeting U at four points, show that U is the only knot related to U by mutation.
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Geometry of Alternating Links

An alternating diagram for a link is, as explained in Chapter 1, one in which the
over or under nature of the crossings alternates along every link-component in the
diagram; the crossings always go “. . . over, under, over, under,. . . ” when consid-
ered from any starting point. A link is said to be alternating if it possesses such a
diagram. It has long been realised that alternating diagrams for a knot or link are
particularly agreeable. However, the question posed by R. H. Fox—‘What is an
alternating knot?”—by which he was asking for some topological characterisation
of alternating knots without mention of diagrams, is still unanswered. In later chap-
ters the way in which the alternating property interacts with polynomial invariants
will be discussed. In what follows here, some of the geometric properties of alter-
nating links, discovered by W. Menasco [94], will be considered. The results are
paraphrased by saying that an alternating link is split if and only if it is obviously
split and prime if and only if it is obviously prime. Here “obviously” means that
the property can at once be observed in the alternating diagram. This then estab-
lishes a ready supply of prime knots. Much of the ensuing discussion will concern
2-spheres embedded in S3. It is to be assumed, as usual, that all such embeddings
are piecewise linear (that is, simplicial with respect to some subdivisions of the
basic triangulations).

Definition 4.1. A link L C §°, having at least two components, is a split link if
there is a 2-sphere in > — L separating S> into two balls, each of which contains
a component of L. A link diagram D in S? is a split diagram if there is a simple
closed curve in S> — D separating S? into two discs each containing part of D.

Theorem 4.2. Suppose a link L has an alternating diagram D. Then L is a split
link if and only if D is a split diagram.

The proof of this will be one of the two main aims of this chapter. The next
definition generalises Definition 1.3 to links (rather than knots) and expresses
primeness in a slightly different way. It also extends the idea of primeness to
diagrams.

32
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Definition 4.3. A link L C $3, other than the unknot, is prime if every 2-sphere
in S3 that intersects L transversely at two points bounds, on one side of it, a ball
that intersects L in precisely one unknotted arc. A diagram D C §?, of a link other
than the unknot, is a prime diagram if any simple closed curve in §? that meets D
transversely at two points bounds, on one side of it, a disc that intersects D in a
diagram U of the unknotted ball-arc pair. D is strongly prime if such a U is always
the trivial zero-crossing diagram.

Note that the only prime split link is the trivial link of two components. In Chap-
ter 5 it will be seen that it is straightforward to determine whether an alternating
diagram represents the unknot, and so, given the alternating condition, references
to the unknot in the above definition cause no problem. The second main result of
the chapter is as follows:

Theorem 4.4. Suppose L is a link that has an alternating diagram D. Then L is
a prime link if and only if D is a prime diagram.

This result shows at once that the alternating diagrams in the knot tables do
indeed represent prime knots, for it is easy to check that those diagrams are prime.
The proofs of these results depend upon a procedure for moving surfaces contained
in the complement of a link, or transverse to it, to a standard position with reference
to a diagram. This procedure, now to be described, is very general and does not use
the alternating condition. Proofs of the stated theorems follow from the application
of that condition to standard position surfaces. The description does require some
notation and terminology as follows.

Asusual, if D ¢ $* C S? is a diagram for a link L, D is a collection of curves
with self-intersections in the sphere S2, together with over or under information
at these intersections. The link L will be taken to be equal to D except near the
crossings and, near any crossing, to be on a small sphere centred on the crossing.
These small spheres are the boundaries of small balls called bubbles. The over-
passing arcs are on the “upper” (or “Northern™) halves of the small spheres, the
under-passing arcs on the “lower” halves, S? being regarded as separating the small
spheres into “upper” hemispheres on one side of $? and “lower” hemispheres on
the other side. This is shown in Figure 4.1 on the left. Let S} and S_ be the two
2-spheres created from S? by removing the intersection of 52 with all the bubbles
and replacing those discs by the upper hemispheres or the lower hemispheres,

\I —

NN

Figure 4.1
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respectively, of the bubbles’ boundaries. Let B, and B_ be the balls bounded by
S, and S_, so that B, B_ and the bubbles have disjoint interiors.

Let F be a surface in S° that is transverse to L. By a general position isotopy
in 83, F can be moved to a new position in which it is still transverse to L (it will
meet L at points of L N §?), and is transverse to S, S_ and to the north-south
axes of all the bubbles. This means that F' can be taken to meet each of S, and S_
in the union of disjoint simple closed curves and to meet each bubble in disjoint
saddles. (Maybe F is not transverse to S2.) Each saddle is just a disc spanning the
bubble; its boundary intersects S? in four points that divide it into four arcs, two
arcs in S, and two in S_ (see Figure 4.1). The surface F, in such general position,
will be said to be in standard position with respect to the above data if, in addition,
three conditions hold:

(A) Eachof F N B, and F N B_ is a disjoint union of discs.
(B) No component of F N S or F N S_ meets any bubble in more than one arc.
(C) Each component of both F N S, and F N S_ meets some saddle or meets L.

Lemma 4.5. Let D be a non-split diagram for L. Suppose that F is a 2-sphere
with the property that it separates the components of L; then F can be replaced
by another 2-sphere with the same property that is in standard position.

PROOF. (a) Suppose that C is amongst the n components of ¥ N S, that do not
bound disc components of F' N B,. Choose C to be innermost on S amongst
such components. Then C is the boundary of a disc A in S,, and any component
of F N S contained in the interior of A does bound a disc of F N B,.. Thus if A’
denotes a copy of A displaced into B, A’ can be chosen so that A’ N F = §A/,
d A’ being a copy of C displaced along F into B,. Now d A’ separates the sphere
F into two discs E| and E>. Then A’ U E| or A’ U E; separates the components
of L (because F did so). Let this new sphere be F’. Then F' N S, has fewer
than n components not bounding discs in F' N B, for either C is no longer
part of that intersection or, if C is still present, C now bounds a disc. Furthermore,
(F'N B-) C (FNB_). Thus, by repeating this, it may be assumed that F satisfies
condition (A).

(b) Let H be the upper hemisphere of the boundary of a bubble. H is a disc in
S, that meets L in one over-pass arc and meets F in disjoint arcs all parallel to the
over-pass. Let & be a diameter of H that intersects each of these arcs transversely
at one point. The components of F N S, are disjoint simple closed curves on the
sphere S.. If § meets one of these components at more than one point, then § must
meet some such component at two points of § N F N S, that are consecutive along
8. (This follows by considering the “innermost™ component that § meets.) Thus,
if some component C of F N S meets the bubble in more than one arc, C can be
chosen so that C meets § at adjacent points p; and p, of § N F; see Figure 4.2. If p,
and p, on § are on opposite sides of the over-pass, then they are both on opposite
sides of the same saddle. The simple closed curve y that consists of an arc from p,
to p» across the saddle, followed by an arc from p, to p in the disc in B, bounded
by C, is homotopic in $* — L to the meridian loop around the over-pass arc. On the
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other hand y, being contained in the sphere F, is null-homotopic in $*> — L. This
implies, erroneously by Theorem 1.7, that the meridian is null-homotopic. Thus
p1 and p, are on the same side of the over-pass and hence are points on adjacent
saddles. Let g and ¢, be the points where these two saddles intersect the north—
south axis of the bubble. Consider the simple closed curve that consists of an arc
in the first saddle from g; to py, an arc from p; to p, in the disc in B} bounded by
C, an arc in the second saddle from p- to g, and then back to g, along the axis (see
Figure 4.2). This curve bounds a disc A that can be chosen, using condition (A),
to meet F only in the above composition of arcs from ¢ to g, and to be disjoint
from L. Now move F by an isotopy that pushes F across A to a new position in
which the intersection points ¢g; and g, with the axis have been removed. Hence
F can be changed to a new position with two fewer saddles. The previous process
for ensuring that F satisfies condition (A) can then be repeated (it certainly does
not increase the number of saddles). Repetition ensures that conditions (A) and
(B) are satisfied.

(c) Finally, suppose that a component C of F N S, meets no saddle at all.
Thus C ¢ §% — D, and C bounds a disc in F N B, and a disc in F N B_, the
union of these discs being F. As C does not separate D, this union of two discs
cannot separate L. Thus condition (C) is satisfied. O

(An alternative method for (c) is more useful in more general circumstances.
As D is not a split diagram, C bounds a disc A" in §2 — D which is contained in
S_ N S,. Replace the disc of F N B, bounded by C with A’, and then displace
A’ alittle into B_. Repetition of this process changes F, reducing the number of
components of F N S, and F N S_, until condition (C) is satisfied.)

Lemma 4.6. Suppose that L, with diagram D, is not a split link. Suppose that
F is a 2-sphere meeting L transversely at two points, with the property that F
separates S° into two 3-balls, neither of which intersects L in a trivial ball-arc
pair. Then F can be replaced by another 2-sphere, with the same property, that is
in standard position.
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PRrROOF. The proof of this lemma follows closely that of the preceding one. In
(a), the boundary of the disc A’ cannot separate, on F, the two points of L N F', or
else a meridian of L would be null-homotopic in S*> — L. So, A’ bounds a disc E
in F — L,and A’ U E bounds (by the Schonflies theorem) a 3-ball that is disjoint
from L (as L is not split). This ball can be used to change F by an isotopy that has
the effect of replacing E with A’

In (b), for the case when p; and p; are on the same side of the over-pass, the
reasoning is the same as before. When they are on opposite sides, consider the
simple closed curve y constructed as before. This ¥ bounds a disc I" that meets L
at one point, with ' N F = y. Now, y must separate on F the points of F N L,
or a meridian is null-homotopic. F' can now be replaced by the union of I and
one of the components of F' — y. It is straightforward to check (using the fact
that additive inverses to knots do not exist) that a correct choice of component
preserves the property that (the new) F does not bound a trivial ball-arc pair. This
replacement reduces the number of saddles required, and so repeating the process
finitely many times achieves conditions (A) and (B).

The final part of the proof, to achieve condition (C), is exactly as before. O

Now, using all the preceding notation, suppose that F' is a surface in standard
position, and that the diagram D, used to specify the concept of standard position,
is alternating. Consider a component C, temporarily oriented, of F N S... Suppose,
when C enters a certain region of (S N S;) — D, it has a saddle to its left; then
it can only leave that region with a saddle on its right, or at a point of ¥ N L. This
follows from the alternating property; see Figure 4.3. Thus, proceeding along C,
saddles occur on the . . . left, right, left, right . . . , except that points of F N L can
substitute for some of these saddles.

PROOF OF THEOREM 4.2. Clearly, if D is a split diagram, then L is a split link.
So, suppose L is split and D is non-split. By Lemma 4.5, there is a 2-sphere F in
standard position that separates the components of L. Suppose C is an innermost
component of F N S, so that C bounds a disc A in §; with AN F = C. By
condition (C), C meets a saddle and there changes from one region of (§°N S, ) — D
to another. (Consideration of the chessboard colouring of these regions shows at
once that C must meet, in total, an even number of saddles in order to return to

=L
DAL=
/\,\//\

Figure 4.3
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the original region.) Thus the alternating condition implies that C has at least one
saddle to its left and one to its right. The arc of such a saddle, on the side of the
saddle opposite to C, is part of some other component of F N Sy (by condition
(B)). As there is a saddle on either side of C, some component of F' N S is in the
interior of A, and this contradicts the choice of C. Hence there is no component
atall of F N S, and similarly F N S_ is also empty. Thus ¥ C By or F C B_,
and in either case F does not separate L. O

ProOOF OoF THEOREM 4.4. Suppose that the link L, with alternating diagram
D, is not prime. If L is a split link, then by Theorem 4.2 D is a split diagram, and
it is easy to see that D is not prime. Thus it may be assumed that L is not split.
There is a 2-sphere F in S° that intersects L transversely at two points, separates
$3 into two balls that do not meet L in just an unknotted arc, and is (by Lemma
4.6) in standard position. Let C be an innermost component of F N Sy on Sy. As
in the preceding proof, C must have an even number (at least two) of places where
it either meets L or is incident on a saddle. If there are two or more consecutive
saddles, the alternating property implies (as in the proof of Theorem 4.2) that
C cannot be innermost. There are only two intersections with L available. Thus
either (i) C contains both such intersections and two saddle-arcs separating them,
or (ii) C contains one intersection and one saddle-arc, or (iii) C contains just the
two intersection points with L and no saddle-arc. If F N S, has more than one
component, it has at least swo innermost components; each meets L, as has just
been observed. Case (i) cannot occur because there must be components of F N S,
other than C to account for the arcs on the other sides of the saddles, but no more
points of F N L are available for another innermost arc. The situation of case (ii)
is shown on the left of Figure 4.4; the thicker arcs are parts of L, and the ellipse
represents C. The corresponding part of the configuration in £ N S_ is shown on
the right, where it is seen that a contradiction to condition (B) arises. Thus case
(iii) is the only possibility,and F N S, = F N S_ = F N $?, this being one
simple closed curve intersecting D at two points only. Because F separates L into
non-trivial summands, this means that D is not a prime diagram. O

Observe that in tofo, the method of the above proofs is first to use the hypotheses
about F to put F' into standard position and then to use the observation, implied
by the alternating nature of D, that left saddles and right saddles alternate along

Figure 4.4
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a component of F N S, (though a point of F N L may replace such a saddle)
to complete the argument. This method has been extended [94] with only a little
extra ingenuity to produce the following results. Detailed proofs will not be given
here; to produce them by extending the proofs of Theorems 4.2 and 4.4 is little
more than an exercise. First a general definition from the theory of 3-manifolds is
required.

Definition 4.7. Suppose F is a surface, other than a 2-sphere, contained in a 3-
manifold M. Then F is incompressible in M if any disc A C M that spans F in
M (thatis, AN F = 0A) has the property that d A bounds a disc in F. A 2-sphere
is incompressible in M if it does not bound a 3-ball contained in M.

This means that F has no “significant” spanning disc at all.

Proposition 4.8. Suppose L is a non-split, prime, alternating link and F is a
closed incompressible surface in S* — L. Then there exists a disc A spanning F
in 3 that meets L transversely at precisely one point.

Corollary 4.9. Suppose L is a non-split, prime, alternating link. Any incompress-
ible torus T contained in S° — L is parallel to the boundary of a solid torus
neighbourhood of one of the components of L.

A torus with that final property is called a peripheral torus of L. Note that in
using this result, the non-split and prime conditions can easily be verified from
the preceding theorems. The theory developed by W. P. Thurston [121], on the
existence of hyperbolic structures on 3-manifolds, requires that no non-peripheral
incompressible tori should be present. That there should be no “essential” annuli is
also required. This theory, applied to the result of the corollary above, then shows
that the complement of any non-split, prime, alternating link, other than a twist
link (see Figure 4.5), has a complete hyperbolic structure of finite volume.

(4

Figure 4.5

Definition 4.10. A Conway sphere for a link L in §° is a 2-sphere ¥ in S that
meets L transversely at four points such that (i) £ — L is incompressible in $> — L
and (ii) any 2-sphere in S — ¥ meeting L transversely at two points bounds a ball
in §3 — ¥ meeting L in just an unknotted arc.
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Figure 4.6

Note that the first condition implies that a disc spanning ¥ in §> — L cannot
separate the part of L that lies on the same side of X as the disc. Discussion of
Conway spheres is the essence of the characteristic variety theory for links due to
Bonahon and Siebenmann ([14], [15]). They show that for any knot that is not a
satellite, there is a well-defined maximal collection of Conway spheres that divides
the knot into an arborescent part and a part in which any Conway sphere is pairwise
parallel to a boundary component. The arborescent part consists of some copies
of the 3-ball with two holes containing six arcs as in Figure 4.6, and some trivial
2-string tangles, glued together along some of their boundary (S, 4 point) pairs.
The following result means that it is easy to spot Conway spheres from alternating
link diagrams; it can be used to show that alternating knots near the beginning of
the knot table certainly have no such spheres.

Proposition 4.11. Suppose L is a non-split, prime link with alternating diagram
D. If L has a Conway sphere, then it has a Conway sphere ¥ such that ¥ N Sy
is either (i) one curve containing all four points of © N L and meeting no saddle,
as on the left of Figure 4.7, or (ii) two curves, each containing two of the points of
¥ N L separated by two saddle-arcs, as on the vight of Figure 4.7.

Note that in either case ¥ N S_ is of the same form as £ N S,. In case (ii),
the Conway sphere has two minima, two saddles and two maxima. Some recent
extensions of Menasco’s method can be found in [41] and [2].

N

Figure 4.7
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Exercises

Prove that a two-component link L that consists of a non-trivial knot K and a longitude
of K is never a split link.

Prove, using the Jones polynomial, that the Whitehead link shown below is not a split
link.

. Find a prime diagram of a non-prime knot. Find a non-split diagram of a split link.

. Show that a non-prime minimal crossing diagram of an alternating knot need not be an

alternating diagram.

. Let K, and K be (possibly non-prime) knots. If K| + K is alternating, show that K,

and K, are both alternating.

. Prove Proposition 4.8 and Corollary 4.9.
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The Jones Polynomial of an
Alternating Link

This chapter contains some of the most impressive applications of the Jones poly-
nomial. They give solutions to two problems encountered by P. G. Tait in the
nineteenth century. It is shown that an alternating knot diagram, when “reduced”
in a rather elementary way, has the minimal number of crossings and that its writhe
is an invariant of the knot. The crossing number of some other types of knot is also
determined.

Let D be an n-crossing link diagram with its crossings labelled 1, 2, 3, ..., n.
A state for D is a function s : {1,2,3,...,n} — {—1, 1}. Of course, there are
2" such states. Given D and a state s for D, let s D be a diagram constructed from
D by replacing each crossing by two segments that do not cross. There are two
possible ways of doing this. At the i crossing one way (the positive way) is used

if s(i) = 1, and the other way (the negative way) it used if s(i) = —1. This is
illustrated in Figure 5.1.
-/ /

e \ == —- - ) (
N Hs(i)=+1 /i If s(i) = -1
Figure 5.1
The diagram s D, having no crossing at all, is just a set of disjoint simple closed
curves. Let there be |s D| such curves. With this notation it is easy to write down
a one-line formula for (D), the Kauffian bracket of D, as a summation over all

possible 2 states. The proof of this formula, which follows in Proposition 5.1, is
simply that it immediately satisfies the criteria of Definition 3.1.

Proposition 5.1. If D is a link diagram with n crossings, the Kauffiman bracket
of D is given by

(D) = Z(Azi=1‘(i)(_A—z B A2)|s1)|~1>,

S

where the summation is over all functions s : {1,2,3,...,n} = {=1,1}.

41
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Now, let s, and s_ be the two constant states, so that for every 7, s, (i) = 1 and
s_(i) = —1. Of course, 5. is the only state s for which 27:1 s(i) = n,and s_ is
the only one for which Y i, s(i) = —n.

Definition 5.2. The diagram D is plus-adequate if |s4 D| > [sD] for all s with
' ,s@) = n — 2 and is minus-adequate if [s_D| > |[sD] for all s with
3%, s(i) = 2 — n. If both conditions hold, D is called adequate.

Although this looks complicated, it is in fact easy to test whether a diagram be
adequate: Change D to s, D by replacing all the crossings in the positive manner
described above, and inspect the diagram s, D. If the two segments of 5. D that
replace a crossing of D never belong to the same component of s, D, then D is
plus-adequate. So, just examine each component of s D to see if it ever abuts itself
at a former crossing. The same procedure applied to s D detects minus-adequacy.
The prime example of this is the following result.

Proposition 5.3. A reduced alternating link diagram is adequate.

Here, “reduced” means that there is no crossing of the form featured in Figure
5.2 or its reflection (in which the squares labelled X and Y contain the whole
diagram away from the crossing). Such a crossing is called a nugatory or removable
crossing. It is a crossing at which one region of the complement of the diagram
in the plane features twice, appearing near the crossing in a pair of diagonally
opposite quadrants. (In practice such a crossing could be removed by rotating half

of the link.)
/
x Xy

Figure 5.2

PROOF OF PROPOSITION 5.3. Let the complementary planar regions of the
diagram be coloured black and white in a chessboard fashion. The alternating
condition implies that the components of s D are the boundaries of the regions
of one of the colours (the black ones, say) with the corners rounded off. Similarly,
the components of s_ D bound the white regions. The lack of removable crossings
implies at once that D is adequate, for no region abuts itself. d

A specific non-alternating example is provided by the standard diagram of many
pretzel knots. Figure 1.7 shows a diagram of the pretzel knot P(a;, ay, . . ., a,).
Recall that the crossings are all of the sense indicated when a; is positive and in
the other sense when g; is negative. If p, p2, ..., p, are all positive integers and
q1, q2, - - - , qs areall negative, then P(py, p2, ..., Pr. q1- 42, - - - » 45) is adequate
provided that p; > 2 and ¢q; < —2 foreachi,and r > 2 and s > 2. Adequacy
follows by simple inspection.
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If P is any Laurent polynomial in some indeterminate, the maximum and min-
imum powers of the indeterminate that occur in P will be denoted M(P) and
m (P). In what comes next the aim is to determine M (D) and m (D), the maximum
and minimum powers of A that occur in the bracket (Laurent) polynomial of a
diagram D.

Lemma 5.4. Let D be a link diagram with n crossings. Then
(i) M(D) < n + 2|s4D| — 2, with equality if D is plus-adequate, and
(i1) m(D) > —n — 2|s_D| + 2, with equality if D is minus-adequate.

ProOOF. (This is due, essentially, to Kauffman.) For any state s for D let

(D|S) - AZf:l ()(_A—Q _ Az)lle—l’

so that (D) = Y (Dls). As Y[, s4(i) = n, it follows that M(D|s,) =
n+2|s, D] — 2. Now any state s can be achieved by starting with s, and changing,
one at a time, the value of s on selected integers that label the crossings. In other
words, there exist states sg, 51, 2, . . ., S Withsg = s, s = sands, (i) = 5,()
for all i € {1,2,...n} except for a single integer i, for which s,_(,) = 1
and s,(i,) = —1. Then }_7_, 5,(i) = n — 2r and, because s, D and s, D are
the same diagram except near one crossing of D, [s,D| = |s,_;D| £ 1. Hence
M(D|s._,) — M{(D]s,) is 0 or 4. Thus M{D|s,) < M{D|s,_1), and so, for all s,
it follows that

M(Dls) < n +2|s,D| — 2.

If D is plus-adequate, it is immediate that |s; D| = [s4D| — 1, so that M (Dl|s,)
decreases at the first step, when r changes from 0 to 1, and never rises thereafter.
Thus M(D|s) < n + 2|s.D| — 2 when s # s,. Hence, in summing to achieve
(D), the maximal degree term of (D|s.) is never cancelled by a term from (D]s)
for any s. The second statement of the lemma is really just the reflection of the
first; its proof can be achieved by applying the above to D. O

Corollary 5.5. If D is an adequate diagram, then
M(D)Y —m(D) = 2n + 2|{sy D| + 2|s_D| — 4.

In order to interpret the last result, information is needed on |s, D] and |s_D|.
This is provided in the next two lemmas. Note that a diagram of a link is said to be
a connected diagram if it is a connected subset of the plane (when drawn with no
gaps for the under-passes); that is, it is not a split diagram in the sense of Definition
4.1.

Lemma 5.6. Let D be a connected link diagram with n.crossings. Then

s D| + |s-D| <n+ 2.
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PRrROOF. Use induction on n. The result is clearly true when n = 0; suppose it to
be true for diagrams with n — 1 crossings. Select a crossing of D. For at least one
of the two ways of replacing the crossing with two segments that do not cross, the
resulting diagram D’ is connected. Suppose, with no loss of generality, that this is
achieved by the positive way. Then s;. D = sy D" and |s_D| = |s_D'| & 1. Thus,
using the induction hypothesis,

Isy D+ |s_-D| = |s:D'|+|s-D'|£1 <n—D+2F£1<n+2. O

Lemma 5.7. Let D be a connected n-crossing diagram.
(1) If D is alternating, then |s; D| + |s_D| =n + 2.
(i) If D is non-alternating and strongly prime (see Definition 4.3), then

|so Dl + |s_-D| < n+2.

Proor. When D is alternating, |s4 D| + |s_ D| is the number of planar regions in
the complement of D (as |5, D| is the number of black regions, |s_ D| the number
of white regions in a chessboard colouring). However, D is a four-valent planar
graph, so consideration of the Euler number of the sphere shows that the number
of regions is n + 2 (for the number of edges is 2n). Hence |s; D| 4+ |s_D| = n +2.

Now suppose that D is non-alternating and strongly prime. Use induction on n.
The induction starts easily when n = 2 with the two-crossing non-alternating dia-
gram of two unlinked components. Thus, supposen > 3. As D is non-alternating, it
has two consecutive crossings that are both over-crossings or both under-crossings.
Let ¢ be a third crossing. As before, ¢ can be removed in a positive or negative way.
As D is strongly prime, the diagram resulting from either way will be connected.
Consider the chessboard shading of the complementary regions of D and the graph
I" formed by taking a vertex for each black region and, for every crossing, an edge
joining the vertices of the black regions that abut at that crossing. Strong primeness
means that removal of any vertex does not separate I'. The two ways of removing ¢
correspond in I" to removing, or shrinking to a point, the edge corresponding to ¢ to
produce a graph I'’. If deleting the interior of an edge e of I" produces a separating
vertex v, then shrinking it does not produce a separating vertex (because v must be
in any component of the complement of a neighbourhood of e in I"). Thus one way
of removing ¢ gives a diagram D’ that is strongly prime. Now D’ is non-alternating
because it has the same two consecutive similar crossings as had D. Thus the in-
duction hypothesis can be applied to D’ to give |s. D'| + |s-D’| < n+ 1, and, as
in the previous proof, this at once gives the required result. O

The next result, the work of Kauffman, K. Murasugi and Thistlethwaite, is one
of the main triumphs of the Jones polynomial. Its consequences have already been
advertised here. As explained below in the corollary, it implies that a reduced
alternating diagram of a knot is a diagram with the minimal number of crossings
for that knot. This was inherently a conjecture of Tait’s when he was compiling
the first knot tables [118]. Firstly a simple definition is needed.
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Definition 5.8. Suppose V is a Laurent polynomial in the indeterminate ¢. The
breadth B(V) of V is the difference between the maximal degree of r and the
minimal degree of ¢ that occur in V. (Thus B(V) = M(V) — m(V).)

Theorem 5.9. Let D be a connected, n-crossing diagram of an oriented link L
with Jones polynomial V (L). Then
(i) B(V(L)) <n;
(ii) if D is alternating and reduced, then B(V (L)) = n;
(i) if D is non-alternating and a prime diagram, then B(V (L)) < n.

PROOF. Recall that under the substitution = A~* the Jones polynomial is given
by V(L) = (—=A)7PN(D), so that 4B(V(L)) = B(D) = M(D) — m(D)
(where M (D) and m (D) refer to powers of A). Hence, by Lemmas 5.4 and 5.6,

AB(V(L)) < 2n + 2|5, D| + 2|s_D| — 4 < 4n.

But if D is alternating and reduced, then it is adequate, and the inequalities of
Lemma 5.4 are then equalities. Then the first part of Lemma 5.7 implies that
4B(V(L)) = 4n. When D is prime and non-alternating, any diagram summand
that is a non-trivial diagram of the unknot makes no contribution to the Jones
polynomial but does contribute to the number of crossings. Thus, without loss of
generality, it may be assumed that D is strongly prime. Then the strict inequality
of Lemma 5.7 produces the required result. O

Corollary 5.10. Ifa link L has a connected, reduced, alternating diagram of n
crossings, then it has no diagram of less than n crossings; any non-alternating
prime diagram for L has more than n crossings.

PROOF. The existence of the reduced alternating diagram for L implies, using
Theorem 5.9 (ii), that B(V(L)) = n. If L has another diagram of m crossings,
then Theorem 5.9 (i) implies that n = B(V (L)) < m. If this second diagram is
non-alternating, then, by Theorem 5.9 (iii), n = B(V(L)) < m. O

Note that, from Table 3.1 the eight-crossing knots 8,9, 8¢ and 8, have Jones
polynomials of breadth less than eight. Thus, by the above, if they were to have
alternating diagrams, those diagrams would have less than eight crossings. How-
ever, knots with crossing number 7 or less have been classified earlier in the table,
and no knot appears with the same polynomial as 8,9, 859 or 8;;. Thus those three
knots have no alternating diagrams at all. They are non-alternating knots.

The idea of taking parallels of diagrams provides another source of adequate
diagrams, as will now be explained. The idea was used in [116], as detailed in the
next theorem, to give a quick proof of a result of Thistlethwaite [119] establishing
the invariance of the writhe of reduced alternating diagrams of a knot. Thus, if
early compilers of knot tables believed writhe to be an invariant, they were correct
within the domain of alternating diagrams.
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Figure 5.3

Definition 5.11. If D isalink diagram, letits r-parallel D" be the diagram in which
each link-component of D is replaced by r copies, all parallel in the plane, each
copy repeating the “over” and “under” behaviour of the original link-component.

Figure 5.3 shows a diagram and its 2-parallel.

Lemma 5.12. If D is plus-adequate, then D" is plus-adequate; if D is minus-
adequate, then D" is minus-adequate.

ProoF. The result is immediate, because s, (D) = (s D)"; see Figure 5.4. If
D is plus-adequate, no component of s, (D") abuts itself at a former crossing, as

it runs parallel to a component of s D which, itself, has that property. O
>\y//
\,
4 - —
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Figure 5.4

Theorem 5.13. Let D and E be diagrams, with np and ng crossings respectively,
for the same oriented link L. Suppose that D is plus-adequate, then

np —w(D) < ng — w(E).

ProOF. Let {L;} be the components of L, and let D; and E; be the subdiagrams
of D and E corresponding to L;. Choose non-negative integers u; and v; such that
foreachi, w(D;)+ u; = w(E;)+v;. Change D to D, by changing each D; to D,;
by adding to D; a total of y; positive kinks. Similarly, change E to E, by adding
v; positive kinks to E; for each i. Note that D, is still plus-adequate, w(D,;) =
w(E,;),and w(D,) = w(E,), because the sum of the signs of crossings of distinct
components is determined by the linking numbers of components of L. Now D
and E are diagrams of the same link, namely L with each L; replaced by r copies
with mutual linking number w(D,;). Thus they have the same Jones polynomial.
But they have the same writhe (namely, r*w(D,)), and so (D%) = (E’). Now by
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Lemma 5.4,

M(EL) < (g + Y _ v + 2(Is4 El + )_vdr -2,
M(D}) = (np + Y _ u)r” + 2(Isy DI + D uidr —2,

the equality occurring since D7, is plus-adequate. This is true for all , so, comparing

coefficients of r2,
np+ Y i <ne+ Y v
; ;

sothatnp — Y, w(D;) < ng — )_; w(E;). Hence, once again using the fact that
the sum of the signs of crossings of distinct components is determined by linking
numbers of L, np — w(D) < ng — w(E). ]

Corollary 5.14. Let D and E be as above.
(i) The number of negative crossings of D is less than or equal to the number of
negative crossings of E.
(i1) The number of positive crossings in a minus-adequate diagram is minimal.
(iii) An adequate diagram has the minimal number of crossings.
(iv) Two adequate diagrams of the same link (e.g. reduced alternating diagrams)
have the same writhe.

The corollary is just restating the theorem in different ways. An example of the use
of the corollary is the two famous diagrams (the Perko pair), originally labelled
101¢; and 10,6, shown in Figure 3.1. The diagrams 104, and 10,6, represent the
same knot. Observe that w(10;6;) = —8 and w(10;5;) = —10. Inspection of
the diagrams shows that 10, is minus-adequate, the minimal number possible of
positive crossings being zero. However, 10,6, is plus-adequate, and so any diagram
must have at least nine negative crossings. As 10;¢; has no diagram of less than ten
crossings (from the classification tables), it is impossible to display the minimal
number of positive crossings and the minimal number of negative crossings on the
same diagram, and the two minima are achieved by the two given diagrams.

The above theory gives, then, the recent solutions to two of the three “conjec-
tures” formulated by Tait a century ago—namely, that reduced alternating diagrams
minimise crossing number, and that two such diagrams of the same link have the
same writhe. The third of these “conjectures™—that two reduced alternating dia-
grams of the same link are related by a sequence of “flyping” operations—has also
recently been proved [95]. Such a “flyping” operation is shown in Figure 5.5.

T - X

Figure 5.5
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Exercises

. Give an example of an n crossing diagram D for which M (D) — m(D) = 0.

. Let K be a prime alternating knot. Show that any adequate diagram of K must be

alternating.

. Let ¢(K) denote the crossing number of a knot K. If Ky and K, are alternating knots

prove that ¢(K;) 4+ ¢(K3) = ¢(K; + K3). [Such an equality is not known to be true
for arbitrary knots.]

. A knot K has a reduced alternating diagram with n crossings where r is odd. Show

that K is not equivalent to its reflection K. Can K + K be equivalent to its reflection?

. Let D be a reduced n-crossing diagram of a knot K and suppose B(V(K)) = n. If D

is not alternating, in what sense can it be said to be nearly alternating?

. Show that a Whitehead double (a satellite using the curve shown in Figure 6.5) of a

non-trivial alternating knot never has trivial Jones polynomial.

. Show that the diagram of the Kinoshita—Terasaka knot shown in Figure 3.3 is adequate.

What is the breadth of the Jones polynomial of this knot. Consider the same questions
about the Conway knot. Each knot diagram in Figure 3.3 can be regarded as obtained
by “summing together” a pair of “tangle” diagrams of two linked arcs in a disc, each
tangle meeting the boundary of the disc at four points. What properties of the tangle
diagrams will ensure adequacy of the knot diagram?

. Find two prime knots that are distinct, even when orientations are neglected, that have

(minimal) crossing number 15.
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The Alexander Polynomial

The Alexander polynomial of an oriented link is, like the Jones polynomial, a Lau-
rent polynomial associated with the link in an invariant way. The two polynomials
give different information about the geometric properties of knots and links. The
Alexander polynomial will, for example, give a lower bound for the genus of a
knot, but it is not as useful as the Jones polynomial for investigating the required
number of crossings in a diagram. The Alexander polynomial will later, in Theo-
rem 8.6, be described combinatorially in terms of diagrams in a way that parallels
Proposition 3.7, but the real interest of this invariant is that, in contrast to the Jones
polynomial, it has a long history [3] and is well understood in terms of elementary
homology theory. The homology approach to the Alexander polynomial, which
will now be explained, describes it as a certain invariant of a homology module.
To appreciate this, a little information about presentation matrices of modules is
needed. There follows, then, a basic discussion of this topic, aimed at obtaining
results rapidly. It may be neglected by the cognoscenti.

Suppose that M is a module over a commutative ring R. It will be assumed that
R has a 1 and that 1x = x for all x € M. A module can be regarded, by the
insecure, as a vector space over a ring rather than over a field. A module is free
if any element in it can be uniquely expressed as a linear sum of elements in a
base; the module of n-tuples of elements of R is the canonical example of a free
R-module. A finite presentation for M is an exact sequence

FSESM— 0

where E and F are free R-modules with finite bases. If « is represented by the
matrix A with respect to bases e, €2, ..., ey and fi, fo,..., fy of E and F
(the notation being so that of; = Y j Ajiej), then the matrix A, of m rows
and n columns, is a presentation matrix for M. As ¢ is a surjection, the im-
ages of e, e3, .. ., e, can be thought of as generators for M, and the images of
fis fas ..., fu as relations amongst those generators.

Theorem 6.1. Any two presentation matrices A and A, for M differ by a sequence
of matrix moves of the following forms and their inverses:

49
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(i) Permutation of rows or columns;

A 0).

0 1)

(iii) Addition of an extra column of zeros to the matrix A;

(iv) Addition of a scalar multiple of a row (or column) to another row (or column).

(ii) Replacement of the matrix A by (

PROOF. Suppose that the matrices A and A, correspond, with respect to some
bases, to the maps « and «; in the following presentations:

FSESM—o0
iy 8 1
FSE 2 M—0

The free base of E and the surjectivity of ¢ can be used to construct a linear
map B : E — E; sothat ¢;8 = ¢. Similarly, the freeness of F' and exactness at
E and E; produce amap y : F — F; such that oo = oy If then 8 and y are
represented by matrices B and C with respect to the given bases, then BA = A;C.
A completely symmetrical argument produces maps 8, and y; with matrices B)
and C; such that BjA, = AC|. Letting “~” denote “equivalence by the above
moves”, the following is apparent.

A~ (A B‘) (by (if) and (iv))
0 I
(A B BiA; )
( 0 I Al ) (by (iii) and (iv))
A B 0
- (0 11 A ) (by (iv), asAC| = B1A))

~ A Bl 0 BIB “re .
0 I A B (by (iii) and (iv)).

Now, for any ¢ € E, ¢f18e = ¢e, so, by the exactness at E, the image of
(B1B — 1) is contained in the image of «. Because E is free, there is a map
8 : E — F sothat a8 = B;B — 1g. Thus, if D is the matrix representing &,
AD = BB — I. Hence, use of (iv) shows that

A B 0 BB\ _ (A B 0 I
0 I A B 0 I A B)
(A B 0 I\ _(A B O I\ _
4 (0 I A B) (0 I A B|> At

where the second equivalence is by (i) and the third is by a repeat of the whole
argument with the roles of the two presentations interchanged. O

Hence
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Definition 6.2. Suppose that M is a module over a commutative ring R, having
anm x n presentation matrix A. The r'" elementary ideal &, of M is the ideal of
R generated by all the (,m — r + 1) x (m — r + 1) minors of A.

Of course, an im — r + 1) x (m — r + 1) minor is the determinant of the
matrix that remains after the removal from A of (r — 1) rowsand (n —m +r — 1)
columns. The standard elementary properties of determinants, together with the
above theorem, show that the elementary ideals are independent of the presentation
matrix chosen to evaluate them. Note that £, _; C &,. By convention, £, = R when
r > mand & = 0ifr < 0. Note that if » = m, the matrix A is square. Then
there is only one m x m minor, and & is the principal ideal of R generated by
det A. A standard example is gained by observing that a finite abelian group G
is a Z-module, it does have a square presentation matrix, and & is the ideal of Z
generated by |G|, the order of the group G.

Returning to geometric things, consider the first homology group, with in-
teger coefficients, of an orientable, compact, connected surface F with n
boundary components. Any elementary homology theory—simplicial homol-
ogy or singular homology, for example (or just basic intuition)—asserts that
H\(F; Z) = ®,+n-17Z generated by {[ f;]}, where the f; are the oriented sim-
ple closed curves shown in Figure 6.1. There follows now a consideration of what
happens when F is embedded in S°, probably with the “bands” of Figure 6.1
twisted, linked and knotted. The next result can be regarded as an instance of
Alexander duality.

Figure 6.1

Proposition 6.3. Suppose that F is a connected, compact, orientable surface
with non-empty boundary, piecewise linearly contained in S>. Then the homology
groups H(S3 — F; Z) and H\(F; Z) are isomorphic, and there is a unique non-
singular bilinear form

B:H\(S*—F,Z)x H(F;Z) — Z

with the property that 8([c], [d]) = lk(c, d) for any oriented simple closed curves
candd in S* — F and F respectively.
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ProOOF. The surface F is now embedded in S*. As before, H{(F;Z) =
&b, ¢+n—1 L generated by {[ f;1}. Let V be a regular neighbourhood of F in S3, s0
that V is just a 3-ball with (2g + n — 1) 1-handles attached. The inclusion of F in
V is a homotopy equivalence, and H;(8V; Z) = (@2g+n—1 Z) & (692g+"_l 7).
For this, generators {[f/] : | <i <2g+n—1}and{[e;]: 1 <i <2g+n—1}
can be chosen so that each ¢; is the boundary of a small disc in V that meets f; at
one point, and the inclusion 8V C V induces on homology a map sending [ f/]
to [ f;] and [e;] to zero. Furthermore, the orientations of the {e;} can be chosen
so that lk(e;, f;) = §&;; (the Kronecker delta). This all relates to the homology of
the standard inclusion of F in a standard handlebody V; it is §* — F that is of
interest. Now, if V' is the closure of §> — V, then the inclusion of V' in §° — F
is a homotopy equivalence. The Mayer—Vietoris theorem for S* expressed as the
union of V and V'’ asserts that the following sequence is exact:

Hy(8*Z) — H\(V;Z) — H\(V;Z) & H|(V';Z) — H\(S*: 7).

As the first and last groups in this sequence are zero, the map in the middle, induced
by inclusion maps, is an isomorphism. Thus H(V’; Z) (which is isomorphic to
H (S - F))is isomorphic to @2g+n—1 Z and is generated by {[e¢;] : | < i <
2g + n — 1}. Now define

B:H(S—F,Z)x H(F:Z) — Z

by B(lei], [f;1) = 8i;, and extend linearly. Suppose now that ¢ and d are any ori-
ented simple closed curves in S* — F and F respectively, where [c] = Y, Ai[e;]
and [d] = Y, wi[fi]. Then B([c], [d]) = ) dimi. However, lk(c, f;) =
[c] = Zi Ailei] € H(S? — [+ Z). Thus Tk(c, f;) = A;. Similarly, k(d, ¢) =
> uilfil € Hy (S* — ¢; Z), but this is > milk(fi, ¢), which by the above is
> A Hencee, as required, B([c], [d]) = lk(c, d). O

Note that, whereas the above proof uses bases, § is characterised by linking
numbers and is independent of bases. Note, too, that the bases used are mutually
dual with respect to B in the sense that S([e;], [ f;1) = &i;, and so, using standard
base changing arguments, corresponding to any base for H, (F; Z) there is a 8-dual
base for H,(S® — F; Z) and vice versa.

Now suppose that F is a Seifert surface for an oriented link L in S>, so that
0F = L. Let N be a regular neighbourhood of L, a disjoint union of solid tori
that “fatten” the components of L. Let X be the closure of > — N. Then F N X
is F with a (collar) neighbourhood of 9 F removed. Thus F N X is just a copy
of F and, just to simplify notation, it will be regarded as actually being F. This
F has a regular neighbourhood F x [—1, 1] in X, with F identified with F' x 0
and the notation chosen so that the meridian of every component of L enters the
neighbourhood at F x —1 and leaves it at F x 1. Let i* be the two embeddings
F — S* — F defined by i*(x) = x x 1 and, if ¢ is an oriented simple closed

curvein F, let ¢t = i*c.
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Definition 6.4. Associated to the Seifert surface F for an oriented link L is the
Seifert form

o H(F,;7Z) x H(F,Z) — Z
defined by a(x, y) = B((i).x, y).

Note that, from Proposition 6.3 , « is defined and bilinear, and if a and b are
simple closed oriented curves in F, then a([a], [b]) = lk(a~, b). Further, by
sliding with respect to the second coordinate of F x [—1, 1], this is equal to
lk(a, b™).

Taking a basis {[ f;1} for H,(F; Z) with a f-dual basis {[e;]} for H; (S*—F;7Z)
as before, « is represented by the Seifert matrix A, where

Ay = aUALIAD = k(. f) = k(i £

An immediate consequence is that in H(S* — F; Z) ,[f,7] = Zj Aijle;]and
(1 =2 Aylel

Now let Y be the space X-cut-along-F. This means that Y is X — F compact-
ified, with two copies, F_ and F,, of F replacing the removed copy of F (¥ is
homeomorphic to X less the open neighbourhood F x (—1, 1) of F). Of course,
X can be recovered from Y by gluing F, and F_ together; thus X = Y /¢, where
¢ is the natural homeomorphism ¢ : F_ — F — F.. Now take countably many
copies of ¥ and glue them together to form a new space X ... More precisely, let
{Y; : i € Z} be spaces homeomorphic to ¥, and let ; : ¥ — ¥; be a homeo-
morphism. Let X, be the space formed from the disjoint union of all the ¥; by
identifying h; F_ with h; ;| Fy by means of the homeomorphism h,~+]¢hfl. The
whole construction is illustrated in Figure 6.2, which shows X cut to form Y, then
Y “uncurled”, and then the copies ¥; of Y that are glued together to form X .

- - - -
kF. hF h,F, h,F h

F h F
+ -

i+1 + i

Figure 6.2
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On X there is a natural self-homeomorphism ¢ : Xo —> X defined by
tyY; = h,+|h,._1. Clearly this is well defined; ¢ is thought of as a translation of
X5 by “one unit to the right”. Hence the infinite cyclic group (¢) generated by
¢ acts on X, as a group of homeomorphisms. Thus () also acts on H| (X ; Z)
(this action is really by means of the homology automorphism ¢, induced by ¢,
but the asterisk here is always suppressed). The ring Z acts on any abelian group,
so the group-ring Z{t) acts on H|(X; Z). Recall that for a group G written
multiplicatively, the group-ring ZG consists of formal Z-linear sums of elements
of G. Addition in ZG comes from formal addition, and multiplication is induced
by the multiplication in G and the distributive law. The ring Z(r) is, then, just
the ring Z[r~", ] of Laurent polynomials in 7 (that is, simply polynomials in ¢~
and r with Z coefficients). The presence of this action means that H; (X ; Z) is a
module over the ring Z[¢~', ¢]. This terminology is used in the next fundamental
theorem, which finds a presentation matrix for this module.

Theorem 6.5. Let F be a Seifert surface for an oviented link L in S and let A
be a matrix, with respect to any basis of H\(F; Z), for the corresponding Seifert
form. Then t A — AT is a matrix that presents the Z[t~", t]-module H\(X; 7).

PROOF. Express X, as the union of subspaces Y and Y, where Y’ = |J; Y24
and Y” = |, Y2. Each of these subspaces is the disjoint union of countably many
copies of ¥, and their intersection is the union of countably many copies of . The
homology of X, will now be investigated, using the Mayer—Vietoris theorem, in
terms of the homology of ¥’ and ¥”. The Mayer—Vietoris long exact sequence
of homology groups comes from a short exact sequence of chain complexes in a
standard way. In this case the exact sequence of chain complexes is the following
(where C,, is the n'"" chain group):

() Bn
00— C, Y NY" — C, (Y& C,,(YN) — C,(Xs) — 0.

Note that ¢ interchanges Y’ and Y” so that the chain groups of these individual
spaces are not modules over Z[t~', t]; however, each term in the above sequence
is such a module. To achieve an exact sequence of homology modules, «, and
Bn» must be module maps with 8,«, = 0. This is achieved if g, is defined by
Bu(a,b) = a+band, forx € C,(Y;_ 1 NY;),q,isdefined by o, (x) = (—x, x) €
C,(Y;-1) & C,(Y;). This short exact sequence of chain complexes of modules
over Z[t~!, t] gives rise, in the usual way, to the following long exact sequence of
homology modules:

[o2% ﬁ*
- HY'NY" Z) — H(Y;Z) ® H(Y"; Z) — Hi(Xoo} Z) —

A
—> HyY'NY" Z) — Ho(Y'; Z) @ Hy(Y"; Z).

Now F is, by definition of the term “Seifert surface”, connected, so Hy(F; Z) =
Z.But Y’ N'Y” is countably many copies of F, each moved to the next by the
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homeomorphism ¢. Thus Hyo(Y'NY”; Z) consists of one copy of Z for every power
of r and so can be identified, as a module, with Z[t !, t]®z Ho(F; Z) (whichis just
a copy of Z[t~', t]) with the generator of Hy(Yo N Y,; Z) correspondingto 1 @ 1.
However, Hy(Y'; Z)® Ho(Y"; Z) isjust the direct sum of countably many copies of
Hy(Y; Z), so this may be identified with Z[t ', t]®z Ho(Y; Z), with the generator
of Hy(Yy; Z) correspondingto 1 ® 1. Then o, (1 ® 1) = —(1 @ 1) + ¢t ® 1).
This implies that on Ho(Y’ N Y”; Z), a, is injective, and hence B, is a surjection.

Now apply to H; the same line of reasoning. H, (Y’ N Y"; Z) can be identified
with Z[t7!, t] ®z H\(F; Z) so that x € H,(Yo N Y;; Z) corresponds to 1 ® x.
H\(Y';Z) & H,(Y"; Z) can be identified with Z[t ', t] ®z H,(Y; Z) so that
y € H;(Yp) corresponds to 1 ® y. Then, as a module, H,(Y’' N Y”; Z) has a base
{1 ®[f:]) and H,(Y'; Z) & H\(Y"; Z) has abase {1 ® [e;]}, where the ¢; and
f; are the simple closed curves used in Proposition 6.3. Now the definition of .,
shows that

(1@ [£i]) =D (A1 ®[e;]) + Ajit ® [e;]),
J

where A is the Seifert matrix with respect to the given bases. Hence, with respect to
the module bases {1 ®[ f;]} and {1 ® [¢;]}, e, is represented by matrix t A — A™, and
S0, as B, is surjective, this is a presentation matrix for the module H;(Xoo; Z). O

It will be shown (fairly easily), in the following chapter on covering spaces
that X, and the action on it by (¢) are well defined, given the oriented link L.
Accept that fact for the time being. It implies at once that the Z[t~!, t]-module
Hi (X oo; Z) is an invariant of L. It is sometimes called the Alexander module of the
oriented link. The actual module is cumbersome, but it has already been noted, as
an immediate consequence of Theorem 6.1, that the elementary ideals of a module
are invariants of that module.

Definition 6.6. The r'" Alexander ideal of an oriented link L is the r'* elementary
ideal of the Z[r~', t] module H,(Xo; Z). The r'" Alexander polynomial of L is a
generator of the smallest principal ideal of Z[t ', ¢] that contains the r** Alexander
ideal. The first Alexander polynomial is called the Alexander polynomial and is
written Ay (¢).

Note at once that a generator of a principal ideal is unique only up to multiplication
by a unit (an invertible element) in the ring. Thus the Alexander polynomials, as
defined above, are well defined only up to multiplication by £¢*". Note, too, that
the module H; (X ; Z) does have a square presentation matrix, namely tA — A7,
where A is a Seifert matrix (by Theorem 6.5 ). Hence, the first elementary ideal is
principal, and the Alexander polynomial of L is given by

Ar(t) = det(tA — A"),

where “=" means “is equal to, up to multiplication by a unit”.
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EXAMPLE 6.7. Theunknot has adisc D? fora Seifert surface. Cutting the exterior
of the unknot along the disc gives D? x [—1, 1], and gluing countably many copies
of this together produces X = D? x R. In this case, then, H|(Xo; Z) = 0, and
this zero module is presented by the 1 x 1 unit matrix. Taking the determinant of
this matrix (Theorem 6.5 is irrelevant here) shows that Ayknee(f) = 1.

EXAMPLE 6.8. Let K, be the “twisted double” of the unknot, with orientation
as shown in Figure 6.3. The lower part of the diagram has 2n — 1 crossings in the
sense shown when 2n — 1 is positive; if 2n — 1 is negative, the crossings there are
in the opposite sense.

_--;, =

Figure 6.3

For the Seifert surface F take the surface shown, with generators for H,(F)
represented by the oriented simple closed curves f; and f, as indicated. Recall that
the Seifert matrix A is givenby A;; = Ik(f;, f;"), where f," isacopy of f; pushed
off F into S3 — F in the direction defined by the oriented meridian of K,,. (The

meridian encircles K, in a “right-hand screw” direction.) Thus A = ( _11 2 )

Note that a diagonal entry Ik(f;, f;7) is always the number of right-handed twists
of an annular neighbourhood of f; in F. It follows that

o (t—1 1 )
(’A—A)—< —t n(t—l))’

sothat Ag, = n(t?> — 2t + 1) + t. Note that K is the unknot and that this formula
gives Ak, = ¢. That is in accord with the result of the previous example, as ¢ is
a unit in Z[t ', t]. Of course, K is the trefoil knot 3, and so that has Alexander
polynomial t*> — ¢ + 1. Similarly, K, is the knot 5;, and this has polynomial
262 — 3t + 2.

EXAMPLE 6.9. Let p, g and r be odd integers and let P(p, g, r) be the pretzel
knot shown in Figure 6.4. Once again the crossings are in the sense shown for
positive integers and in the opposite sense for negative integers.

A Seifert surface is shown, together with generators f; and f. Then the Seifert

matrix is given by
A L(pta g+
2\g-1 g+r)’
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Figure 6.4

and so
. 1
Ap(pgn(t) = det(tA— A") = ) ((pq +qr4rp)t? =2t + 1)+ 12 42t + 1).

Note that if p, ¢ and r are such that (pq + gr + rp) = —1 (for example,
(p,q.ry=1(=3,57),then Ap 4. (t) = t,whichis the Alexander polynomial
for the unknot. The knot P(—3, 5, 7) isknown as Seifert’s knot with unit Alexander
polynomial; it can be shown to be a non-trivial knot by, for example, calculating
its Jones polynomial.

As a special example, consider P(3, 3, —3) (which is also listed as 946). The
Seifert matrix A is (? g) and A — A7) = 3;:23 2t0— ! . The first
elementary ideal of the Alexander module is then the ideal generated by the deter-
minant —2¢% 4+ 5t — 2 (that is, the Alexander polynomial). The second elementary
ideal is that generated by the 1 x 1 minors, so that is the ideal of Z[1 !, 1] generated
by (t — 2) and (2¢ — 1). It is not the whole ring, as the evaluation at r = —1 gives
a surjection Z[t~', t] — Z that maps the ideal in question to 3Z. This should be
contrasted with the situation for the knot 6,. This has a diagram the same as that
of Figure 6.3 with n = 3 and the top two crossings of the diagram changed. For
this, A = (_01 ;) and (tA — A7) = ( 1__lt 5 l_ 2). Here the Alexander
polynomial is again —2¢> + 5¢ — 2, but now the second elementary ideal is the
whole of Z[t ™', t]. Thus these two knots are distinguished by the second, but not
by the first, Alexander ideal.

Thus, the Alexander polynomial does not distinguish some pairs of knots. Nev-
ertheless it is quite good at distinguishing knots; there follows soon a list of the
Alexander polynomials of the prime knots up to eight crossings which this invari-
ant certainly distinguishes from one another. First, though, there follow some easy
properties of the Alexander polynomial.

Theorem 6.10.
(i) For any oriented link L, A (t) = AL h.
(ii) For any (oriented) knot K, Ag(1) = £1.

th

Analogues of these results hold for the r'" Alexander polynomials.
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PROOF. (i) Suppose that A is ann x n Seifert matrix for L. Then
AL() = det(tA — A7) = det(tAT — A) = (—1)"det(t™'A — A") = Apt™h.

(ii) Let A be the Seifert matrix for K coming from a standard base of 2g
oriented curves { f;} on a genus g Seifert surface F as shown in Figure 6.1. Now,
Ak (1) = tdet(A — A7), but

(A= A%y = Ik(f7, ) = k(fT, £,
and this is the algebraic number of intersections of f; and f; on the surface F.
I ) down the diagonal

1 0
and zeros elsewhere. The determinant of that is 1. a

Hence (A — A7) consists of g blocks of the form ( _O

Note that for a link L of more than one component, A; (1) = 0 by essentially the
same proof (the blocks on the diagonal of (A — A") are now followed by some
Zeros).

Corollary 6.11. For any knot K,
Ax() =ao+at"+D+a@ 2+ + -,
where the a; are integers and ay is odd.

PROOF. By Theorem 6.10(i), A (r) can be written in the form Ag(¢) = bo +
bit + bat> + -+« + bytV, where by_, = b, with the same choice of sign for
all r. If N were odd, Ag (1) would be even, which contradicts (ii) of the theorem.
Hence N is even. If by_, = —b, for all r, then by, = 0 and so Ag(l) = 0,
again a contradiction. Thus by_, = b, for all r and by is odd, and so, within the
indeterminacy of multiplication by units, Ak (#) is of the required form. O

In the following table, the coefficients ag, ai, az, ..., thatoccur in the expres-
sion Ag (1) = ap+a (¢t~ +1) + ax(t™? + t*) + - - - are recorded. The signs are
chosen so that Ag (1) = 41, this being Conway’s normalisation. For example,

Ag,(t) = =5+ 507" +1) =3¢+ + (7 + ).

Proposition 6.12. Let L be an oriented link. Then L and rL, the reflection and
the reverse of L, have the same Alexander polynomial as L up to multiplication
by units.

If K| and K, are oviented knots, Ak, +k,)(t) = Ag, () Ak, (7).

ProOF. If A is a Seifert matrix for L , —A is a Seifert matrix for Land ATisa
Seifert matrix forrL.

If A, and A, are Seifert matrices for K; and K>, then <Al 0

0 A ) is a Seifert

matrix for K; + K3.



The Alexander Polynomial

TaBLE 6.1.  Alexander Polynomial Table

Knot ap aj aj as
3 -1 1

4, 3 -1

5, 1 -1 1

5 -3 2

6, 5 -2

6; -3 3 -1

63 5 -3 1

71 -1 1 -1 1
T2 =5 3

73 3 -3 2

74 =7 4

75 5 —4 2

76 -7 5 -1

77 9 -5 1

8; 7 -3

8 3 -3 3 -1
83 9 —4

84 =5 5 -2

8 5 —4 3 -1
8 =7 6 -2

8, -5 5 -3 1
8 9 —6 2

8 7 =5 3 -1
810 -7 6 -3 1
81 -9 7 -2

812 13 -7 1

813 11 -7 2

814 —11 8 -2

85 11 -8 3

816 -9 8 —4 1
817 11 -8 4 -1
813 13 -10 5 —
819 1 0 -1

820 3 -2 1

821 =5 4 -1




60 Chapter 6

Proposition 6.13. Ifa knot K has genus g, then 2g > breadth A (1).

PROOF. Let F be a genus g Seifert surface for K. ThenrtA — AT isa2g x 2g
matrix, and so the degree in ¢ of the polynomial det(tA — AT) isatmost 2g. [J

The last result can be considered as an application of the Alexander polynomial.
Although itis only in the form of an inequality, it gives geometric information about
individual knots. The surface constructed by removing the interiors of disjoint discs
from a genus g surface is said to still have genus g. Proposition 6.13 generalises
at once to show that if a link L with ¢ components bounds a connected orientable
surface of genus g, then

2g + ¢ — 1 > breadth A, ().

Now, it is a theorem discovered by R. H. Crowell [22] (see also [17]) that if L has
an alternating diagram that gives, by means of Seifert’s method of Theorem 2.2,
a connected Seifert surface of genus g, then breadth A, () = 2g + ¢ — 1. Thus
the genus is always minimal for a Seifert surface coming in this way from any
alternating diagram.

There are oriented links of two or more components that have their Alexander
polynomials equal to zero. The next proposition describes some of them, but there
are even more.

Proposition 6.14. Suppose an oriented link L bounds a disconnected oriented
surface in S*; then Ay (1) is the zero polynomial.

PROOF. Suppose T is a disconnected oriented surface with boundary L. Form
a connected surface F by connecting the components of £ together with thin
“pipes”. Take a set of oriented curves { f;} that give a base for H(F), choosing
f1 to be a curve encircling once around one of the pipes and ensuring that f is
disjoint from the other f;. This f; bounds a disc D in §* with DN F = 8D. Then
1k( fi, f,-i) = 0 for all i. Hence the corresponding Seifert matrix A has its first row
and first column consisting entirely of zeros. Of course thendet(tA— A7) = 0. O

The idea of a satellite knot was mentioned in Chapter 1. There is a simple
formula that gives the Alexander polynomial of a satellite knot in terms of those
of its companion and its pattern. This will now be explained.

Theorem 6.15. In S3, let T be a standard, unknotted, solid torus that contains a
knot K. Lete : T — S> be an embedding of T onto a neighbourhood of a knot
C, so that e maps a longitude of T (coming from the inclusion of T in S°) onto a
longitude of C. Then

Ak (£) = Ag () Ac(t"),
where K represents n times a generator of H(T).

ProoF. Construct Seifert surfaces for the pattern knot K and the satellite e K in
the following way: The unknotted solid torus T projects onto an annulus in the



The Alexander Polynomial 61

plane. Apply the Seifert method (Theorem 2.2) to the projection of K, with some
orientation, into this annulus. Seifert circuits in the annulus, connected by twisted
strips at the crossings, are obtained. Cap off, with discs just above the annulus,
any circuits that bound in the annulus; then use annuli to cap off adjacent pairs
of curves that encircle the annulus in opposite directions. Add a vertical annulus
to each remaining curve so that the result is an oriented surface F contained in
T, with 9 F being the union of K and n longitudes of T oriented in the same
direction. A Seifert surface F U nD for K then consists of the union of F and n
parallel copies of a spanning disc of T'. Similarly, a Seifert surface e’ U nG for
eK consists of the union of e F and n parallel copies of a genus g Seifert surface
G of the companion knot C (this G being regarded as in the closure of §* — eT').

Note that if f is an oriented simple closed curve in T — K, then Ik(f, K) =
f 11 F, where “r7” denotes the algebraic sum of the transverse intersection points.
Ofcourse, f M F = ef NeF = ef N (eF UnG) = lk(ef, eK). Thus linking
numbers of curves in T are preserved by the embedding e. Note, as well, that if
S’ is a simple closed curve in the interior of G (or is near to such a curve), then
Ik(ef, ) = 0. This is because ef is homologous in e7 to a sum of longitudes of
C, and they bound copies of G that can be taken to be disjoint from f’.

A Seifert matrix B for the satellite knot eK can be obtained as follows: Use
as base for H,(eF U nG) the image under e of curves in F that give a base for
H|(F U nD), together with n parallel copies, each in one of the n copies of G,
of curves that provide a base for H,(G). Using the above remarks, the resulting
Seifert matrix has the form A(;l ; , where M is a Seifert matrix for K and X
is the following n x n block matrix, in which A is a Seifert matrix for C:

A A A A
AT A A A
x—| A A" 4 A
AT AT AT ... A

It is consideration of linking numbers of curves in the various parallel copies of G
that gives rise to these off-diagonal copies of A and A",

Consider now the linear combination Y i, "~*(row i) of the rows of blocks of
the block matrix

tA — AT tA— A tA—A ... tA—A
tAT — AT 1A - AT tA—A ... tA—-A
(X — X7 = | tAT— AT AT - AT tA-A" ... 1A—-A
tAT — AT 1A — AT AT — AT ... A— AT

That linear combination produces a row of blocks in which every entry ist" A — A",
Thus, replacing the first row of 7 X — X * by this row and subtracting the first column
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from all the other columns, it is seen that

det(tX — X©)
"A — AT 0 0 0
* (A —AY) * *
— [~2g(n—l)det * 0 t(A - AY) *
* 0 0 ... 1(A—AY)

Now, by Theorem 6.10, det(A — A") = 1, so thatdet 1 (A — A7) = 128 Thus
det(rB — BY) = det(tM — M7 det(t"A — A7),

and this is the required formula. O

In Chapter 8, a Conway normalisation of the Alexander polynomial will be
defined, and then the above result will become A x(t) = Ag(t)Ac(t").

Corollary 6.16.
() If Ac,(t) = Ac, (1), then satellites of Cy and C, with the same pattern have
the same Alexander polynomial.
(ii) Reversing the direction of C has no effect on Ak (t) (though it can change
the knot eK).
(iii) A Whitehead double of any knot has Alexander polynomial equal to 1.

Figure 6.5

The final statement needs a little clarification. A Whitehead double of C is a
satellite formed by using for K C T the curve shown in Figure 6.5 or its reflection.
Note that K is unknotted in S and represents zero in H;(T'), so that n = 0 in the
formula of Theorem 6.15.

There is no formula for the Jones polynomial of a satellite knot analogous to
that just proved for the Alexander polynomial. Indeed, the fact that interesting
phenomena are encountered when searching for such an analogue underlies the
discussion of Chapter 13.

One further satisfying view of the Alexander polynomial of a knot gives an
interpretation of it as a characteristic polynomial in the following way: Suppose
that throughout the preceding theory the field of rational numbers, Q, is used instead
of the ring of integers, Z. Not very much would is changed. In particular, if A isa
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Seifert matrix, the matrix (1A — A") presents H)(Xo; Q) asa Q[¢ ", t]-module.
Information about the elementary ideals of this (marginally) new module can be
extracted from (1A — A7) as before, though in general the information obtained is
slightly weaker than when using integer coefficients. However, a generator of the
first elementary ideal is still det(frA — A7). Thus the Alexander polynomial of the
knot is, up to multiplication by a unit (now an element of the form g¢*" for any
g € ©Q), equal to the determinant of any other square matrix representing this new
module.

Theorem 6.17. Let K be a knotin S3 and let t : Xoo — Xoo be the (covering)
translation of X «, (the infinite cyclic cover of the exterior of K). Then H\ (X »; Q)
is a finite-dimensional vector space over the field Q. The characteristic polynomial
of the linear map t, : Hy(X0; Q) = H|(Xoo; Q) is, up to multiplication by a
unit, equal to the Alexander polynomial of K.

PROOF. The ring Q[¢~!, ¢] is a principal ideal domain. A proof of this, using
the Euclidean algorithm, is much the same as the proof that shows the ring of
ordinary polynomials over a field to be a principal ideal domain. Over Q[¢ 7!, ¢]
the module H(X; Q) is finitely presented by the matrix (tA — A¥). However,
over a principal ideal domain, any finitely presented module is just a direct sum of
cyclic modules (see, for example, [38]). This is the same as saying that the module
is presented by a square diagonal matrix. Thus H; (X «; Q) is presented by a matrix
diag(pi, p2, - - ., Pn), Where p; € Q[t~', t], and H|(X; Q) is isomorphic as
a module to @,Nz | (Q[t~", 11/ pi). None of the p; is zero, for then the Alexander
polynomial, the determinant of the matrix, would be zero. However, for a knot K,
Ag(l) = £1.

Consider, then, a typical summand of the form Q[¢~', ]/ p where, multiplying
by a unit, it may be assumed that p = ap + a1f + at* + - +a,t" witha, = 1.
Over the field Q, the vector space Q[¢~', t]/p has afinitebase {1, ¢, 12, ..., "'},
for the relation “p = 0” expresses other powers of  linearly in terms of these. Of
course, the action of ¢, is just multiplication by ¢. With respect to this base, then,
t, is represented by the matrix

0 0 0 —dayg
1 0 O —a
0 1 0 —a)
M= . .
00 ... 1 0 —a_
00 0 ... 1 —a

As a polynomial in x, the characteristic polynomial of this is the determinant of
(M — xI). Multiplying the i row of this matrix by x'~! and, for i > 2, adding
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it to the top row, this determinant is seen to be the determinant of

0 0 0 - Z;:O a,‘xi
1 —x 0 —daj

0 1 —X —a;

o o0 ... 1 —x —a,2

0 0 0o ... 1 —X — Q,_|

which is (—1)" YI_, a;x'. This is £p. Now, up to a unit, the Alexander poly-
nomial is the determinant of the presentation matrix diag(py, p2, ..., py) for
Hi(X5; Q). This is just ]_[,N:l pi, and the above consideration applied to the
summands of @,N:, (Q[t~", t]1/pi) shows that (with x in place of ¢) this is the
characteristic polynomial of ¢,. O

For more on the Alexander polynomial viewed as part of algebraic topology,
see the survey by C. McA. Gordon [35].

Exercises

1. Find a Seifert surface F for the knot 7, select a convenient base for H,(F; 7Z) and
find the Seifert matrix with respect to this base. Calculate the Alexander polynomial
of 75 and check that your answer agrees with that given in the table of Alexander
polynomials.

2. Calculate the Alexander polynomial of the two oriented links shown below.

3. Determine the way that the Alexander polynomial of each of the oriented links shown
below is related to the Alexander polynomials of knots K and K.

4. Show that for a knot K, the Alexander polynomial satisfies Ag(z) = 1 if and only if
H\(Xoo; Z) = 0.

5. What polynomials can arise as Alexander polynomials of genus 1 knots?

6. Figure 12.7 (b) shows (neglecting the zeros) a very symmetric diagram of a three-
component link called the Borromean rings. Different choices of directions for the
components produce eight possible orientations for the link. Calculate the Alexander
polynomial for each of the oriented links so formed.
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. Suppose that B is any 2n x 2n matrix of integers with the property that B — BT consists

1 . .
| ¢ ) running down the diagonal and zeros elsewhere.
Prove that there exists a knot for which B is a Seifert matrix.

of n blocks of the form ( _(_)

. Calculate the Alexander polynomial of the knot K shown below. What is the genus of

K?Is K aprime knot?

. Show that for any knot K with Alexander polynomial Ak (¢), there is, for any positive

integer n, another knot with Alexander polynomial A g (¢").

Show that any knot C has a (non-trivial) satellite knot of genus 1 with the same
Alexander polynomial as the trefoil knot 3.

A fibred knot K is a knot with the property that its exterior X is a bundle over S'
with fibre an orientable surface F. This means that X is homeomorphic to F' x [0, 1]
quotiented by the identification (x, 0) = (hx, 1) for some homeomorphism / : F —
F. What is the Alexander polynomial of such a knot K? Prove that g(K) is the genus
of the surface F. If a genus 1 knot is fibred, what can be said about its Alexander
polynomial?
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Covering Spaces

In order to bring to a satisfactory conclusion the theory of the last chapter, it is
necessary to show that the space X, together with the given action on it by the
infinite cyclic group, is uniquely defined by the oriented link L under consideration.
Here it will be seen that X, is a certain covering space of the exterior of L, and the
theory of coverings will show it to be well defined. That is the present motivation,
but it should be understood that the theory of covering spaces is an important
part of many areas of mathematics (particularly Riemann surfaces and geometric
structures on manifolds). It is intimately related to the study of the (appropriately
named) fundamental group of a fairly general type of topological space. Thus the
following discussion will be in the language of general topological spaces.

In the whole of this chapter, B will be a path-connected, locally path-connected
topological space. By definition, the locally path-connected condition means
that each point has a base of path-connected neighbourhoods (that is, there are
“arbitrarily small” such neighbourhoods for each point).

Definition 7.1. A continuous map p : E — B is a covering map if
(i) E is path-connected and non-empty and
(ii) foreachb ¢ B, there exists an open neighbourhood V of B such that p~'Vis
adisjoint union of open sets in E, each of which is mapped homeomorphically
by p onto V.

The map p is called the projection of the covering space E to the base space B.

A covering map p : E — B is, in other terminology, a locally trivial fibre map
with discrete fibre. As an exercise, observe that the restriction of the covering map
p to any proper subset of E fails to give a covering of B.

Examples 7.2.

(i) p: R — S§'={z€C:|z] = 1} givenby p(t) = exp(2mir).
(i) p: S' — S! givenby p(z) = 7".
(iii) p: $" — RP" = §"/(x ~ +x), where p is the quotient map.

66
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(iv) p : S* — L, 4, where for p and g coprime integers, L, , is the lens space
defined as the quotient of S by a certain action of the cyclic group of order p.
Regard S3 as {(z1, 22) € C? : |711* + |z2/> = 1}. If g generates the group,
the action is defined by g(z(, z2) = (21 exp2mi/p), z2 exp(—2miq/p)).
The projection p is the quotient map.

Easy Properties 7.3.
(i) The covering map p : E — B maps open sets to open sets. It is locally a
homeomorphism. In particular, E is locally path-connected.
(i) The covering map p : E — B is surjective.
(iii) The open set V of the definition can be taken to be path-connected.
(iv) B has the quotient topology induced by p : E — B.
(v) If b; and b, belong to B, then there is a bijection between p~'b; and p~'b,
(this follows from the next lemma).

Lemma 7.4. A covering map p : E — B has the path lifting property. That
is, given a point ey € E and a continuous map f : [0,1] — B such that
f(0) = pleo), there exists a unique continuous map f : [0, 1] — E such that

fO) =epandpf = f.

PRrROOF. The space B is the union of open sets {V}, as in the definition of a
covering. Thus, by the compactness of [0, 1] there is a dissection 0 = 1y < 11 <
h<-- <ty =1s0 that f[z; 1, ] C_ V; for some such open set V;. Assume
that f { [0, z;_] has been defined with f (ti—1) € W, ; where W, ; is one of the
open subsets of p~'V; for whichp : W;; — V,isa homeomorphism. Define
f [ [ti—1, t;]to be equalto (p | W, ;)™ ' f.For the uniqueness, supposed) is a second
lift of f, with ¢(0) = eg. Let T = sup{r : ¢ 1{0,] = f | [0, £]}; by continuity,
d)(r) = f(r) Then,ift < 1,the above argument showsthat¢(r +e€) = f(r +¢€)
for all sufficiently small €, contradicting the definition of 7. 0

Lemma 7.5. A covering map p : E — B has homotopy-lifting property for
paths. That is, given a continuous map f [0,1] x {0} - E and a continuous
map f : [0, 1] x [0, 1] — B such that f(t,0) = pf(t 0), there exists a unique
continuous extension of f to f [0, 1] x [0, 1] — E such that p f f.

Proor. Theproofofthisisentirely analogous to the proof of the previous lemma;
here a dissection of the square [0, 1] x [0, 1] into a mesh of small squares, each
mapping into some V;, is used. O

Elementary homotopy theory assigns to every topological space X, equipped
with a selected base point xg, a group I (X, xo) called its fundamental group. Re-
call that an element of the fundamental group is represented by a loop in X based
at xg (that is, a continuous function « : [0, 1] — X with @(0) = (1) = x¢), an
actual element being a homotopy class, keeping ends fixed at xo, of such loops.
The product of loops & and B, written « - §, is formed by following around the
loop « and then B; the inverse of « is the loop @, where @ (1) = (1 — t). These



68 Chapter 7

operations induce the group structure on the homotopy classes. A continuous func-
tion f from one based space to another induces a homomorphism f, between their
fundamental groups with the usual functorial properties. In particular, homeomor-
phic based spaces have isomorphic fundamental groups. A path in X from x, to
x induces, by means of path-composition, an isomorphism from IT; (X, xo) to
I1,(X, x;), the isomorphisms induced by different paths being related by inner au-
tomorphisms. Thus usually one restricts consideration to path-connected spaces,
and then choice of base point is irrelevant up to group isomorphism; the base
point is then often omitted from the notation. However, base points can never be
neglected completely; any attempt to do so usually produces the first homology
group. In general the fundamental group of a space is not abelian. If one “makes
it abelian” by inserting relations that declare that all elements commute, then the
result is indeed the first homology group. This is a one-dimensional version of the
Hurewicz isomorphism theorem: for a connected cell complex X, the quotient of
T, (X, x0) by its commutator subgroup (the subgroup generated by all elements
of the form aba~'b~") is isomorphic to H,(X; Z).

The Homotopy Exact Sequence 7.6. An immediate consequence of Lemma 7.5
is the following homotopy exact sequence for a covering map:

DPs
{1} — IIi(E, e9) — I11(B, by) — IIy(F) — {1}.

Here p(eg) = by and F = p~'hy. Note that [1¢(F) is just the set of path compo-
nents of F (which are just the individual points of F') with a “zero”, the component
{eg). The map I, (B, by) — I1(F) is defined as follows. A loop « in B based at by
lifts to a path @ starting at ep. The required map sends the element [« ] represented
by a to a(1).

In this theory of lifting a path (or homotopy of paths) in the base space to a
path in a covering space, one thinks of E as “above” B so that “lifting” has some
intuitive feel about it. The next result answers speculation about whether a map
from any space into B might be lifted. The answer, for a reasonable type of space, is
that it can be lifted unless fundamental group considerations forbid the enterprise.

Proposition 7.7. Let p : E — B be a covering map with base points ey € E
and by € B, chosen so that pey = by. Suppose X is a path-connected, locally
path-connected, space with base point xy, and let f : (X, x9) — (B, by) be
continuous. Then there exists a continuous map g : (X, xo) — (E, ep) such that

pg = [ ifand only if
e TH(X, x0) C p. TTI(E, ep).
When such a g exists, it is unique.

Proor. If g exists, then p,g, = f., and the result is clear. Conversely, suppose
fo TLi(X, x0) C p, I|(E, ep). If x € X, choose apatha : [0, 1] — X so that



Covering Spaces 69

«(0) = xpanda(l) = x.ByLemma 7.4, the path fo liftstoapath fa 1[0, 1] —
E with f a(0) = ey. Note that if g exists as advertised, then g(x) = fa(l) by the
uniqueness in Lemma 7.4, because ga is a lift of fa. Thus if g exists, it is unique.
Now define g by g(x) = f a(1). To check that is well defined, let 8 be another
path in X from xg to x,. Then f.[o - Ble f. (X, xp) C p.I1,(E, ep), so there
exists aloop y : [0, 1] — E with y(0) = ¢y = y(1) so that py is homotopic,
relative to {0, 1}, to f(« - B). By Lemma 7.5 that homotopy can be lifted, relative
o {0, 1}, so that (at the end of the homotopy) there is a loop ¥ : [0, 1] — E
with 7(0) = eo = ¥ (1) such that p¥ = f(a - B). Thus the lift of f(« - B)
starting at eg is ¥, a loop at ¢p. Hence py(t) = fa(2t) and py(t) = fB(2¢) for
all0 <r < 1/2. Thus fa(l) = y(1/2) = fﬂ(l) and so g is well defined. The
continuity of g follows from the fact that X is locally path-connected, and so on
sufficiently small open sets g is p~! f. 0

Suppose p : (E, eg) — (B, by) is a covering map with base points as above.
The subgroup p,IT{(E, ) of T1; (B, by) is called the group of the covering. Note
that p,T1|(E, eg) is, as explained in the above proof, the set of homotopy classes,
relative to {0, 1}, of loops « : [0, 1] — B based at by such that &@(1) = ey, that is,
such that « lifts to a loop. Note too that p, is injective (from the homotopy exact
sequence) so that p,I1,(E, ep) is isomorphic to I (E, ep).

Proposition 7.8. Suppose p : (E, e0) — (B, by) and p’ : (E', ¢y) — (B, by)
are two based coverings of B with the same group. Then these are equivalent in
the sense that there exists a homeomorphism h : (E', ;) — (E, eg) such that

ph = p.

PrOOF. By Proposition 7.7 , the map p’ lifts to a map h : (E’, eg) — (E, eo)
suchthat ph = p'. Similarly, by Proposition 7.7 applied to the map p and covering
p’, there isamap h’ : (E, eg) — (E', ¢p) such that p’h” = p. But then hh'

(E.ep) — (E,ep) is a lift of the map p with respect to the covering p. The
identity map is another such lift. Hence, by the uniqueness of Proposition 7.7, h#’
is the identity. Similarly, 4k is the identity, and so & and A’ are mutually inverse
homeomorphisms. O

Now recall from Chapter 6 the map p : Xo, — X, where X is the exterior of an
oriented link L, F is a Seifert surface and X, is the space constructed by gluing
together countably many copies of Y, where Y is X-cut-along-F.

Theorem 7.9. The covering space p : Xoo — X of the exterior X of an oriented
link L does not depend on the choice of Seifert surface used in its construction.
Further, the action of the infinite cyclic group on X« is likewise independent of F.

PROOF. Itisclear from the construction of X, thataloopa : [0, 1] — X liftsto
aloop @ (that is, @(0) = @(1))in X provided (0) and & (1) are in the same copy
of Y. This is so if and only if o intersects F zero times algebraically, for every time
« crosses F, its lift moves from one copy of ¥ to an adjacent copy. Thus « lifts to
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a loop if and only if the linking number of & with L (that is, the sum of the linking
numbers with the components of L) is zero. Now, that statement is independent of
the choice of Seifert surface for L, so the group of the cover does not depend on
F. Using the preceding proposition, the the first result follows at once.

Consider the action by the infinite cyclic group (1) on Xoo. If y : [0, 1] = X
is any path from some point a to ta, then, by the above reasoning, py isaloop in X
having linking number 1 with L. Conversely the lift of any such loop in x is a path
from some a to ta. Suppose p’ : X, — X is a second version of X, constructed
from Seifert surface F’ and ' : X, — X[ is the homeomomorphism such that
p'h = p. Trivially p’h’y = py, so that k’y, being a lift of the loop py with
respect to the covering p’, is a path in X/ from a point to its ¢-translate. Hence
th’(a) = M (ta), and the homeomorphism h’ preserves the r-action. O

This then concludes the proof of the fact that the Alexander polynomial of an
oriented link L is well defined (up to multiplication by a unit). The covering space
X of X is called the infinite cyclic covering of the link exterior. A loop in X lifts
to a loop in X, if and only if it has zero linking number with L. In the case when
L is a knot, this means, by Theorem 1.5, that the loop represents the zero element
in H (X). Then p,I1,(X) is the kernel of the naturai map I (X) — H(X),
which, for any X, is the commutator subgroup of I, (X).

In determining the Alexander polynomial of a knot, any convenient method of
constructing X, may be used. It is just necessary to construct a covering of the
knot exterior with the property that a loop lifts to a loop if and only if it has zero
linking number with the knot. The diagrams of Figure 7.1 show such a method for
the exterior of the 4-crossing knot. The exterior of the knot 4, in the first diagram
can be obtained by the following “surgery” procedure on the exterior of the knot of
the second diagram (which is unknotted). Remove a (shaded) solid torus as shown
and replace it with a solid torus in such a way that on the boundary of the (shaded)
toral hole, the curve shown bounds a disc in the replacing torus. To contemplate
that replacement, imagine cutting across a disc spanning the outside of the toral
hole. This creates discs on either side of the cut. Twist one of these discs through
27 about an axis through its centre, thereby reinserting two crossings into the knot;
then glue the discs together again. The curve on the boundary of the hole has been
changed to become a meridian of the toral hole. Then the solid torus fits neatly
into the hole, and the first diagram is recreated.

The third diagram is the same as the second, up to isotopy; care has been taken
to keep track of the curve on the boundary of the toral hole. Now the infinite cyclic
cover can be created by cutting across a disc spanning the unknot in this diagram
and taking infinitely many copies glued end to end. The result is a copy of D? x R
from which infinitely many solid tori have been removed, as shown, and which
are to be replaced so that the indicated curves become the boundaries of discs.
(For this to happen it is important that the shaded solid torus was chosen to have
zero linking number with the knot.) The ¢ action on the cover is “translation to the
right by one unit”. Then H; (X ; Z) is generated as a module by the class of the
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Figure 7.1

curve x shown in the diagram, and there is one relator represented by the curve
shown on the boundary of one toral hole. (The relators corresponding to curves
on the other toral holes are translates of the first by powers of ¢.) This relator is
—t~'x + 3x — tx. Thus the module is represented by the 1 x 1 matrix —~! +3 —1,
and so (taking its determinant) —¢~' + 3 — ¢ is the Alexander polynomial of the
knot 4,.

Note that the essence of the preceding discussion is that the diagram of the
knot 4; can be changed to a diagram of the unknot by changing one crossing.
That crossing is then encircled by the shaded solid torus. If K is a knot with a
diagram that can be unknotted with m crossing changes, then the procedure can
be repeated using m solid tori, each encircling one of these crossings. The result
is a presentation of the Alexander module with m generators and m relators. Thus
this module has an m x m presentation matrix, and so its rth elementary ideal
is Z[t~!, t] for every r > m. This proves the following result about unknotting
numbers (see Chapter 1).
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Theorem 7.10. If the rth elementary ideal of the Alexander module of a knot K
is not the whole of Z[t~', 1], then K has unknotting number u(K) > r.

As an example, consider the pretzel knot P(3, 3, —3) discussed in Example
6.9. There it was shown that the second elementary ideal of the Alexander module
is not Z[t~', ¢], and so u(P(3, 3, —3)) > 2. It is easy to see that two crossing
changes do undo the knot, and so #(P (3, 3, —3)) = 2. More information on the
results of this technique can be found in [103].

Another example of a covering may be useful. Let Xoo — X be, as before,
the infinite cyclic covering of the exterior of an oriented n-component link L. The
cyclic group (¢) acts on Xo. Then Xoo/(1?) ——> X is a 2-fold covering of X called
the cvelic double cover of X. Denote Xoo/(t?) by Xz (This X, 5 can, if desired,
be constructed from two copies of ¥, where ¥ is X cut along a Seifert surface,
gluing together parts of the boundary in the obvious way.) A loop in X lifts to a
loop in X, ifand only if it has linking number zero modulo 2 with L. The covering
is that corresponding to the kernel of the map IT,(X, xo) - H(X;Z) — Z —
7./27Z, where the second map sends each meridian to 1 € Z. Consider loops
on the boundary of the solid torus neighbourhood N; of any component L; of
L. A longitude lifts to a loop in X>. A meridian does not lift to a loop, but the
square of a meridian does lift to a loop. Thus, identifying dN; with S' x S!, with
longitude and meridian corresponding to the two factors, the covering restricted
to the part of it over N; is a covering of a torus by a torus. It is equivalent
to (21, 22) > (21, z%), where S' is the unit complex numbers. (This is also clear
from the construction of X, by gluing together two copies of Y .) That map extends
toamap S' x D> — S' x D? defined by (z1, z2) +> (21, z3). This is a covering
map except on S' x {0}. It is called a covering branched over S' x {0}. Thus n
solid tori can be glued to the boundary components of X, to create X», another
n solid tori can be glued to the boundary of X to recreate S*> and the double
covering map )/(; — X can be extended, as described above over each solid torus,
to achieve a map X, — S° called the double cover of S* branched over L. This
is a two-fold cover when restricted to (a map to) the complement of L. Note that
this construction is independent of the orientation of L, since 1 = —1 in Z/2Z.
The construction can be generalised at once to construct an #-fold cyclic cover of
§3 branched over an oriented link.

Two-bridge links provide a simple example. As explained in Chapter 1, a 2-
bridge (or rational) link is obtained by gluing together the boundaries of two trivial
2-string tangles. The double cover of a ball branched over a trivial 2-string tangle
is a solid torus. Thus the double cover of S* branched over the link is two solid tori
with their boundaries glued together. That is a lens space or, exceptionally, S* or
S' x $2.1In fact, L, , is the double cover of S* branched over the (p, ) 2-bridge
link. It has been shown that only this link has L, , as its double branched cover
[46].

Further facts about covering spaces will be useful in Chapter 11. As has been
noted, a coveringmap p : (E, eg) — (B, by) induces an injection on fundamental
groups, and p, I (E, eo) is called the group of the covering. The chief further result
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is that provided B is “semi-locally simply connected” (locally contractible will do
fine), then for any given subgroup G of I1,(B, by) there exists a covering space
with G as group. Conjugate subgroups produce equivalent (base point free) covers
in the sense that p : E — B and p’ : E' — B are equivalent if there is a
homeomorphism 4 : E — E’ such that p'h = p. All this is fairly simple once
one can do the theory when G is the trivial one-element subgroup of I1;(B, by).

Definition 7.11. A covering p : B —> B in which B is simply connected is
called the universal covering of B.

Note that by Lemma 7.8 a space B has at most one universal covering up to
equivalence. The aim now will be to show that a path-connected and locally path-
connected space B, with one extra property, does have a simply connected covering
space. The definition of the extra property is as follows:

Definition 7.12. A space B is semi-locally simply connected if for each b € B
there exists a neighbourhood V of b with the property that every closed curve in
V is null-homotopic in B.

Note that if B has this property, then the set V can be taken to be open and path-
connected. The property is then the same as the assertion that inclusion induces
the constant map I1;(V) — II;(B). Suppose there does exist a covering map
p : E — B for some simply connected space E. If b € B, there is (from the
definition of a covering map) an open set U C E suchthat p|U : U — Visa
homeomorphism onto some open neighbourhood V of 6. Then piy = iy (p|U),
where iy and iy are inclusion maps. Of course, (iy). : ITj(U) — I (E) is
constant because I1; (E) is trivial, and as (p|U), is an isomorphism, it follows that
(iv). is the trivial constant map. Thus the semi-locally simply connected condition
is certainly needed if B is to have a simply connected cover. Note that if B is a
manifold or a finite complex, it certainly has this property (as V can be taken to
be contractible).

Theorem 7.13. Let B be a path-connected, locally path-connected, semi-locally
simply connected space. Then there exists a simply connected space B and cov-
ering map p : B — B. Furthermore, the group T1,(B) acts freely as a group
of homeomorphisms on (the left of) B, the quotient map q : B —> B/I11(B) is
a covering map and there is a homeomorphism h : B/T1}(B) — B such that
hqg = p.

PROOF. Lethy € B beabase point and let X be the set of all paths & : [0, 1] —
B such that «(0) = by. Define an equivalence relation on X by letting  ~ 8 if
and only if &(1) = B(1) and @ ~ B, where “~” denotes homotopy of paths in
B keeping the end points {0, 1} fixed. Let B be the quotient set X/~ and define
p : B — Bby pla] = a(l), where [«] is the equivalence class of «. Suppose
that « € X and that V is an open neighbourhood of «(1) in B. Let {a, V) C B
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be defined by
(@, V) ={le-B1:B:[0,1]1 >V, B(0) =a(l)}.

Take all possible {@, V) to be a base for a topology on B (so that a subset of Bis
defined to be open if and only if it is a union of some of these basic sets). Note
that if [a] € (a1, Vi) N (a2, V2), then

(o, Vi N Va) C {ar, Vi) N {aa, Va),

so that the given sets do form a base of a genuine topology.

Now p{«, V) is the path component of V that contains «(1). This is open in B,
since B is locally path-connected, so p maps open sets to open sets. Further, if V
is open in B, then

plv = U{(a, V) :a(l) € V.

By definition this is open, and so p is continuous. The space Bis path-connected,
since [a] is joined to the class of the path that is constant at by by {[es] : s € [0, 1]},
where o, (t) = a(st).

IfV isopenin B and [y] € {a, V), then (y, V) = (a, V). Thusany (o, V) and
(B, V) are either disjoint or identical, and so p~'V is the disjoint union of open
sets of the form (a, V). If b € B, use the given properties of B to select, an open
path-connected neighbourhood V of b for which I1,(V) — II,(B) is the trivial
map. Then p is injective on {«, V). This is because if p[« - 8] = p[a - f'], where 8
and B’ are paths in V with the same end points, then 8 ~ §/,sothata - 8 ~ « - '
and hence [ - B] = [a - B'}. Thus p : (&, V) — V is a homeomorphism and, as
p~'(V) is a disjoint union of sets of the form (a, V), p is a covering map.

Suppose that [y] € I1;(B, bp), where y is a loop based at by. Define a map
[¥1: B = Bby[yl(«]) = [y-«]. This gives a well-defined map that sends basic
open sets to basic open sets and, as it has [¥/] as an inverse, it is a homeomorphism.
Thus the group IT, (B, by) acts on B. Note that [y - ] = [«] only if [y] is the
identity of I1; (B, bo) so that the action is a free action. The projection p : B—> B
commutes with this action and so induces a map & : B/I1,(B,by) — B.Ifg
denotes the quotient map g : B — B/I1(B, by), then hg = p. As p has these
properties, this /4 is continuous and open, and it is easy to check that £ is a bijection.
Thus % is a homeomorphism, and the fact that p is a covering implies that g is a
covering. -

Finally, it is necessary to check that B is simply connected. By the injectivity
of p., it suffices to show that for any loop y : [0, 1] — B, the loop py is null-
homotopic in B by a homotopy that keeps {0, 1} fixed. Foreach ¢, y (¢) = [«,] for
some path ¢, in B from by to py (¢). By the continuity of y and the compactness
of [0, 1], there is a dissection of the interval

O=f<nH=<...<t, =1

sothaty([t;, ;11]) C (e, V;) foreachi,each V; is openin B and path-connected,
and the map IT;(V;) — I1,;(B) induced by inclusion is the constant map. Now,
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o, = a - p; for some path g; in V; from e, (1) to «,, (1). Because IT;(V;) —
I1,(B) is constant, §; can be chosen to be any path in V; between these end
points. Thus, choose §; to be a reparametrisation of the restriction of py to the
subinterval [#;, t;11]. But «;,,, ~ «; - f; implies that @, - «,,, ~ B;, and so
py = Bo-Bi-- - Buol XUy - o, and as [a,] = [a,,], this is homotopic to a
constant loop keeping {0, 1} fixed. O

A further remark is in order using the notation of the above proof. Suppose
that [y] € IT\(B, by). By definition of the group action, [y (e, V) = {y - a, V).
Suppose that I1,(V) — I1;(B)isconstant. If (y -, V) = (@, V),theny -a = a;
this means that [y] is the identity element of I1; (B, by). Otherwise [y ]{a, V) and
(o, V) are disjoint. Thus the action of IT (B, bo) (or of any of its subgroups) on the
universal cover B of B has the following property: Each point of B has an open
neighbourhood that is disjoint from every one of its translates by a non-trivial
element of the group. This property will now be explored.

Theorem 7.14. Suppose that a group G acts as a group of homeomorphisms on a
path-connected, locally path-connected, space Y. Suppose that each y belonging
to Y has an open neighbourhood U such that U N gU = @ forall g € G — {1}.
Then the quotientmap q : Y — Y /G is a covering map. If Y is simply connected,
then T11(Y / G) is isomorphic to G.

Proor. Ify € Y, thereis an open neighbourhood U of y suchthat U NglU = @
forallg € G — {1}. Now ¢7'(qU) = U, gU. This is open because each
gU is open (because g is a homeomorphism). Hence gU is open in the quotient
topology on Y/G. Similarly, if U’ is any open subset of U, then qU’ is open. The
map g : U — qU is an injection because U N gU = @ forall g # 1, and so
it is a homeomophism. Of course, gg~' = ¢, sothatq : gU — qU is also a
homeomorphism. Thus ¢ is a covering map.

Suppose now that Y is simply connected. Let y, be a base point in ¥ and let g
belong to G. Define a function ¢ : G — I1,(Y/G, q(yo)) as follows: Let o be a
path in Y from y, to gyo and let ¢(g) = [qc]. If B is another such path, a ~ B
as Y is simply connected. So [ga] = [¢pB], and ¢ is well defined. Let «; be a path
from y, to g yo and ; be a path from y, to g2y0. Then «; - gjcr2 is a path from yo
to g182y0- Thus ¢(g182) = [g(@) - §12)] = [q (1) - g(2)] = ¢ (81)P(g2), and
so ¢ is a group homomorphism. The path lifting property of a covering (Lemma
7.4) implies at once that ¢ is surjective, and the homotopy lifting property (Lemma
7.5) implies it is injective. O

This theorem can sometimes be used in an elementary way to determine the
fundamental group of a space if that space can easily be expressed as Y /G, where
G acts on a simply connected space Y as in the theorem. Thus, referring back to
Examples 7.2, it is clear that

nsh =z, MRP"Y =2Z/2Z, and I,(L,,) = Z/pZ.
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A good exercise is to construct the famous Klein bottle as the quotient of the
plane with respect to a group action, and then to use the theorem to determine,
as a subgroup of the isometries of the plane, the (non-abelian) fundamental group
of the Klein bottle. This theorem must be accompanied by the usual caution that
when considering quotient spaces, it is possible that ¥ may be Hausdorff but that
Y/ G may fail to be Hausdorff.

Suppose that a group G acts on a space Y as in the last theorem and that H is a
subgroup of G. Then there is a commutative diagram of maps

qH
Y -5 Y/H
v 4
y 1% vy

where gy and gg are the two quotient maps and p is the map that makes the
diagram commute (it exists as H C G). Of course, as the action of G satisfies the
condition in the theorem, so does the action of H, so that gy is a covering map. If
U is an open neighbourhood of y € Y suchthat U NglU = @ forallg € G — {1},
then p~'(qcU) = GU/H = Ugec gy (HgU). For any right coset Hg of H, the
setgqu(HgU) is open in Y/ H, it projects by p homeomorphically onto goU, and
distinct cosets give distinctopensetsinY/H.Thus p : Y/H — Y /G isacovering
map. By the previous theorem, if ¥ is simply connected, then H = I1,(Y/H ), and
the inclusion H C G corresponds to the injection p, : II{(Y/H) — I1,(Y/G).

It might be pleasing if the group action of G on Y were to induce a group action
on Y/H with Y/G as the resulting quotient. For that to happen, one requires
that g (v1) = qu(y2) imply that gu(gy1) = qu(gy2) forall g € G. Trivially,
y1 = hy, ifand only if gy; = ghg~'gy, for all g € G. Thus the requirement is
that A should be a normal subgroup of G. Then the quotient group G/H does act
on Y/H with quotient space ¥ /G. These remarks and the previous two theorems
(starting with subgroups of I1;(B) acting on the universal cover B) produce the
following theorem:

Theorem 7.15. Let B be a path-connected, locally path-connected, semi-locally
simply connected space. Then for any subgroup G of I1,(B), there exists a covering
map p : Eg —> B, unique up to equivalence, such that p. : I1(Eg) = G. If
H is a subgroup of G, then Ey covers Eg and the covering maps compose in a
natural way. If G is a normal subgroup of T1|(B), then I1,(B)/ G acts freely on
E¢ and the quotient map is equivalent to p.

When G is a normal subgroup of I1;(B), the covering E; - B is called a
regular covering. Note that the universal cover B is so called because it covers
any other cover of B. From Theorem 7.15, it is clear that understanding all covering
spaces of B is, in some sense, equivalent to understanding all subgroups of I1,(B).
That will not always be easy. However, a little practice can be obtained from
consideration of covering spaces of the space S' v §!, two circles with one point
in common, shown in Figure 7.2(i). The space, of course, covers itself, and the
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group of the cover is the whole of TT;(S' v §'), which is the free group on two
generators a and b. The next six parts of Figure 7.2 show other covering spaces of
S' v S! where the covering maps are defined in a sensible and obvious way. As
an exercise, determine in terms of @ and b the groups of these various covers, and
determine whether each covering is regular.

A final useful example concerns manifolds. Suppose B is now a connected non-
orientable manifold. The subgroup of I1; ( B) consisting of all elements represented
by loops that preserve orientation is a normal subgroup of index 2. The covering
space corresponding to this, for which the covering map is a two-to-one map, is
an orientable manifold called the orientable double cover of B.



78

Chapter 7

Exercises

10.

11.

. Write out the details of a proof of the exactness of the homotopy sequence (7.6)

associated with a covering map.

. Figure 7.1 illustrates a method for finding the Alexander polynomial of the knot 4.

Use this method to find the Alexander polynomial of 6.

. Let B be a 6-curve, that is, a graph of two vertices and three edges, each edge having

the two vertices as its end points. Describe (i) the universal cover of B, (ii) a cover of
B with infinite cyclic fundamental group and (iii) 2 finite cover of B.

. Work through the exercises suggested in association with Figure 7.2.

. What is the orientable double cover of (i) the Mébius band, (ii) the real projective plane,

(iii) the Klein bottle and (iv) the connected sum of n real projective planes?

. The group Z & Z acts on R by (m, n)(x, y) = (x + m, y + n). The quotient space

is a torus, and the quotient map ¢ : R? — R?/Z & Z is the universal covering map of
the torus. By considering the projection of the straight line in R? from the origin to the
point (p, g), show that if p and g are coprime, then the element (p,q) € Z® Z =
H (S' x S") is represented by a simple closed curve. By cutting the torus along any
given non-separating simple closed curve and noting that the result is a annulus, prove
the converse is also true.

. Find a specific action of a group G on the plane R? so that the quotient space R/ G

is a Klein bottle and the action satisfies the condition of Theorem 7.14. Prove that the
fundamental group of the Klein bottle is non-abelian.

. A diagram of a (null-homotopic) simple closed curve C in a solid torus T is shown in

Figure 6.5. By considering linking numbers between different lifts of C to the universal
cover of T, show that C is not the boundary of any disc embedded in 7. Let C be the
curve in T represented by this diagram reflected in the plane of the paper (that is, with
the two crossings changed). Show, again by considering lifts to the universal cover,
that there is no orientation preserving (piecewise linear) homeomorphism of T to itself
sending C to C.

. Suppose that p : B — B is a universal covering map and X C B. Show that piX

is an injection if and only if gX N X = @ for all g € I1,(B) with g not equal to
the identity. Suppose that R? is the universal covering space of a closed connected
3-manifold M. Show that any 2-sphere piecewise linearly embedded in M separates
M into two components, the closure of one of which is a 3-ball.

The fundamental group of a graph (a possibly infinite 1-dimensional complex) is a free
group. Prove that any subgroup of a free group is a free group.

Prove that if knots K; and K, are related by mutation, then the double cover of $*
branched over K and the double cover of S* branched over K, are homeomorphic.
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The Conway Polynomial, Signatures
and Slice Knots

The Conway polynomial [20] for an oriented link is really just the Alexander
polynomial without the ambiguity concerning multiplication by units of Z[t !, ¢].
Although that might seem a small improvement, it enables two such polynomials
to be added together, which would be meaningless if the signs were in doubt, and
this in turn permits a “skein formula” for the Alexander polynomials of links to be
produced. The method for this given below uses Seifert matrices as before, but it
abandons any interpretation by means of the homology of the infinite cyclic cover.
(Use of the L-matrix of Reidemeister, as in [107] or [108], can also produce this
theory.)

Definition 8.1. Suppose that F is a Seifert surface for an oriented link L in S>.
Suppose there is a solid cylinder, parametrised as [0, 1] x D?, in S* such that
([0, 1] x D*) N F = {0, 1} x D?, the solid cylinder being on the same side of F
near {0, 1} x D?. Let F' = (F — {0, 1} x D?) U [0, 1] x dD?. Then F’ is said
to be obtained from F by means of (embedded) surgery along the arc [0, 1] x 0.

Theorem 8.2. Suppose that Fi and F, are Seifert surfaces for an oriented link L
in S3. Then there is a sequence of Seifert surfaces £\, %y, . .. Sy, with &, = F,
and Xy = F,, such that for each i, either X; is obtained from X;_; or X;_y is
obtained from %; by surgery along an arc embedded in S*, or they are related by
an isotopy of S°.

PROOF. After a small homeomorphism (which is isotopic to the identity) of S3,
it may be assumed that F| and F; intersect transversely in finitely many simple
closed curves, including their common boundary L. Suppose that the closure M
of some component of §3 — (F;y U F,) is a 3-manifold with the property that
wherever M abuts either F;, it always does so from the same side of F;. Let
OM = 9\ M U 3, M, where ; M = dM N F;. Any triangulation of S* with F|
and F, as subcomplexes includes a triangulation T of M. Let A be a (collar)
neighbourhood of ;M in M together with a neighbourhood in M of all the 1-
simplexes of T. Let B be the closure of M — A. To be more precise, A is the
simplicial neighbourhood, in the second derived subdivision T of the union of
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9, M with the 1-simplexes of T'. Then B is the simplicial neighbourhood in T
of the union of all cones with vertex the barycentre of some 3-simplex o of T
and base the barycentres of the 2-simplexes in do — 9, M. Change F; to F| by
removing 3, M and inserting the closure of 34 — 9, M. Change F> to F; similarly
by removing B N F; and inserting the closure of 8B — (B N F>). These changes
can be achieved by moving F) by an isotopy across the collar and then across the
the neighbourhood of the graph of 1-simplexes by isotopies and by surgeries along
embedded arcs. Similarly (only without the collar), F; can be changed to F;. Now,
FINF, = FINF U (@A — 3 M), and a small displacement of F| removes
dA — 0| M from this intersection and so reduces the number of components of
F| N F; to less than the number of components of Fy N F,. If L < M, readjust
F| by an isotopy that slides d F| back down the collar until dF] = dF; = L.

In this inductive way the number of components of intersection of the two Seifert
surfaces can be steadily reduced until £, N F, = L. Then one more application
of the above procedure finishes the proof. However, it is important to show that
at any stage of this induction, the manifold M that abuts each F; from one side
only does indeed exist. How to find M? Recall the infinite cyclic cover X, of
the exterior X of L that is constructed by gluing together infinitely many copies
of Y, where Y is X-cut-along-F;. As proved in Theorem 7.9, this is the same as
the cover constructed in a similar way by cutting along F,. Thus X, contains
infinitely many copies of F, (less a small neighbourhood of L) which are the lifts
to the cover of the second Seifert surface. The infinite cyclic group (r) acts on Xoo;
the homeomorph/i§m t moves one lift of F; to the next lift. Let F; C X, be a fixed
lift of Fy and let F, C X be a fixed lift of F,. Suppose that (Fy N Fy) — L # 0.
Let n be the maximal integer such that fz 1"Fy # @. The surface F, separates
X into two components Cj, and Cr, with t Fz C CL ifand only if r < 0. Let
Y, be the copy of Y between ¢” F, and t”*' Fl, and let M be the closure of some
component of C; NY,. The boundary of M is contained i in? " F1 U Fz U 90X, and
clearly M lies on only one side of #” F 1 and one side of F2 The projection map
p : X — X is injective when restricted to M asM C Y, — "+1F,. Let M be
pM Now observe that M is Just the closure of some component of X — (F1U F>).
If this were not so, some lift ¢” Fz of F, would intersect M for some r 75 0. But if
r> 0,1 Fz is disjoint from the closure of C,, and so disjoint from M.Ifr < 0,
BN F = § by the maximality of n. O

Definition 8.3. Let A be a square matrix over Z. An elementary enlargement of
A is a matrix B of the form

A £ 0 A 0 0
B=|0 0 1 or nt 0 0
0 0 0 0 1 0
for some column & or row n”. The matrix A is called an elementary reduction of

B. Square matrices A and B over Z are called S-equivalent if they are related by
a sequence of elementary enlargements, elementary reductions and unimodular
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congruences (this last being a relation of the form B = PTAP, where det P =
+1).

Theorem 8.4. Let A and B be Seifert matrices for an oriented link L. Then A and
B are S-equivalent.

PRrROOF. Suppose that A is an n x n matrix corresponding to a Seifert surface
F, with respect to some base of H,(F; Z). Changing the base used for H,(F; Z)
changes A to a matrix of the form P*A P, where P is the unimodular base-change
matrix. Thus it suffices to check what happens when the Seifert surface is changed,
and to do that it suffices, by Theorem 8.2, to check (with respect to any base) the
effect of surgery along an arc. Suppose F is changed to F' by surgery along an arc.
A base for H;(F'; Z) can be chosen to be the homology classes of curves { f;} that
constitute a base for H|(F; Z) together with the classes of a curve f,. that goes
once over the solid cylinder defining the surgery and of a curve f,, around the
middle of the cylinder (that s, f,+» = 1/2 x 8 D? in the notation of Definition 8.1).
Then, because £, 1, bounds a disc (1/2 x D?) that is disjoint from [ J{ f; : i < n},
Ik(f,5,, fi) = Oforalli # n + L. Further, as f,.| meets this disc at one point in
its boundary, choosing orientations carefully gives either lk( f;:H’ Su+2) = 0 and
K(frpps fae2) = Lot (/. fas2) = land Ik(f,,, fus2) = 0. In the first
case the new Seifert matrix is of the form

A & 0 A & 0
? 2 1], whichiscongruent to 0 0 1
0 00 0 0 0

The second case leads to a Seifert matrix of the form

A 00
nto0 0
0 1 0 0

It follows from this theorem that any invariant well-defined on S-equivalence
classes of square matrices of integers gives at once an invariant of oriented links.
For example, let A be a Seifert matrix for L, and define Ay (1) € Z[t="/2,1'/?]to
be det(¢'/2A — r='/2A7). Here t'/? is just an indeterminate for the ring of Laurent
polynomials Z[r~'/2, t'/2], but it should be thought of as a formal square root
of 1, so that Z[t~', t] < Z[t~'/2, t'/?]. Note that if A is an r x r matrix, then
A(f) = 1772 det(tA — A7), so that up to a unit of Z[t~ %, 1 1], it follows that
Ay (1) is just the Alexander polynomial of L. However, it will now be shown that
this normalised A (¢) has no ambiguity of sign or units. Thus call this the Conway
normalisation of the Alexander polynomial.

Theorem 8.5. The Conway-normalised Alexander polynomial is a well-defined
invariant of the oriented link L.
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PROOF. It is only necessary to check the invariance of the Conway-normalised
polynomial when A changes by S-equivalence. Firstly, note that

det(t'2PTAP — t7'2PTATP) = (det P)?det(t'?A — 1712 A7),

so that the normalised Ay (¢) is invariant under unimodular congruence. If now

A E O
B=10 0 1],
000
then
V2A 12 A7 tl/Z%- 0
(t'?B—1"'?B") = — 12" 0
0 7120

which has the same determinant as (t'/2A — ¢t~!/2 A7). Similarly, the other type of
elementary enlargement of A has no effect on this determinant. (]

Note that for a knot K the Conway-normalised Alexander polynomial belongs
to Z[t~', t], it is symmetric between ¢ and ' and Ag(1) = +1 by the proof
of Theorem 6.10. The polynomials quoted in the table in Chapter 6 are indeed
Conway-normalised. The sign needed for the normalisation cannot be determined
in this simple way for an oriented link L of two or more components because
A1) =0.

Theorem 8.6. For oriented links L, the Conway-normalised Alexander polyno-

mial Ap(t) € Z[t_% e 1 is characterised by

(i) Aviknat @) = 1,

(ii) whenever three oriented links L, L_ and L are the same except in the
neighbourhood of a point where they are as shown in Figure 3.2, then

AL+ - A = (t_l/2 - tl/2)AL0.

PROOF. Construct a Seifert surface Fy for Ly that meets the neighbourhood of
the point in question as shown in Figure 8.1. The Seifert circuit method described
in Chapter 2 will do this. Now form Seifert surfaces F for L, and F_ for L_ by
adding short twisted strips to Fy as also shown in Figure 8.1. Let H,(Fyp; Z) be

L

Figure 8.1
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generated by the classes of oriented closed curves { 5, f3, ..., f,}, and for gener-
ators of H|(Fy; Z), take the classes of the same curves together with the class of
an extra curve f) that goes once along the twisted strip. If Ay is the resulting Seifert
s T

matrix for Ly, the Seifert matrix for L_ is of the form ( N A
0

) for some integer

_ T
N and columns & and n, whereas that for L is ( N n ! i ) Consideration of
0

det(t'/?A — +~'/2 A7) when A is each of these three Seifert matrices immediately
produces the required formula. 0

The formulae of this theorem is the promised analogue of the similar formu-
lae (Proposition 3.7) for the Jones polynomial. Just as for the Jones polynomial,
repeated use of these formulae allow Ay (t) to be calculated for any oriented
link L. It is easy to see that the result is always a polynomial (not a Laurent
polynomial) in (r~'/2 — ¢'/2), so make the substitution (+~'/2 — t'/2) = z, and
define the Conway polynomial, or potential, for L to be V. (z) € Z[z], where
V(12 — 4172y = A/ (1), the Conway-normalised Alexander polynomial.

A paraphrase of the last theorem is that, using the theory of S-equivalence of
Seifert matrices, the Conway polynomial invariant of oriented links is well defined.
It is characterised by Viynkaot (z) = 1 and (with reference to Figure 3.2) the skein
formula

Vi, @) — Vi_(2) = 2V, (2).

In theory at least, this suffices for calculation of V;(z). Some easily deduced
properties follow; V1 (z) is written as V; (z) = ZizO a;(L)7', where g; (L) € Z.

Proposition 8.7. For an oriented link L with #L components, the Conway
polynomial has the following properties.
(i) If L is a split link, then V1 (z) = 0.
(i1) a;(L) = 0 fori = #L modulo 2 and also for i < #L — 1.
(i) If L is a knot, so #L = 1, then ap(L) = 1.
(iv) If#L = 2, then a\(L) = Ik(L), where Ik(L) is the linking number of the two
components of L.
(v) IfL,, L_ and L are related in the manner of Figure 3.2 and #L, = #L_ =
1, then ay(L4) — ax(L-) = 1k(Lo).

PROOF. (i) This follows from the stronger Proposition 6.14. However, it also fol-
lows at once by applying the skein formula to links L., L _ and Lo shown in Figure
8.2. As L. and L_ are here the same link, V;,(z) = 0.

(ii) This follows by induction on the number of crossings in a diagram and the
number of crossing changes needed to make it a diagram of the trivial link of
unknots.

(iii) When z = 0, the skein formula becomes V., (0) = V._(0), so any
crossings can be changed without altering V., (0). Of course, ap(unknot) = 1.
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O OO0
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Figure 8.2

(iv) Suppose the skein formula is considering a crossing between the two
components of L. Using (iii), consideration of the coefficient of z shows that
a(Ly) —a(L_) = 1.Butlk(L;) — lIk(L_) = 1, so the result follows by using
(i) and considering a collection of crossing changes that yield a split link.

(v) This follows at once from (iv). O

A good exercise is to use the skein formula to show that the Conway polynomial
is equal to 1 for the generalised Kinoshita—Terasaka knot shown in Figure 8.3. The
symbols in Figure 8.3 denote the numbers of crossings in the tassels, and 4 is
required to be even.

o
L
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o
o

¥
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Figure 8.3

Although this completes the theory that establishes the Conway polynomial, it
is convenient here to establish also the existence of the w-signature of an oriented
link. This will be done in a direct matrix-oriented manner. This w-signature was
first introduced by A. G. Tristram [123], generalising work of Murasugi [102].

Definition 8.8. Let L be an oriented link in §3 and let w be a unit modulus complex
number, w # 1. The w-signature o, (L) of L is defined to be the signature of the
Hermitian matrix

(1 —w)A + (1 —@D)AT,

where A is a Seifert matrix for L .

Theorem 8.9. The w-signature o,,(L) is well defined as an invariant of L.

PRrROOF. The signature of a Hermitian matrix is not changed by congruence (that
fact is Sylvester’s famous law of inertia), so it is only necessary to see whether
the definition changes under an elementary enlargement of a Seifert matrix A.
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Suppose
A E&E 0
B=10 0 1};
0 0 0
then
1-wA+ 0 -wA" (1 —wE 0
(1~w)B+ (1 —-—w)B* = (1 —w)&* 0 (1 —-w)

0 (1 — ) 0

As (1 — w) # 0, the terms in & and £7 can be removed by congruence (subtracting
multiples of the last row and column from predecessors), so that the signature of
(1 —w)A+ (1 —w)AT and the signature of (1 — w)B + (1 — @) B® differ by the
0 (I —w)
(1 —-w 0
matrix clearly has one positive eigenvalue and one negative one. Consideration of
the other type of elementary enlargement is exactly the same. O

signature of < ) Of course, this last signature is zero, as the

Note that (1 — w)A + (1 —@)AT = —(1 — w)(wA — A7), so that the Hermitian
matrix is non-singular except when w is a zero of the Alexander polynomial of L.
In fact, it can be shown that for a fixed link L, the invariant o, (L), when viewed
as a function of w, is continuous except at zeros of the Alexander polynomial.
As signatures are integers, this means that o,,(L) takes finitely many values as w
varies on S', with possible jumps at roots of A; (1) = 0.

Sometimes o_; (L) is called the signature of L. Table 8.1 records the value of
this signature for the knots up to eight crossings as depicted in Chapter 1.

Theorem 8.10. If L is an oriented link in S and L is its reflection, then for any
unit complex number @ # 1,

0u(L) = —0,(L) .

PROOF. If A is a Seifert matrix for L, then —A is a Seifert matrix for L. O

TaBLE 8.1.  Signatures of Knots

332 T, 6 8 0 8 0 85 4
44 0 T, 2 8 4 8 0 8 2
5, 4 73, -4 8 0 8¢ -2 85 0
5, 2 74 -2 8 2 84 2 85 0
6,6 0 75 4 8 —4 8, 0 849 —6
6, 2 T 2 8 2 83 0 8 0
6 0 75 0 8 -2 84 2 8 2
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A corollary is, of course, that if L = L then o,(L) = 0. A direct calculation
shows that the signature of the trefoil knot is 2 (or —2 if the reflected diagram
is used). That is a pre-Jones polynomial proof of the fact that the trefoil and its
reflection are distinct knots.

The remainder of this chapter takes a brief look at 4-dimensional topology. The
Alexander polynomial and the signatures of knots give information concerning
whether a knot K in S bounds some disc embedded in B*, the 4-ball bounded
by S3.

Definition 8.11. A knot K C S3 is a slice knot if there is a flat disc D contained
in B* such that K = 3D = D N S>. Such a disc is called a slicing disc for K.

Here “flat” means that D has a neighbourhood N that is a copy of D x I?
meeting S3 in D x I? (of course, I = I x I, and this is just another disc). To
avoid triviality such a restriction is needed, for B* can be regarded as the cone on
$3, and this contains the cone on any knot in S3. Such a subcone is not flat unless
the knot is trivial. It is known that a locally flat condition for D implies flatness.
Similarly, if everything is interpreted in terms of differential topology and the disc
D is a smooth submanifold of B*, then it has a trivial normal bundle and so is flat.

Slice knots seem to be fairly rare. In Table 1.1, the knots 6;, 8z, 89 and 85 are
slice. The sum of any knot K with the reverse of its reflection is also slice. This can
be seen by creating (B*, D) from (S* x I, K x I) by removing a neighbourhood
of {x} x I, where x € K. An explicit example of a slice knot is needed. Consider,
as an analogue, the contour-map description of a mountain with two peaks and one
pass (or col) somewhere between the peaks. At low levels there is just one simple
closed curve as the contour line. This becomes a curve with one self-intersection
point at the level of the pass. Above that, the contour consists of two simple closed
curves, which finally become single points at the peaks. Figure 8.4 shows a disc
evolving in $3 x [0, 00). The disc meets low levels in a copy of the knot 85,
then meets a critical level in a curve with one self-intersection and meets levels
just above that in two curves. The important thing is that these two curves are
unknotted and unlinked, and hence they can be capped off with two discs in a
standard way. As will be shown below, any attempt to imitate this with the knot 3
will fail. It is known that any slicing disc is obtained in this way, though it may have
minima (levels where a curve is “born” unknotted and unlinked from everything
else) as well as many passes and maxima. The “slice knots are ribbon knots”

@ e @By

Figure 8.4
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conjecture opines that minima are unnecessary. To obtain necessary conditions
for sliceness from the theory of the Seifert form, some preliminary lemmas are
needed.

Lemma 8.12. Suppose that for some knot K in S3, there is a flat surface F in B*
with F N S3 = 9F N S3 = K. Then the inclusion map induces an isomorphism
H(S*—K) — H|(B*—F) = Z.

PROOF. LetN,acopy of F x I?, be aneighbourhood of F meeting > in 3 F x I2.
The Mayer-Vietoris theorem gives an exact sequence

0 = Hy(BY) — H\(F x 81*) — H,(N) ® H,(B* = N) — H;(B" = 0.
Exactness implies that the middle map of this must be an isomorphism. Of course,
Hi(F x 3I*) = H\(F) & Hi(31%),

and the H|(F) component is mapped isomorphically to H;(N) (and each is the
direct sum of copies of Z); H, @1%)is mapped to zero in H,(N). As H; o> =12,
it follows that H, (B4 — N)isalsoacopy of Z. The map H,(d1%) — H,;(B* — N)
must send generator to generator, as otherwise a matrix representing the map in
the above sequence will not have unit determinant. However, a generator of this
copy of H(31?) is a meridian of the knot K. Thus the inclusion map from the
knot exterior to B4 — N induces an isomorphism on the first homology, and that
is, up to adjustment by a small homotopy equivalence, the required statement. O

Lemma 8.13. Suppose that f; : F| — B*and f, : F, — B* are maps,
of orientable surfaces into the 4-ball, which have disjoint images. Suppose that
on 3F; the map f; is a homeomorphism onto a knot K; in S*> = 3B*. Then
Ik(K;, K3) = 0.

PROOF. After moving the maps into general position, it may be assumed that
each f; has only double points as singularities. That means that near the image
of such a singularity in B*, the image of F; looks like two standard planes in R*
meeting in a point P. That is, near P it is the cone from P on a standard Hopf link
(a non-trivial two-crossing link) in a copy of S>. Replace the cone on that link with
a Seifert surface of the link. This changes F; by removing two discs and inserting
an annulus, but there is no longer a point of self-intersection. There may also be
points at which the image of f; is locally knotted, points P near which the image
is the cone on a knot in a copy of S3; replace that cone with a Seifert surface of the
knot, changing F; but gaining flatness. In this way it may be assumed that each f;
is an embedding onto a flat surface. Then the existence of f)(F)) asserts that K
represents the zero homology class in H| (B* — F), and so, by the last lemma,
K represents zero in H;(S> — K3). 0

Lemma 8.14. Suppose that F is a Seifert surface for a knot K in S3 that has a
slicing disc D. Then F U D bounds some two-sided 3-manifold M*> C B* with
MPNS>=F.
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PROOF. The idea here is that M3 should be ¢~' (one point), where ¢ : B4 —
D — S!is a carefully chosen map inducing an isomorphism of first homology
groups. It will be more convenient to define ¢ on B* — N, where N is a standard
neighbourhood of D as considered above, with (B* — N)N S 3 being a copy of X,
the knot exterior. Define, in the following way, ¢ : X — §'sothate, : Hi(X) —
H,(S") is an isomorphism and ¢ ~! (one point) = F.On a product neighbourhood
of F in X, define ¢ to be the projection F x [—1, 1] — [—1, 1] followed by the
map 1 — € € S' and let ¢ map the remainder of X to —1 € S'. Extend ¢
over the rest of (B4 — N) so that the inverse image of 1 € S'is F U (D x %)
for some point » € 372, where N = D x I? (note that 3D x  is a longitude of
K by Lemma 8.13). This map must now be extended over the whole of B4 — N.

Consider the simplexes of some triangulation of B* — N. Let T be a tree in the
1-skeleton containing all the vertices of this triangulation that contains a similar
maximal tree of 3(B* — N). Extend ¢ over all of T in an arbitrary way. Then on
a l-simplex o not in T define ¢ so that if ¢ is a 1-cycle consisting of ¢ summed
with a I-chain in T (joining up the ends of o), [¢c] € H;(S') is the image of [c]
under the isomorphism

~

H](B4 N)(—Hl(X)ng(S)

Trivially, the boundary of'a 2-simplex r of B* — N represents zero in H, (BY — N),
so [¢(3T)] = 0 € H(S"). Hence ¢ is null-homotopic on a7 and so extends over
7. Finally, ¢ extends over the 3-simplexes and 4-simplexes, as any map from the
boundary of an n-simplex to § Uis null-homotopic whenn > 3.

Now, regard ¢ : B4 — N — S' as a simplicial map to some triangulation of S!
in which 1 is not a vertex. Then ¢~ (1) is a 3-manifold M?, with a neighbourhood
M3 x I,in B4 — N. To see this just consider how ¢~'(a non-vertex) meets the
neighbourhood of any simplex in B4 — N. Of course, ¢ was constructed so that
IM? = FU (D x »). O

The method used to extend ¢ in this last proof is a very elementary example
of the use of “obstruction theory”. The proof can be interpreted by saying that
H'(B* — N; Z) corresponds naturally to the homotopy classes of maps from

— N to S' and ¢ corresponds to a generator of H!'(B* — N; Z). If working
with smooth manifolds, the final manoeuvre of the proof should be replaced by
the the procedure of changing ¢ by a homotopy to make it transverse to 1 € S!
and then considering ¢~'(1) as before.

One more lemma is now needed. It concerns the way in which the homology
of the boundary of a 3-manifold is related to that of the manifold itself. There
seems to be no escape from cohomology theory here, and the proof given below
is perhaps a little terse.

Lemma 8.15. Let M be a compact orientable 3-manifold such that M is a con-
nected surface of genus g. Suppose thati : IM — M is the inclusion map. Then
the kernel of i, : Hi(0M; Q) — H|(M; Q) is a vector subspace of dimension g.
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Proor. The following commutative diagram has rows that are parts of the ho-
mology and cohomology exact sequences of the pair (M, dM). Of the vertical
arrows, the first and third are Lefschetz duality isomorphisms, and the central one
is a Poincaré duality isomorphism.

d [y
Hy(M, IM; Q) -5 HOM;Q) —>  H(M: Q)
' i ! ; !
H'M:Q —> H'OGM:Q - HXM,)M;Q)

Now, H'(dM; Q) is the vector space dual to H{(dM; Q), H'(M; Q) is the space
dual to H;(M; Q) and i* and i, are dual linear maps. (This follows from the
universal coefficient theorem for homology and cohomology and the fact that
there is no torsion when coefficients are in the field Q.) Thus, if r( ) denotes the
rank of a linear map, r(i*) = r(i,). The vertical isomorphisms imply that i, and
d have the same nullity. Thus r(i*) = 2g — r(i,). Hence r(i,) = g, and so g is
also the nullity of i,. g

Corollary 8.16. There is a base [ f1], [ 2], . .., [ fog] over Z for H;(dM; Z) so
that [ f1], [ f2l, .. ., [fe] map to zero in Hi(M; Q).

PROOF. One may consider H{(dM; Z) to be Z*¢ C Q* = H,(dM; Q). The
g-dimensional subspace U of Q?¢, given by Lemma 8.15, has a base consisting of
elements in Z?%. Let U be the Z-span of those elements. As a Z-module Z*¢ /U =
A/U <) B/U where A and B are submodules of 728, A/U is free and B/U is a
torsion module over Z. Thus if b € B thennb € U forsomen € Z; henceb € U.

Thus a Z-base for B is a Q-base for U and it extends, using a base of A/U, to a
Z-base of Z?¢. O

Proposition 8.17. Suppose that F is a genus g Seifert surface for a slice knot
K in S*. Then a base may be chosen for H\(F; Z) with respect to which the
corresponding Seifert matrix has the form

(0%)

consisting of a g x g block of zeros together with g x g blocks of integers P, Q
and R.

PROOF. Let D be a slicing disc for K contained in B*. By Lemma 8.14 there
is contained in B* a 3-manifold M having an M x [—1, 1] neighbourhood such
that 9M = D U F. Corollary 8.16 gives a certain base [ fi], [ f2], ..., [ f2¢] for
H,(0M; Z). It may be assumed that each [ f;] is represented by an oriented closed
curve f; in F. Consider the Seifert matrix A with respect to this basis. In the
notation of Chapter 6, A;; = lk(f;”, f;). (If the f; are not simple curves, they
should here be changed by a very small amount in S* to become simple so that
“linking number” makes sense.) Now the property of the base proved in Corollary
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8.16 means that for i < g, there exists a non-zero integer n; so that n;[ f;] is zero
in H,(M; Z). But n;[ f;] can be represented by a closed curve that will be denoted
n; f;, and as this bounds a 2-chain with integer coefficients, it bounds a surface
mapped into M (dangerous reasoning in higher dimensions). When »; f; is moved
to (n; f;)~, the mapped-in surface can likewise be moved across the neighbourhood
of M into M x —1. Thus, for 1 < i, j < g, the curves (n; f;)~ and n; f; bound
disjoint surfaces mapped into B*. By Lemma 8.13, 0 = 1k((n; f;)~, (nifi) =
nin;lk(f, fj),andso A;; =0forl <i,j < g. O

Now that it has been established that slice knots have Seifert matrices as de-
scribed in Proposition 8.17, it is easy to produce some necessary conditions for a
knot to be a slice knot.

Theorem 8.18. I K is a slice knot, then the Conway-normalised Alexander poly-
nomial of K is of the form f(t)f(t~"), where f is a polynomial with integer
coefficients.

PROOF. Using the Seifert matrix of Proposition 8.17, the required Alexander
polynomial is the determinant of

0 ll/2P _t—l/ZQr
[I/ZQ _t~l/2Pr [l/ZR__t—I/ZRr ’

which is det(tP — Q%)det(t ' P — Q). U

Theorem 8.19. If K is a slice knot, then the signature of K is zero and, if the unit
complex number w is not a zero of the Alexander polynomial, then o,(K) = 0.

PRroOOF. This follows at once from the fact that the signature is zero for a quadratic
form coming from a non-singular symmetric bilinear form that vanishes on a
subspace of half the dimension of the space concerned. A similar result holds for
Hermitian forms. O

These two theorems give considerable help in establishing that a knot fails to be
a slice knot. A glance at Table 8.1 immediately reveals very many non-slice knots.
If the signature is zero, one can wonder if the factorisation of Theorem 8.18 occurs.
Note that Theorem 8.18 implies that for a slice knot K, the determinant of K, equal
by definition to | A g (—1)| (see Chapter 9), is the square of an integer. As |Ag (= 1)]
is an odd integer (see Corollary 6.11), this meansthat |A g (—1)| = 1 modulo 8. The
knot 4,, for example, has zero signature, but its determinant is 5 and so it cannot be
a slice knot. However, the two knots shown in Figure 3.3, the Kinoshita—Terasaka
and Conway knots, both have trivial Alexander polynomials and signatures, and
so the above results give no information. The Kinoshita—Terasaka knot is a slice
knot, but the slice status of the Conway knot appears to be unknown.

The topic of slice knots has here given a glimpse of knot theory in dimensions
higher than 3. In general, it is quite possible to study knots of any space X in
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another Y. Usually the spaces are taken to be manifolds. Results in this generality
are described in [47], at least in the piecewise linear framework. In that context
all knots of an r-sphere S” in an r-sphere S” are trivial if n — r > 2 (see [140]).
Knots of "2 in §" have a well-developed theory, with an Alexander polynomial
very similar to that for §' in S* (see [44] or [35]). A motivation for a study of slice
knots is their relevance to problems of creating smooth surfaces in 4-manifolds.
Suppose a surface embedded in a 4-manifold is locally knotted at a point P. In a
neighbourhood of P, the surface is the cone on a knot K . If the knot is a slice knot,
the cone on the knot can be replaced by the slicing disc, thus removing a point
of local knottedness. Considerable progress has been made in the study of slice
knots (for example, see [18]) and the theory of smooth 4-manifolds has virtually
become a distinct subject on its own following spectacular progress coming from
the use of differential geometry and differential equations (surveys are given in
[66] and [25]). The removal of differential or piecewise linear restrictions has a
remarkable effect on slice knot theory; the resulting topological slice theory is
described in [30].

An extension of the slicing idea is the concept of the 4-ball genus g*(K) of a
knot K. This is the minimal genus of a surface F with the property that F includes
in B* as a flat surface and F N §> = 9F N §3 = K. A slight generalisation of
Theorem 8.19 shows that |o,,(K)| < 2g¢*(K); see[101]and [123]. It is easy to see
that g*(K) is a lower bound for the unknotting number #(K). Recent work of P.
B. Kronheimer and T. S. Mrowka [72], using gauge theory for smooth manifolds,
shows that for K the (p, ¢q) torus knot, g*(K) = % (p—1(g—1). Asitiseasyto
show that this number of crossing changes will undo that knot, % (p—Dg-1
is the unknotting number.

Exercises

1. Let L, be the (2n, 2) torus link as described in Chapter 1. It has two components, the
linking number between them being n. Use the Conway skein formula to calculate, by
means of a recurrence formula, the Conway polynomial of this link. If L}, is L, with the
orientation of one of its components reversed, calculate in a similar way the Conway
polynomial of L) .

2. Show that the Conway knot (shown in Figure 3.3) has Conway polynomial equal to 1.

3. Show that if knot K, is a mutant of knot K, then K, and K, have the same Conway
polynomial.

4. Let A and B be diagrams of links of oriented arcs and simple closed curves in balls
that meet the boundary at the four oriented points as shown below. The sum of A and
B is also a diagram of such a link defined in the way shown. The “numerator” A" and
“denominator” A” of A are the Conway polynomials of the links formed by joining up
the entry and exit points in the way shown.
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Prove that (A + B)? = APB? and (A + B)Y = AVBD + BV AD.

. Prove that the knots 6,, 85, 85 and 3; + 3 are all slice knots.
. Calculate the signature of the pretzel knot P(3, 3, —3).

. Two knots K and K are said to be cobordant if there is a (piecewise linear) embedding

e: (S x D?) x[0,1] — 8 x [0, 1]so thate™! (S x {i}) = (§' x D*) x {i} for
i =0,1ande(S! x 0) x {i} = K; fori = 0, 1. Prove that cobordant knots have the
same signatures.

. Prove that the unknotting number of the knot 8, is 2.

. Show that the knot produced by summing together n copies of the trefoil knot 3, has

unknotting number n. [Note. It is not known, in general, whether or not u(K; + K3) =
u(Ky) + u(Kz).]

. Show that the 4-ball genus g*(K) of a knot K does indeed satisfy the inequality

lo (K)| = 2g*(K).
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Cyclic Branched Covers and the
Goeritz Matrix

Most of this chapter will be concerned with a study of the twofold cyclic cover
X, — S branched over an n component link L. The link L does not need to be
oriented for this to make sense, but it will be sometimes convenient to select an
arbitrary orientation in order to consider a Seifert surface. The principle result here
is that the order of the first homology group H,(X3) is det L—the determinant of
the link, where det L = | A (—1)|—and that this number is often easy to calculate.
As will be explained, the link determinant is, up to sign, the determinant of any
Goeritz matrix [34] of the link, a matrix which is easy to write down starting from
any diagram of the link.

As explained at the end of Chapter 7, X, can be constructed by gluing together
n solid tori and two copies Yy and Y} of Y, where Y is the link exterior cut along
a (connected, orientable) Seifert surface F'. In the boundary of Y; are copies F; 1
and F; _ of F. The twofold cyclic cover X, of the link exterior is formed from the
disjoint union Yy u Y; by identifying, in the natural way, Fy ;. with F _ and Fj 4
with Fo _. Then X is created by gluing a solid torus to each boundary component
of X, identifying a meridian of a solid torus with a lift of a square of a meridian of
each component of L. Of course, H(X,) (with coefficients understood to be Z),
being an abelian group, is a Z-module. The next result gives a presentation matrix
for H,(X>), in the sense of Theorem 6.1, as a Z-module.

Theorem 9.1. Let X, be the cyclic double cover of S* branched over a link L
and suppose that A is a Seifert matrix for L with respect to some orientation and
some Seifert surface. Then H)(X3) is presented, as an abelian group, by the matrix
(A + A7)

PROOF. In the above notation, 52;\ = Yo U Yy, where ¥y N Y; is two disjoint
copies of F. A presentation of H;(X,) can be obtained from the following exact
Mayer—Vietoris sequence:

(079 ﬂw —~
— Hi(YoNY)— H (Yo) ® H(Y)) — H(X;) —

o8
— Ho(Yo NY) — Ho(Yy) ® Ho(Y)) .

93
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The situation is here very similar to that of Theorem 6.5, and the same sign con-
ventions will be used. There is now a homeomorphism ¢ : X, > Xpwiths2 = 1
which interchanges Y, and Y;. As in Theorem 6.5, one can take a base {[ f;]} for
H (F), WiE}\l corresponding Seifert matrix A and dual base {[e;]} for H, (Y). Trans-
ferring to X», this gives a base {[ f;]} U {[¢f:]} for H,(Yy N Y}) (since Yy N Y is
two copies of F'), a base {[e;]} for H,(Yy) and a base {[z¢;]} for H,(Y}). Then, with
respect to these bases, «, is represented by the matrix

—A AT
(% %)

Similarly, using bases represented by single points, the map Ho(Yy N Y;) —
1

1 -1
is a copy of Z, and (recalling the definition of the maps in the Mayer—Vietoris
sequence) any loop in X that cuts each of the two components of Yy N Y} at one
point maps to a generator of this copy of Z.

Suppose that L has n components and that ¢; is a closed curve in X 2 which
projects to the square of the meridian of L;, the ith component of L. Then H, (X>)
is obtained from H,(X,) by equating each [¢;] to zero. Consider the genus g
surface F with “standard” curves { f;} as shown in Figure 6.1. Suppose that the
“outer” boundary in the diagramis L. The relation [c;] = 0 simply removes from
H,(X;) the copy of Z mentioned above. To achieve H; (X>), it is then necessary to
add in the relations [¢;] = [c|] for i > 2. Now, fori > 2, the curve e3g4; 1 in ¥
encircles the band of F that has L; as part of its boundary; when regarded as a curve
in the exterior of L, [e;+i—1] represents the difference between the first and the
ith meridians of L. Thus the element [ey,4i_1] @ [tezg1i-1] € Hi(Yo) @ H (Y1)
is mapped by B, to the difference between [c;] and [c;] in H;(X2). This means
that H;(X;) is presented by the matrix

—A A" B
A" —-A B’
where B is the 2g +n — 1) x (n — 1) matrix (?), I here being the (n — 1) x
(n — 1) identity matrix. The permitted rules for changing a presentation matrix are
described in Theorem 6.1. The operation of subtracting the first row of the blocks
from the second, adding the first column of blocks to the second, and then adding
each of the last n — 1 columns to the column preceding it by n — 1 places gives
as an equivalent presentation matrix
—A —A+A"+0®B) B
A+ AT 0 0/’

where (0 @ B) is B preceded by 2g zero columns. Now (—A + AT 4+ (0 ® B))

Hy(Yy) ® Hy(Y)) is represented by ( B . Thus the kernel of this last map

-1
consists (see Theorem 6.10) of g blocks of the form ((1) 0) followed by the

(n — 1) x (n — 1) identity along its diagonal and zeros elsewhere. This matrix
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is clearly invertible over Z. Thus the first row of blocks may be discarded, and
H;(X,) is presented by (A + A"). Of course, the Seifert matrix for L with respect
to a different basis of H,(F) is of the form P*A P for some invertible matrix P,
and (PTAP + PTATP) presents the same group as (A + A"). O

Corollary 9.2. Let X, be the double cover of S branched over a link L. The
order of the group H|(X>) is the modulus of the determinant of (A + A"), that is

[Hi(X2)| = [det(A + A")| = [AL(=D)].

PROOF. Any finitely generated abelian group can be expressed as a direct sum of
cyclic groups. Thus it has as a presentation matrix a diagonal matrix, the entries on
the diagonal being the orders of the summands, with the convention that an infinite
group has order zero. By Theorem 6.1, the determinant of a square presentation
matrix is unique up to multiplication by a unit (that is, by 1), so the result follows
atonce. The statement about the Alexander polynomial then follows from Theorem
6.5. O

Note the caveat that here a zero corresponds to an infinite order group. However
for a knot it has already been shown (Corollary 6.11) that the determinant of
(A + A7) is an odd integer. Thus the double cover of S* branched over a knot
always has finite first homology of odd order.

Whenever the exterior X of a link L has been cut by a spanning surface F, it
has been required that F be orientable. What happens when F is a non-orientable
spanning surface? Suppose, then, that F is a non-orientable connected surface
that has the link L as boundary, and let W be X-cut-along-F. Recall that X is S°
less the interior of a regular neighbourhood N (L) of L. If (by removing a small
neighbourhood of 0 F in F) F is regarded as being in X, W is formed by removing
from X the interior of a regular neighbourhood N (F) of F. Locally N(F) is a
product of part of F' with the unit interval /. Thus the orientable manifold N (F)
is an /-bundle over the non-orientable surface F. The associated 9/ bundle gives
a two-to-one covering map from a connected orientable surface FtoF.Thus F
is the orientable double covering space (see Chapter 7) of F, and N(F) is the
mapping cylinder of the covering map p : F — F.If f is a closed loop in F,
then p~' f is a single loop (that double covers f) if f is orientation reversing and
is the union of two loops if f preserves orientation. In [36], Gordon and Litherland
defined a quadratic form

g[: . Hl(F) X Hl(F) — 7

by Gr([f1, [g]) = lk(p~'f, g), where f and g are oriented loops in F. (Thus
Gr([f], [g] is the linking number of g with f pushed off F locally in “both
directions™.) It is clear that this Gordon—Litherland form gives a well-defined
bilinear map and, by considering signs of crossings, that Gr is symmetric. Of
course, this definition still makes sense when F is orientable, and p~' f is always
two copies of f, one on either side of F. The form is then sometimes called the
Trotter form [124], and it is represented by A + A™ where A is any Seifert matrix.
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It has already been seen above that A + AT is a presentation matrix for H;(X>).
This will be extended to the non-orientable surfaces in Theorem 9.3.

Returning to the situation where F is a non-orientable connected surface span-
ning L, the surface F is a connected subspace of W . The map that interchanges
the two end points of each fibre of the above / bundle gives a homeomorphism
t : F — Fsuchthatt?> = 1 and W/t = X. One cannot imitate the orientable
situation, taking infinitely many copies of W and gluing them together in a se-
quence, in any sensible way, for 3W does not contain two copies of F. However,
one can take two copies of W, Wy and W), with copies Fy and F of F in their
boundaries, and for each x € F identify the copy of x in Fy with the copy of 7x
in F. This constructs a cover of X. A loop in X lifts to a Joop in this cover if and
only if it meets F at an even number of points—that is, if and only if it has even
linking number with L. As this property characterises the double cyclic cover X 2
of X, it is precisely that cover which has been constructed from the two copies of
W. Solid tori can then be added, if desired, to obtain the double branched cover
X;.

Theorem 9.3. Suppose that F is a connected surface spanning a link L, then any
matrix representing the form Gr : H\(F) x H\(F) — Z is a presentation matrix
Jor Hi(X3).

ProoOF. The previous theorem dealt with the case when F is orientable, so sup-
pose that F is a connected non-orientable surface spanning the n-component link
L. To calculate H;(X>) from this, consider the exact Mayer—Vietoris sequence

(o4% ﬁﬁ o~
— HH(Wy N W) — Hi(Wp) @ H(W;) — H{(X2) — .

Because Wy N W, is a copy of the connected surface F,the map B, is a surjection.
In the abstract, regard F as the surface (together with generating curves) shown in
Figure 6.1, with the addition of one twisted band, or of two interlocking bands one
of which is twisted, together with the extra generating curves as shown in Figure
9.1. Any non-orientable surface can be regarded as being of one of these two types.

Consider the first type of surface with a generating curve g as shown. Exactly
as in the orientable case, H,(F) is freely generated by {[f;]1 : i = 1,2, ...,2g +
n — 1} U {[g]}, and there is a dual base {[e;] : j = 1,2,...,2g + n} freely

NS\, @B\

4 f2g+n 4

Figure 9.1
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generatmg H;(W). For each i let f, and ¢ f, be the two lifts of f; to F and let'’g
be p~'g. The classes of these curves are a free base for H, (F) Ife: oW > W
is the inclusion, there are two (2¢ + n) x (2¢g + n — 1) matrices R and S and a
(2g + n) x 1 matrix A such that

LIfi1=) Rilejl, t*[tf,]—ZSﬂ[eJ] and 1,[7] = ZA [e)].
J

Hence the map «, in the above Mayer—Vietoris sequence is represented by

R S A
-S —R -\)’

which is thus a presentation matrix for H) (X 2).

It remains to consider the effect of gluing solid tori to X,. Consider the curves x
and y on the boundary of N (F), as shown in Figure 9.2. Suppose that £ and n are
column matrices such that (,[x] = Zj €ile;j]and i, [y] = Z,’ n;le;]. Inspection
of Figure 9.2 shows that n — & = A, and 5 + & is the column with 1 in the final
place and zeros elsewhere (being the coordinates of [ez5.4,]).

ZAAND /E:\
( | L
N -— —

x y

Figure 9.2

The effect of gluing the first solid torus to 22 is to equate to zero the element
L[x] & t.[y] € Hi(Wy) & H{(W)). Gluing on any of the other solid tori has an
effect analogous to that observed in Theorem 9.1; it equates to zero the elements
of the form {exg4i—1] ® [€25+i-11 € Hi(Wp) & H{(Wy) for2 < i < n. Hence
H;(X3) has a presentation matrix of the form

R S 1 & B
-S -R - n B)’

where Bisthe (2g +n) x (n — 1) matrixwith By ; ; = 1forj =1,2,...,n—1
and B; ; = 0 otherwise. Subtracting the second row of blocks from the first
produces

R+S R+S 20 —A 0
-S —R -=x g B)

Subtracting the first column of blocks from the second and adding twice the fourth
column to the third gives

R+S 0 0 -2 0
-S S—R £4+n n B)



98 Chapter 9

As in the proof of Theorem 9.2, (2g +n) x (2g +n) matrix (S— R & +n) consists

0 1
-1 0
place on the diagonal and zeros elsewhere. Hence, if (0 ® B & 0) is B preceded by
2g zero columns and followed by one zero column, (S— R £+n)+ (0@ B®0)
is invertible. Thus another presentation matrix of the same groupis (R+S —21)
orequivalently (R4S A). However, this matrix represents the quadratic form G
with respect to the given base of H; (F). As with any quadratic form, changing the
base changes the matrix to one of the form P*(R+S X)P,where P is invertible,
and this presents the same group.

Finally, it remains to consider what happens when F is a surface of the second
type shown in Figure 9.1. The situation is much the same as before, except that
now H;(F) and H;(W) each has 2g + n + 1 generators, so that R and § are
(2g +n + 1) x (2g + n) matrices. However, £ + n is a column with a 1 in each of
the last two places and zeros elsewhere. Now, (S — R) has g blocks each up to sign
of the form _(1) (1)) down the diagonal and a 1 inthe 2g +n + 1, 2¢g + n)
place. Thus (S — R & + 1) + (0 & B & 0) is again invertible (where the second
“@® 0” is two columns of zeros). The discussion then proceeds as before. O

of g blocks up to sign of the form down the diagonal, a 1 in the final

A Goeritz matrix for a link is a matrix of integers constructed in the following
way: Let D be a connected diagram of a link L and let the regions of the diagram be
coloured black and white in chessboard fashion. Given this colouring, an incidence
number {(c) = =1 can be allocated to any crossing c, as in Figure 9.3. Let
Ro., Ry, ..., R, bethe white regions of the diagram. Define a “pre-Goeritz matrix”
to be the (n + 1) x (n + 1) matrix having terms {g;;} given, for i # j, by

8ij = Z ¢(c),

where the sum is over all crossings at which R; and R; come together. Define
diagonal terms by
8ii = — Z 8ij-

J#
The related Goeritz matrix G is this matrix with a row and corresponding column
deleted. It may be assumed that the labelling is such that it is the row and column
indexed by zero that are deleted. Thus G isthen x n matrix {g;; : | < i, j < n}.
Of course G depends on the diagram chosen for L, on which regions are called
white, and on the labelling of those white regions. The following result is taken
from [36].

((c) = -1 {(c)=+1

Figure 9.3
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Theorem 9.4. Any Goeritz matrix for a link L, associated with the white regions
of a diagram of L, represents, with respect to some base, the Gordon—Litherland
form

Gr : H(F) x H(F) = Z,
where F is the spanning surface for L given by the black regions of the diagram.

PRrROOF. Let the white regions, Ry, Ry, ..., R,, of the diagram inherit an orien-
tation from the sphere S2 in which they are assumed to lie; thus each dR; has an
orientation. Let f; be the oriented simple closed curve in F that consists of OR;
pushed into the union of the black regions. Then {[f;] : 0 < i < n} forms a set
of generators for H,(F); any subset of n of the {[ f;]} forms a base for H\(F).
Suppose that the white regions R; and R; are both incident at a crossing ¢ where
£(¢) = +1. Then in the above notation, the curve or curves p~! f ;, namely the
push-off of f; from F locally to both sides of F, meet R; in a positive point of
intersection and meet R; in a negative point of intersection near to c. See Fig-
ure 9.4. The sign is positive if the orientation of the region is in the sense of a
right-hand screw with respect to the orientation of p~! f;. The signs are reversed
if¢(c) = —1. Thus fori # j, lk(p~'f}, fi) = ¥ ¢(c), where the sum is over
all crossings at which R; and R; come together, and lk(p"fj, fi)y=- S (o),
the sum being over all ¢ at which R; is incident with other regions. Note the two
points of p~! f; N R, near a crossing at which R; is incident with itself cancel
each other. Hence the quadratic form Gr is represented with respect to the base
[fi]. [£2], . ... [f.] by the Goeritz matrix of the diagram with the above labelling
of the white regions. O

Figure 9.4

Corollary 9.5. The determinant of L, |A(—1)], is equal to |det G|, where G is
any Goertiz matrix for L.

The proof of this is immediate from the last three theorems. It follows that |det G|
is an invariant of L, and, as a Goeritz matrix is often easy to write down, it can be
a useful invariant.

As an example, consider the diagram with n + 2 crossings of a twisted double of
the unknot shown in Figure 6.3. The diagram there shown has its regions coloured
in chessboard fashion with three white regions. Suppose the outer region is Ry,
that R, is the region abutting only two crossings, and that R, is the other region.
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The pre-Goeritz matrix is

n+1 -1 —-n
—1 2 -1 ,
—n -1 n+1

2 -1
1 n+1
|2n + 1. Note that this simple invariant is enough to distinguish all these knots
from each other whenn > 0.

As a second favourite example, take the pretzel knot or link P(p, g, r) shown
by a coloured diagram in Figure 6.4. The pre-Goeritz matrix is

so that is a Goeritz matrix and the determinant of the knot is

r+p -p -1
- —q g+
p+aq —q

the Goeritz matrix is ) and the determinant is | pg + gr + rp|.

-q q+r
Note that this last determinant can be equal to 1 (for example when (p, g, r) =
(=3, 5, 7). Then the double cover of S> branched over the link has trivial first
homology group; standard results in homology theory then imply that it has all the
same homology groups as S°.

More information about the Goeritz matrix can be found in [36]. In particular,
the signature of the link can be calculated from the signature of G together with
a simple “correction term”. A variant of the proof given here for Theorem 8.2
shows that the Goeritz matrix of a knot is well defined up to moves that change G
to PTG P for an invertible matrix of integers P, or to ( g i(l)) or the reverse
move. Of course, from this the invariance of |det G| follows at once. One can
likewise easily check this invariance directly from the Reidemeister moves. These
last remarks must be qualified a little if links are considered rather than knots (see
[36D).

A result that connects the idea of the determinant with link polynomials is the
following. In the language of Chapters 15 and 16, it states that (det L)? is the
value of the Kauffman polynomial of L when (1, 2) is substituted for the pair of
variables of that polynomial.

Figure 9.5
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Theorem 9.6. Suppose that L, L_, Lo and Lo, are four links that have identical
diagrams except near a point where they are as shown in Figure 9.5. Then

(det L) + (det L_)? = 2((det Lo)* + (det Loo)?).

Proor. The diagram shows the four links together with connected shaded span-
ning surfaces F; fori = +, —, 0, oco. These can always be constructed by using
Seifert’s method (see Chapter 2) for Fj and adding bands to get the other three
surfaces. The four surfaces are taken to be identical outside the areas shown. Take
closed curves in Fy representing a base of H|(Fp) and, for bases of H;(F;) for
i = 4, —, oo, take the classes of the extra curves shown in the diagrams (the ends
of them are joined up outside the diagrams) together with the set of curves already
chosen for Fy. Matrices M; for the Gordon—Litherland forms Gr, with respect to
these bases are of the following form:

n 0 nFl o
My = , My = .
> (P’ MO) * < p* M0>

det My = det My, F det M,.

Thus

Squaring and adding give the required result. O

Recall that the r-fold cyclic cover of S* branched over an n-component link
is constructed by adding n solid tori to the space formed by gluing together, in
a cyclic fashion, r copies of the link’s exterior cut along a (connected) Seifert
surface. The following result and its proof are direct generalisations of those of
Theorem 9.1. The details will thus not be pursued; note however that everything
simplifies a little when the link is a knot (that is, whenn = 1).

Theorem 9.7. Let X, be the cyclic r-fold cover of S* branched over an n-
component oriented link L, and suppose that A is a Seifert matrix for L coming
from a genus g Seifert surface. Then H|(X,) is presented, as an abelian group, by
the r x (r + 1) matrix of blocks
—AT A B
A —AT B
A —AT B

A —A" B
. . (0
where B is the (2g +n — 1) x (n — 1) matrix 1)

Corollary 9.8. The order of the first homology group of X, the cyclic r-fold cover
of §3 branched over L, is given by

|Hi(X:)| =

r—1
1—[ AL(ZZTH ‘: )'
v=1
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Assuming that a “standard” base has been used for the homology of the Seifert
surface, the presentation matrix given in the above theorem can be manipulated
in the following way: Add to the first column of blocks all the other columns of
blocks except the last one, so that every block entry in the first column becomes
A — A". Then by rearranging the first 2g 4+ n — 1 columns of the matrix and the
last n — 1 columns, deleting zero columns and changing some signs of columns,
obtain, as an alternative presentation matrix,

1 A
I —AF

I A -A

1 A —AT

This is an r x r matrix of (2g +n — 1) x (2¢ + n — 1) blocks. The proof
of the corollary consists of the (not entirely trivial) exercise in linear algebra of
evaluating the determinant of this matrix, using the fact that A; (¢) is, up to a unit,
det (rA — AT).

Exercises

1. Use the Goeritz matrix to find the determinant of the knot 8,s.

2. Find some knots K for which the double cover of S branched of K has zero first
homology group (and hence has the same homology groups as S*).

3. Show that Theorem 9.6, together with the fact that the determinant of the unknot is
1, can be used to calculate the determinant of any link. Illustrate the method with a
calculation for the knot 4,.

4. Let C beaknot. Let K be the (cable) satellite of C that consists of a simple closed curve,
on the boundary of the solid torus neighbourhood N (C) of C, which is homologous to
two longitudes plus 2n + I meridians. Thus K bounds a knotted Mébius band contained
in a neighbourhood of C. Use the Gordon—Litherland form associated with this Mébius
band to find the determinant of K.

5. Use the Gordon—Litherland form to determine the determinant of the pretzel knot
P(p, q,r) when p is an even integer and ¢ and r are both odd.

6. Show directly that the modulus of the determinant of G, the Goeritz matrix associated
to the white regions of a knot diagram, does not change if the diagram is changed by a
Reidemeister move. What happens if attention is switched to the black regions?

7. If two knots have diagrams giving rise to the same Goeritz matrix, in what way are the
knots related?
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The Arf Invariant and the
Jones Polynomial

The original Arf invariant was an invariant of certain quadratic forms on a vector
space over a field of characteristic 2. This can be applied to a quadratic form, closely
associated to the Seifert form, on the first homology with Z/27Z coefficients of a
Seifert surface of an oriented link L. The result is a fairly classical link invariant
A(L) € 7Z/27 called the Arf (or Robertello) invariant of L ([111], [114]). It must,
however, be stated at once that for this theory to work—that is, for A(L) to be
defined——L must satisfy the condition that the linking number of any component
with the remainder of the link should be an even number. Before the discovery of
the Jones polynomial, efforts to find a sensible generalisation of the Arf invariant
to a/l links met with no success. The Jones polynomial V(L) is, of course, always
defined. As will be shown in what follows, evaluating V(L) when ¢t = i (with
1172 = €/7/%) gives

V(L) = {(—ﬁ)#L_l(—l)A(L) if A(L) is defined,
=0 0 otherwise,

where #L is the number of components of L . In a sense, this shows why a definition
of A(L) for any link could not be found. Interpreted from the point of view of the
Jones polynomial, this result gives one of the very few evaluations of the polyno-
mial in terms of previously known invariants that can be calculated in “polynomial
time” (see Chapter 16). This chapter will first explore the Arf invariant for vector
spaces over 7Z/27 and then effect liaison with the Jones polynomial.

In what follows, let V be a finite-dimensional vector space over Z/2Z, the field
of two elements {0, 1}.

Definition 10.1. A function ¥ : V — 7Z/27Z is a quadratic form if for some
bilinearmap F : V x V — Z/2Z,

Yu+v)+ @)+ ¥ = Fu,v)

for all u, v € V. The quadratic form is called non-singular if F is non-singular
(that is, for each non-zero u € V, F(u, v) # 0 for some v € V).

103
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Note that ¥ (0) = 0, F(u, u) = 0, F is symmetric (which is here the same as
skew-symmetric) and ¥ (Au) = Ay (u) = A2y (u) for & € {0, 1}.

If F is non-singular, the usual arguments for real skew-symmetric forms imply
that there is a base ey, fi, €2, f2, ..., en, fn for V with respect to which F is
represented by a matrix of the form

0 1
(O 0

This implies that V must have even dimension. Such a base is called symplectic.
Using a symplectic base, it follows (for instance, by induction on #), that

Yien+ Yy fi bt e + yafa) = Y x7Y(e) + D V(D + ) xiie
1 1 1

Consider the identity x? +x,y; = x1(x; +y1) . If ¥ (e)) = Land ¥ (f)) = 0, this
identity can be used to construct a new symplectic base (starting with {e; + f1, fi})
so that with the new base neither the term in x7 nor the term in y? appears. Similarly,
when ¥ (e)), ¥(ez), ¥(f1) and ¥ (f>) are all non-zero, a new symplectic base
starting with

{ex+ex+ fi), eb + fi+ f2), (es +ex+ fo), (e2+ fi + f)}
can be chosen to remove the squared terms; this corresponds to the identity
4y + Y 2 an+
= (x;1 +y1 +x2)0 + ¥+ y2) + O+ x2 + y2)O1 + x2 + y2).

Thus, a symplectic base can be chosen with respect to which ¥ (x(e; + 1 fi +
<o+ xpe, + yq fr) is of one of the two following “Types”.

Type 11 xiy1 + x2y2 + -+ - + Xy Yns
Type 2: xjyy + x2y2 + -+ + Xp ¥ +x3 + )’5-

Definition 10.2. The Arf invariant c(y) of the non-singular quadratic form
¥ 1V — Z/27 is the value, 0 or 1, taken more often by ¥ (1) as u varies over
the 22" elements of V.

It is easy to show, by induction on 7, that the value 1 is taken 22"~" — 2"~ times
by ¥ (u) if ¥ is of Type 1 and 22"~ 4 2"~! times if v is of Type 2. Hence c(y)
is always defined, no choice is involved in its definition and

_} 0 ifyisof Type 1,
c@) = 1 ifyris of Type 2.



The Arf Invariant and the Jones Polynomial 105

Note that if ¢, and v, are quadratic forms on V; and V,, respectively, then the form
Y @ Y on Vi @ V; has c(¥) @ ¥2) = c(¥) + c(y¥2) modulo 2. This follows
by checking the possible Types. Note also that if e, fi, €2, f2, ..., €, fn is any
symplectic base, then

c) = Y Yy (f).
i=l

The above theory of Z/2Z quadratic forms is applied to links in the following
way: Let L be an oriented link in S* with Seifert surface F, the orientation being
needed to define F. Define g : H\(F; Z/2Z) — Z/2Z by q(x) = az(x, x) €
7./27., where a;, is the Seifert form « (see Chapter 6) reduced modulo 2. Thus if x
is (represented by) a simple closed curve on F, g (x) is the number, modulo 2, of
twists in an annular neighbourhood of x in F. Then

qg(x +y) +qgx) +q(y) = aa(x, y) + oa(y, x) = F(x, y),

where F is the intersection form (which just counts the number of intersection
points of transverse curves) modulo 2 on H,(F; Z/27). However, a glance at the
base shown in Figure 6.1 reveals that F is non-singular only when L has one
component. A second glance shows that F induces a non-singular form on the
quotient H,(F; Z/27Z)/«.H\(0F; Z/2Z), where  is the inclusion map. Suppose
that L has components { L; } and that L has the property that

(*)  Ik(Li, L — L;) = 0modulo 2.

Then ¢([L;]) = k(L] , L;) = lk(L;, L — L;) = 0 modulo 2, as L; is homol-
ogous to L — L; in the complement of L; . For any x € H\(F; Z/2Z), clearly
F(x,[L;]) = 0,s0 g(x + [L;]) = q(x), and hence g induces a well-defined
non-singular quadratic form g : H\(F; Z/27Z)/..H\(0F; Z/27Z) — 7Z./27Z.

Definition 10.3. The Arfinvariant 4(L) of an oriented link L having the property
(x) is c(q), where g : H\(F; Z/27Z)/.,H\(0F; Z/27) — 7Z/27 is the quadratic
form described above.

Proposition 10.4. The Arfinvariant A(L) for an oriented link L having property
(*) is well defined.

PRrROOF. It is necessary to check that A(L) does not depend on the choice of
Seifert surface F. By Theorem 8.2, it is only necessary to check what happens
when F is changed to F’ by embedded surgery along an arc in 3. Suppose that
{e1, f1, €2, f2, - .., en, [} isasymplectic base for H\(F; Z/27Z)/..H,(QF; Z/27Z)
represented by simple closed curves (for example the first 2¢ curves, renamed, of
Figure 6.1). That base can be augmented by {e,,+|, f,+1]} to give a symplectic base
for H(F'; Z/27) /1. H,(OF'; Z/2Z): Choose e, to be represented by a simple
closed curve encircling once the solid cylinder defining the embedded surgery,
that curve being met at exactly one point by a simple closed curve representing
fua1. Note that an isotopy of the end points of the surgery arc o ensures that the
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two points of da are not separated by any base curve. Then g(e,+;) = 0, and so

S qlenq(f) = Y qlenq(f). 0

Note that A(the unknot) = 0 and A(the trefoil) = 1, for as shown in Figure
6.3 (when n = 1), the trefoil has a symplectic base {e|, f} for which g(e;) =
qg(fi1) = 1. Note, too, that the addition formula for the Arf invariant of the direct
sum of two quadratic forms implies that A(L + L) = A(L) + A(L’) for any
two links L and L having property (x) (whatever components are chosen for the
summing operation).

Lemma 10.5. Suppose that L and L' are oriented links having property (x) which
are the same except near one point, where they are as shown in Figure 10.1; then

A(L) = AL).

PRrROOF. The two segments shown on one of the two sides of Figure 10.1 must
belong to the same component of the link. Suppose, without loss of generality,
it is the two segments on the left side. Then using the Seifert circuit method of
Theorem 2.2, a Seifert surface can be constructed for the left link that meets the
neighbourhood of the point in question in the way indicated by the shading. Adding
a band to that produces a Seifert surface for the right link as indicated. Now, as
these two surfaces just differ by a band added to the boundary, the Z /27Z-homology
of the second surface is just that of the first surface with an extra Z/27Z summand.
However, that summand is in the image of the homology of the boundary of the
surface; this image is disregarded (by means of the quotienting) in construction of
the quadratic form that gives the Arf invariant. O

Figure 10.1

Note that elementary consideration of linking numbers shows the following: If
the two segments of the link Z shown on one side of Figure 10.1 belong to distinct
components, and if L has the property (x), then L’ also has the property (x).

With the definition of the Arf invariant and its elementary properties now es-
tablished, its relevance to the Jones polynomial can now be considered. The result
linking the two topics is as follows:

Theorem 10.6. The Jones polynomial of any oriented link L in S°, evaluated at
t =i (witht'? = '™/%), is given by

V(L)geiy = (=2 LY (=D)AD  if L has property (%),
=n 0 otherwise,

where #L is the number of components of L and A(L) is its Arf invariant.
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PrOOF. Define A(L) to be the integer given by

A(L) = { (—=DAD if L has property (%),
0 otherwise.

Now suppose that L., L _ and L are three oriented links that are exactly the same
except near a point where they are as shown in Figure 3.2 (the usual relationship).
The proof considers two cases as follows:

Suppose first that the two segments of L near the point in question are parts
of the same component of L. . (Then either both L, and L. have property (x) or
neither of them does.) If L has property () so, by the above remark, do L, and
L_, and by Lemma 10.5, A(L¢) = A(L,;) = A(L_). Thus certainly

A(Ly) + A(L.) — 2A(Lg) = 0,

an equation that also, trivially, holds if none of L, L_ or Lg has property (*).
There remains the possibility that L, and L_ have property (x) but that Ly does
not. Consider the two links shown in Figure 10.2. It is easy to check that the first
link, X say, has property (x), and so its Arf invariant exists and by Lemma 10.5,
A(L,) = A(X). The second link is just L_ in disguise. It can also be thought
of as X first summed with a trefoil knot and then having two components banded
together. Thus, again using Lemma 10.5, A(X) + 1 = A(L_) modulo 2. Hence
again it is true that A(L,) + A(L_) — 2A(Lo) = 0.

"R

Secondly, suppose that the two segments of L near the point in question are
parts of different components of L... If Ly does not have property (x) then neither
do L, and L_, and so trivially

A(Ly) + A(LD) — A(Lg) = 0.

%

Figure 10.2

Otherwise Lq and one of L, and L_ has property (x), and this formula is again
true (using Lemma 10.5).

If A(L) denotes (—+/2)*-~"A(L), then the two preceding displayed formulae
both become

A(LL) + A(L_) + V2A(Lg) = 0,

and of course if L is the unknot, E(L) = 1. However, as discussed in Chapter
3, the Jones polynomial V(L) € Z[t~'/2, t'/?] is characterised by being 1 on the
unknot and by satisfying

TV — VL) + (T2 = PV(Ly) = 0.

Substituting 1 7 = ¢/™/* reduces this to exactly the above formula for A O
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If, in the notation used in the above proof, L is a knot, thensois L_, and Ly is
a link of two components. Of course, Ly has the property (x) if and only if Ik (L),
the linking number of the two component of Ly, is even. The second paragraph of
the above proof shows that A(L )} — A(L.) = lk(Lo) modulo 2 .

Theorem 10.7. Let K be a knot. Then A(K) = ay(K) modulo 2, where a;(K)
is the coefficient of 7% in the Conway polynomial Vi (z). The Arfinvariant of K is
related to the Alexander polynomial by

|0 ifAg(—1) = £1 modulo 8,
AMK) = { I if Ax(~1) = +3 modulo 8.

If K is a slice knot, then A(K) = 0.

Proor. The formula A(L,) — A(L_) = lk(Lg) modulo 2, valid when L has
one component, allows calculation of A(K) from A(unknot) = 0. However, this
gives the same answer as the calculation, modulo 2, of a; (K') using Proposition 8.7
(v). With the Conway normalisation, Ag (—1) = Vg (—2i). However, Vg (z) =
4 ax(K)z* +as(K)z* + - - -, and so Vg (—=2i) = | — 4a,(K) modulo 8. Thus,
modulo 8§,

PV B ifa;(K) = 0 modulo 2,
Vk(=2i) = {—3 ifay(K) = 1 modulo 2.

This gives the required result. As remarked after Theorem 8.19, if K is a slice knot
then Ag(—1) = +1 modulo 8, and so, from the above discussion, A(K) = 0. O

The result given above (due to J. Levine [75]), relating the determinant of a knot
with the Arf invariant, has been stated with the Alexander polynomial determined
only up to multiplication by +¢*", However, as shown in the proof, Ag(—1) = 1
modulo 4 when the Conway normalisation is employed.

The vanishing of the Arf invariant on slice knots does suggest that the Arf
invariant is connected with 4-dimensional topology. In fact, the Arf invariant of a
link is intimately related to the Rohlin invariant of a 4-manifold with spin structure.
Indeed, A. J. Casson has given a proof of the Rholin theorem based on the Arf
invariant of a link. This theorem asserts that the signature of a closed smooth
orientable spin 4-manifold is divisible by 16 (see [29] and [66]).

Exercises

1. Make a table of the Arf invariants of the prime knots with at most eight crossings.

2. Determine, directly from a Seifert matrix, the Arf invariant of the pretzel knot
P(p, g, r), where p, g and r are odd integers.

3. Prove that cobordant knots have the same Arf invariant (see Exercise 7 of Chapter 8).

4, Use Lemma 10.5 to show that if L is a trivial link of unknotted unlinked components,
then the Arf invariant of L is zero. By considering the maxima, minima and saddles
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of a slice disc for a slice knot K (as for example in Figure 8.4), show directly from
Lemma 10.5 that a slice knot has zero Arf invariant.

. Suppose L is an oriented link for which the Arf invariant is defined. Suppose that L’ is
obtained by reversing the orientation of one component of L. Is the Arf invariant of L’
defined? If so, how is it related to the Arf invariant of L?
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The Fundamental Group

It is in its interaction with the theory of the fundamental group that the theory
of knots and links becomes almost a part of the general theory of 3-manifolds.
It is the exterior of a link (that is, the closure of the complement in S* of a
small regular neighbourhood of the link) that is studied, by means of its group,
as a compact 3-manifold with torus boundary components. In the theory of 3-
manifolds this is a very important example, but perhaps not much more than
that. Here the view has been taken that to a mathematician it is the proving of
results that brings satisfaction, and that this is particularly important in knot the-
ory, wherein a cheerful punter might be satisfied by a good diagram. However,
3-manifold theory is well documented at length elsewhere ([43], [49]), and other
more established treatises on knots have dwelt comprehensively on the relation-
ship between links and the fundamental group. Thus what follows in this chapter
is but an essay on this topic. It tries to interpret the Alexander polynomial in
terms of the fundamental group and to explain what is available in more detail
elsewhere.

The fundamental group of a space has, of course, already featured in the dis-
cussion of covering spaces in Chapter 7. The group of a link L in 3 is defined to
be I1;(S? — L), the fundamental group of the complement of L; this is the same
as T1,(X), where X is the exterior of L. It is easy to write down a presentation
of T1;(§* — L) from a given diagram of the link in the following way: Select
an orientation of L just for convenience. Now, corresponding to the i segment

_ a1
£, =888

Figure 11.1

110
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of the diagram with the usual breaks at under-passes (that is, an “over-passing”
section of the link traversing, maybe, many under-passes or maybe none) take a
group generator g;. Corresponding to each crossing c, take a relator r,. as follows:
Suppose at the crossing ¢ the over-pass arc is labelled g, and the under-pass is
labelled g; as it approaches ¢ and g; as it leaves c. Then r, = g g; g,:I gj"1 if the
sign of the crossing is negative and r. = gk_1 8igk gj_1 if the sign is positive. This
is indicated in Figure 11.1. Each relator, when equated to the identity, asserts that
the two generators corresponding to the under-passing arc are conjugate by means
of the over-passing generator or its inverse (that choice being determined by the
sign of the crossing).

The symbol g; represents the loop that, starting from a base point (the eye of
the reader) above the diagram, goes straight to the i over-passing arc, encircles
it in a positive direction (to achieve linking number 1) and returns immediately to
the base point. The resulting presentation is called the Wirtinger presentation of
the link group. If there are m segments in the diagram and n crossings (m = n
unless some link component contains no under-pass), then the group of the link is
isomorphic to the group G that has presentation

G = (gl’gz’ s 8ms T, 1, ces Ty
this meaning that G is the quotient of the free group on generators {g(, g2, . - - , &m}
by the smallest normal subgroup containing {r|, r,, . .., r,}. A proof of this result

follows from finding a suitable 2-complex that is a deformation retract of the
link complement and using some algorithm for writing down a presentation of
the fundamental group of a 2-complex. It is, of course, clear from the geometric
interpretation of the g; that the stated relators are indeed trivial elements of the
group; the difficulty is in seeing that no more relators are required. In fact, for
n > 1, at most (n — 1) of the relators are actually needed, for it is easy to see
that the product of certain conjugates of any (n — 1) of the relators, in a suitable
order, gives the remaining relator. That follows, for a connected diagram, from the
fact that the dual graph in R? U oo to the link projection has a four sided region
containing each of the original crossings. The boundary of each such four-sided
region gives one of the relators. The boundary of the union of (n — 1) of these
dual regions is the boundary of the n'™ region.

1t is clear that all the generators of a Wirtinger presentation that correspond to a
single link component belong to the same conjugacy class in the group. Further, if
the group is abelianised by adding in relations that assert that the g; all commute
with each other, then the group becomes just the direct sum of copies of Z, one
for each link component, with all the generators that correspond to a single link
component becoming the generator of one of the Z’s. As expected, this is the first
homology group of $* — L; the loops representing generators of IT; (83— L)in
the above presentation also represent meridian generators of H| (S3 - L).

The group of the unknot is, of course, infinite cyclic. As a simple non-trivial
example, consider the trefoil knot 3; with the three generators allocated as in
Figure 11.2. By the above remark, only two relators are needed, and the group of
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g C/D g

Figure 11.2

the trefoil knot is given by

G=I(g,8, 8 88 &' gigg e

In this case a group homomorphism can be defined from G to X3, the group of
permutations of {1, 2, 3}, by

81— (1’2)’ 82 — (2v 3)a 83 > (37 1)»

where as usual (1, 2) is the permutation that interchanges 1 and 2 and fixes 3. That
this does give a homomorphism follows from the observation that the two relators
do indeed map to the trivial element of X3. It is clear that this homomorphism is
surjective; hence G is non-abelian and so certainly it is not cyclic. This proves
that the trefoil knot is not the unknot. It is easy to verify that the group of 4,, the
4-crossing knot, has no surjective homomorphism onto £3. All the generators of a
Wirtinger presentation of a knot group are conjugate, so any homomorphism will
map them into a single conjugacy class. Of course, in a permutation group such a
class is determined by the cycle type of a permutation. Homomorphisms can, then,
be constructed to X, by assigning permutations in some conjugacy class to the g;
and verifying that the relators map to the identity. This can be done in a systematic
way with a computer, and a count can be made of all possible homomorphisms.
The count for different knots can then be compared. Thistlethwaite has found such
a method to be most effective for distinguishing knots from one another when
compiling tables of knots with diagrams of up to fifteen crossings.

Two theorems, basic to the study of 3-manifolds, were proved by C. D.
Papakyriakopoulos and published in 1957 ([105]). These are the Loop Theorem
and the Sphere Theorem. They are both concerned with changing the assertion
that a certain map of a surface into a 3-manifold exists to a statement that an em-
bedding (an injective map) of the surface exists. The proofs are similar (see [43])
and employ the idea of lifting the map up to a succession of covering spaces until
the self-intersections of the map can be reduced.

Theorem 11.1 (The Loop Theorem). Let M be a (possibly non-compact) 3-
manifold with boundary 9M such that the inclusion-induced homomorphism
M, (M) — TI1((M) is not injective. Then there exists a (piecewise linear) em-
bedding of the disc e : D> — M, with e~ (M) = 3 D? such that the restriction
e : dD? — OM is not homotopic to a constant map.
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There follows the application of this to knots; a version of this is sometimes known
as Dehn’s lemma.

Theorem 11.2. Let X be the exterior of a knot K in S°. If K is not the unknot,
then the inclusion map induces an injection I1{(3X) — IT;(X).

ProoFr. Suppose I1(dX) — I1;(X) is not injective. Then, by the loop theorem,
there is an embedding e : D?* — X sending 8 D? into the torus 39X, to a simple
closed curve not homotopically trivial in the torus. Now e(d D?) is certainly the
boundary of the disc e(D?) and so represents a non-trivial element of the kernel of
themap H,(0X) — H,(X) ;thelongitude of the knot K (with either orientation) is
the only simple closed curve representing an element in this kernel (see Definition
1.6). The longitude is parallel to K in a small solid torus neighbourhood of K, so
expanding the disc e(D?) by an annulus gives a disc embedded in S with K as its
boundary. Thus e(D?) when so expanded is a Seifert surface for K. This shows
that K is unknotted. 0

Corollary 11.3. A4 knot K is the unknot if and only if T1,(S* — K) is infinite cyclic.

ProoF. IfIT(S® — K) is isomorphic to Z, there can be no injection I[1; (0 X) —
I1,(X) (as I1;(3X) is isomorphic to Z @ Z) . O

Corollary 11.4. Let X| and X, be the exteriors of two non-trivial knots and let
M be a 3-manifold formed by identifying their boundaries together using any
homeomorphism. Then the inclusion into M of the torus T that comes from the
identified boundaries induces an injection I1\(T) — I1,(M).

PRrOOF. This follows at once from the above theorem and from the Van Kam-
pen theorem, which describes how fundamental groups behave when a space is
described as a union of subspaces. O

Of course, as there are many invariants for showing that a knot is non-trivial, this
corollary provides, if required, a source of orientable 3-manifolds containing tori
for which the fundamental group injects. As stated in Definition 4.7, such tori
are called incompressible. Thus if the exteriors of two non-trivial knots are glued
together by some homeomorphism between their bounding tori, then the result is
a 3-manifold, without boundary, containing an incompressible torus.

Theorem 11.5 (The Sphere Theorem). Suppose that M is an orientable 3-
manifold and that there exists a map S* — M that is not homotopic to a constant
map (that is, TI,(M) # 0). Then there exists a (piecewise linear) embedding
S? — M that is not homotopic to a constant map.

The theorem does not assert that the embedding is homotopic to the given map. A
slightly stronger version of the theorem can be found in [43]. The application to
knots (or to non-split links) are the following two results:
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Theorem 11.6. If K is a knot in S* any map S*> — S* — K is homotopic to a
constant map (that is, T1,(S> — K) = 0).

PRroor. Ifthe statement is false then, by the sphere theorem, there exists a piece-
wise linear embedding ¢ : §2 — §3 — K that is not homotopic to a constant in
(S* — K). Then, by the Schonflies theorem, e(S?) separates S* into two compo-
nents, the closure of each of which is a ball with boundary e(S?). The knot K , being
connected and disjoint from e(S2), lies in one of these balls, so e is homotopic to
a constant using the other ball. O

Theorem 11.7. If K is a knot in S?, any map " — S — K is homotopic to a
constant map (that is, T1,(S*> — K) = 0) forallr > 2.

PROOF. Let X be the exterior of K and let X be the universal cover of X. Thus j is
the simply connected cover of X, itis acted upon by I, (X), and the quotient of X by
this action is X. The operation of lifting maps and homotopies from X to X shows
that, forr > 2, I1,(X) = O if and only if I1, (X) = 0 (or equivalently just use the
homotopy long exact sequence of the covering). So certainly [1,(X) = 0. Now the
third homology of any non-compact connected 3-manifold is zero. A simplicial
argument for this uses the fact that any 3-cycle would be a finite sum of oriented
3-simplexes, a neighbourhood of the union of those 3-simplexes is a compact
3-manifold N with non-empty boundary which can be taken to be connected,;
any such N deformation retracts to a 2-dimensional complex (by collapsing 3-
simplexes from the boundary), and so H3(N) = 0. Of course, X is non-compact
because I1(X) is infinite (as H, (X) is infinite), and so each simplex has infinitely
many different lifts in X. Thus H3(X) = 0and H, (X) = Qforr > 3,as then X
has no r-simplex and so its ' chain group is zero. Now, for a simply connected cell
complex, the Hurewicz isomorphism theorem asserts that the first non-vanishing
homology group and the first non-vanishing homotopy group occur in the same
dimension and are isomorphic. Thus I, (X ) = Oforallr,andso X isa contractible
space. The above remark about lifting ensures that I1,(X) = 0 forr > 2. ]

Another way of stating the last theorem is to say that (S* — K) is an Eilenberg—
MacLane space K(G, 1), where G is the knot group. An Eilenberg-MacLane
space K(G, n) is a path-connected space that has homotopy group G in dimension
n and all other homotopy groups zero. It is a routine task in homotopy theory to
establish that two cell complexes that are both K(G, n)’s are homotopy equivalent.
Thus the group of a knot K determines the homotopy type of (S* — K); any
isomorphism between the groups of two knots is induced by some homotopy
equivalence between the knot complements. In fact, this result and the given proof
of it extend at once to a theorem stating that an irreducible 3-manifold with infinite
fundamental group is determined up to homotopy type by that group.

Knots themselves (when not prime) may however not be determined by the
homotopy types of their complements. Suppose X, and X, are the exteriors of
oriented knots K| and K,. Consider the knots K| + K> and K; + rK,, where as
usual rK is the reverse of the reflection of K »>. The exterior of either these two
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composite knots is formed by identifying an annulus in the boundary of X with
an annulus in the boundary of X5. The two identifications needed are homotopic
(they differ by reversing the I factor in the annulus S' x ), and so the two spaces
obtained are homotopy equivalent. However, in general the two composite knots
are distinct; if Ky and K, are each the trefoil knot 3;, the two composites are
distinguished by the Jones polynomial.

Suppose that X; is the exterior of an oriented knot K;. On the boundary of X;
are the longitude A; and meridian p;, simple closed oriented curves that meet at
a single point. They are well defined up to homotopy in dX;. Taking A; N w; as
a base point, let [A;] and {u;] be the elements of I1,(dX;) represented by these
two curves. If K| and K are equivalent oriented knots, there is a homeomorphism
h : X, — X, such that the following diagram commutes.

(M), [wi] € TH@X)) — Ti(S® — K1)
»1/ hx \L h* ‘l’ h*

[ha), [2] € M(8X2) — I (S® — K2)

This is immediate. The following converse is however also true. It is a conse-
quencs of the, somewhat lengthy, theory of homotopy-equivalent Haken manifolds
created by F. Waldhausen circa 1966 ([132]). An account is also in [43].

Theorem 11.8. Ifthere exists an isomorphism from I, (S = K)o (S? - K>y)
which sends [X] to [M2] and [p)] and {112], then K| and K, are equivalent knots.

Much more recently, the following has been proved by W. Whitten and F.
Gonzales-Acufia [134].

Theorem 11.9. IfK, and K, are prime knots in S> and 11, (S — K ) and T1, (S —
K>) are isomorphic groups, then (S° — K1) and (S — K,) are homeomorphic
spaces.

Thus, for prime knots, the knot group determines the complement of the knot.
It is by no means obvious that this means that the knots are the same. Perhaps the
homeomorphism might send a meridian to a non-meridian. That this is not so is
the substance of one of the most impressive results in knot theory of the 1980°s. It
is due to Gordon and J. Luecke [37] and the proof is lengthy and intricate:

Theorem 11.10. If K| and K, are unoriented knots in S and there is an orienta-
tion preserving homeomorphism between their complements, then K| and K, are
equivalent (as unoviented knots).

These results proclaim the importance of the group of a knot. It should, however,
be observed that nothing as sophisticated as the last two results is needed to show
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that the knot group determines the Alexander polynomial of the knot. For suppose
that a knot K has exterior X and group G. As has already been noted, H, (X) is the
infinite cyclic group G/ G’ (a generator of which was previously called ¢), where
G’ is the commutator subgroup of G. The infinite cyclic cover X, of X has its
fundamental group equal to G’ because a loop in X lifts to a loop in X if and
only if it has zero linking number with K and so represents an element of G'. Now
H) (X)), the abelianisation of IT) (X ), is G'/G” where G” is the commutator
subgroup of G’. Group-theoretic conjugation gives an action of G on G and this
passes to quotients to give an action of G/G’ on G'/G”. This is the action of
Hi(X) on H,(X) that defines the latter as a Z[¢, '] module. Roughly, that is
because conjugacy in G corresponds to moving a base point around a loop, and
this operation lifts to the idea of translating X, along the lift of that loop. The
module H; (X ) can thus be defined entirely in terms of G, and then the definition
of the Alexander polynomial (up to a unit) can be given as before.

This means that starting with a presentation of G it should be possible to calculate
the Alexander polynomial (it being understood that the abelianisation of G is
known to be infinite cyclic). This can be done in the following way, using the free
differential calculus devised by R. H. Fox. Suppose that G is the group of a knot
K, given by any presentation

G = (xl,xz,...,x,,;rl,rz,...,r,"),

andleta : G — G/G" = (1) be the abelianisation homomorphism. If P
is any space with IT;(P) = G, and P is the cover of P corresl)onding to G’,
then the above reasoning transferred from X to P shows that H|(P; Z), regarded
as a module over Z[t ™!, t], is also G’/G” with action by Z[G/G'], and so it is
equivalent to the Alexander module of K. Take for P a complex consisting of
one 0-cell V, n oriented 1-cells labelled x|, x,, ..., x,, having all their end points
identified with V to form n loops, and m oriented 2-cells ¢y, €2y vy Cms with each
dc; glued to the 1-cells according to the word r;. All the lifts to P of all the cells of
P give a cell structure on ~13 which can be used in the following way to investigate
the homologxof P. Let V be a chosen lift of the point V, let X; be the lift of x;
that starts aVv and let ¢; be~ the lift of ¢; that has as its boundary the lift of r; that
begins at V. The whole of P is just the union of all translates of these cells under
the action of ( 7 ). Thus the chain complex (with integer coefficients) of Zi 1]
modules for P,

~ d ~ d ~
C(P) — C(P) — Co(P),

has each C; (P) freely generated as a module by the above specified i-cells in P.

In this chain complex, the boundary map d, sends EL to the lift of r; beginning
at V now regarded as an element of the module C,(P). Any occurrence of x;
in r; contributes some ( t )-translate of x; to da(c;). In fact, if i = wix;w,
this occurrence of x; contributes to d> @) the lift of x; that begins at the final
point of the lift of w; which starts at V; thus the contribution is «(w)) acting
onx;. Ifr, = lej"l vy, this occurrence oij_] contributes —a(lej_')f,-. The x;
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term in d>(c;) is thus the sum, over all occurrences of xj_1 and x; in r;, of these
contributions. It is a simple formality to write down a procedure to determine this
sum as

d(G) = Z«w

J

where the meaning of the terms is as follows: The quotient map (given by the
presentation) from F, the free group on generators x;, xz, . xn, to G induces a
homomorphism of group-rings ¢ : Z(F) — Z(G). The map ax : Z(F) —>
Z(F) is the linear extension of the map defined on elements of F by

ax; 3)(,'4 1

- = dijs = —djxi"
8)6} J J ’

ij

d(uv) ou Jv
= — +u—0-:.
ox; ox; 0x;

(In practice, this last formula should be used on a word in which v is the last letter
ofthe word.) Thus the transpose of oqu( Bx) L ) is a matrix representing d,, and so that

is a presentation matrix for the module C 1 (P) /dz(Cz(P)). Now, as usual, there is
a short exact sequence of modules

- - ~ d ~
0 — H(P) — Ci(F)/dy(Co(P)) =5 diC\(P) —> 0.

So it is useful to investigate d,C |(P) The boundary map d, is determined by
dl(x ) = (a¢(x;) — D)V. Now, a¢(x;) = t% for some a; € Z, so d1C1(P) is
TV where T is the ideal of Z{r, r~'] generated by {(t% — 1) : j = 1,2, n}.
However, observe that

@ =+ ¢ = 1) = @t -1,

=1 =17t — 1) = ("~ 1.

As the % generate { r ), it must be that 1 = tz”f'“f for some v; € Z. Thus,
using the above observation, (f — 1) € 7 and, as (+ — 1) divides each (#*/ — 1),
it follows that Z is just the principal ideal generated by (r — 1). Then d\C(P) is
the free rank-one module generated by the element (t — 1)V. As d,C,(P) is free,
the above short exact sequence splits and

Ci(P)/dy(Co(P)) = H{(P) & Z[t, t™"].

Now if A is a presentation matrix for a module M over a ring R, a presentation
matrix for M @ R is A with an extra row of zeros appended. This has the same
non-zero minors as has A, but the number of rows deleted to obtain a minor of the
new matrix is one more than the number so deleted from A. Thus the r'™ elementary
ideal of M is the (r + 1)™" elementary ideal of M @ R. The transpose of the m x n
matrix a¢(dr;/dx;) presents Hy(P) @& Z[t,17'], so the rth elementary ideal &,
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of Z[r, t~'] for the module H, (;) is generated by the (n — r) x (n — r) minors
of this matrix. In particular & is generated by the (n — 1) x (n — 1) minors, and
this is the ideal that is known (from Chapter 6) to be a principal ideal generated
by the Alexander polynomial A (7).

As a simple example of the way that this can be used, consider the Wirtinger
presentation of the trefoil knot given by

G = (g1, 8, 8 8388 &' 8888 ")

The formalism of the free differential calculus gives

ori ( & ~g38185 85" l—gag_nlgi'l)_
g, 1 — 81828 8 —81828) &

On abelianising, each generator of the Wirtinger presentation is mapped to ¢, so

ar; t -1 1-t
“"’(55) - (1—: t -1 )
Up to sign, all the (2 x 2) minors of this are 1 — ¢ + ¢2, and so this is the Alexander
polynomial of the trefoil knot. This general method of calculating the Alexander
polynomial, when applied to a Wirtinger presentation, is essentially the “ L-matrix”
method of Reidemeister ({107] or [108]).

The free differential calculus excels in the case of a torus knot. Let 7 be a standard
unknotted torus in S* (T can be thought of as the boundary of a neighbourhood
of the unknot). A (p, g) torus knot is the knot K contained in T that represents
p longitudes and g meridians of the unknot. Such a simple closed curve exists
if and only if p and g are coprime (an exercise). The exterior of K consists of
two solid tori (one inside T and one outside) glued together along an annulus that
goes around T as p longitudes and ¢ meridians. The Van Kampen theorem, which
describes the fundamental group of a space obtained by gluing two other spaces
together, can then be used. In this case it shows that the group of K has a one
relator presentation as

(x1, x5 xTx, 7 ),

where x| and x, are represented by cores of the two solid tori. The relation occurs
because the core of the gluing annulus represents both x and x; . Note that x; links
K with linking number ¢ and x; links K with linking number p. Hence ax; = 19
and ax; = tP. Thus

ar -
—1:(1+X|+x12+~~-+xf’

8Xj
¢ 8r1 1 — P4 _t]7t]t—})(1 — t—pq)
o -— = .
ax; 1 — 9 1 —1r

So the Alexander polynomial of K is a generator of the (principal) ideal of Z[t, ']
generated by the two elements 1 — t77/1 — 7 and 1 — t7?/1 —t”. As p and ¢

1 1 _2 -
x|p(_x2 — X _"'_xzq))’
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are coprime, the technique used above shows that (1 — r) is in the ideal generated
by (1 — ¢”) and (1 — ¢9). Then it is not hard to see that a highest common factor
of l —¢?7/1 —¢t9andl — 7)1 — 1P is

(=0 —1")
(1= )1 —9)°

and so this is (up to multiplication by -=¢%") the Alexander polynomial of the torus
knot.

This discussion of the torus knot depends for its simplicity on the fact that the
group of a torus knot has a presentation with just two generators and one relator.
Any 2-bridge link also has a two-generator, one-relator presentation, as can be
seen from its description as a union of two trivial 2-string tangles. In general, this
relator is more complicated than that for the torus knot.

The Alexander polynomial of an oriented link is (up to units) a Laurent polyno-
mial in one variable ¢. If #L, the number of components of L, is two or more, the
theory can be amplified to give a multi-variable Alexander polynomial. Suppose
that/ : {1,2,...,#L} — {1,2,..., v}, for some integer v > 2, is a surjection,
thought of as labelling (or colouring) of the components {L; : i = 1,2, ..., #L}
of L. Let G be, as usual, the group of L. Then G/G’ is a free abelian group
on #L meridian generators. Map this on to the free abelian group on v generators
(written multiplicatively as (¢, 2, . . ., L5 LiE)t; ~ )) by sending the i" oriented
meridian to 7, and let o be the composnlon

@:G = G/G — (1.0, ..., 15 tit;1] ' 17).

Then X, the exterior of L, has a covering X corresponding to the kernel of « that
is acted upon freely by the group (f1, o, ..., ty ; £t ) The group ring of
this group will be written as Z[r*', &', . . ., tvi‘], and H| (X, 7) is a module over
this ring. This module is an invariant of the oriented labelled link L. Again, the
first elementary ideal of the module is principal, and a generator (well defined up
to multiplication by 47" £ . ..t} is called the multi-variable Alexander
polynomial of the orlented Iabelled lmk In [21] a method is given for finding a
square matrix that presents the module H, (X: Z);itisa generalisation of the Seifert
surface method of Chapter 6 to the multi-variable situation. Alternatively, one can
follow the formalism of the free differential calculus discussed in this chapter. Start-
ing witha Wirtinger presentation of G as (x|, x3, ..., X, ; 1, F2, ..., '), formthe
cell complex P from the presentation as before, and let P be the cover correspond-
ing to the kernel of a. As before, the transpose of the e square matrix a¢ (dr; /9x;) is
a presentation matrix for the module C (P)/d>(C (P)) Now however, the module
d,C(P) is not free; it is 1somorphlc to the ideal of Z[£!, 5!, . . ., £¥'] generated
by {(t; — 1) : i =12,. v}. Thus the short exact sequence relating these two
modules and H,(P) cannot be split. Nevertheless, it can be shown that a multi-
variable Alexander polynomial is obtained by taking the matrix a¢ (dr;/0x;),
deleting any row and the j column, evaluating the determinant of this smaller
matrix, and then dividing by (a¢(x;) — 1), which will indeed be a factor. More
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details are in [17]. This has been refined in [39] in order to obtain a canonical nor-
malisation for multi-variable polynomials, which fits into the a generalised skein
approach described by Conway [20] (see also [100] and [99]).

A final example of the direct use of the fundamental group of a knot’s exterior
will now be given. It is a proof found by H. F. Trotter [125] that there are oriented
knots that are not equivalent to their reverses. It is included here because the result
seems important and because no invariant has been found that can ever prove a knot
to be a non-reversible knot (though see [70]). Most known methods of achieving
such a result are rather ad hoc. In this case the technique consists of a detailed
investigation of a particular group, understanding it in terms of isometries of the
hyperbolic plane. Trotter’s result is the following:

Theorem 11.11. Let p, g and r be odd integers such that |p|, |q| and |r| are
distinct and greater than one. Then the oriented pretzel knot P(p, q, r) is not
equivalent to its reverse.

SKETCH PROOF. Supposethat p = 2k + 1,9 =2+ landr = 2m + 1.
Many of the generators of the Wirtinger presentation of the group of P(p, q. r)
can easily be eliminated to give a presentation with meridian generators x, y and
z as indicated (for (p, g, r) = (7, 3, 5)) in Figure 11.3 and relations

(_xywl)mx(xy—l)—m — (yz—l)k-i—lz(yz—l)—k——l’
(yz-—|)ky(yz—l)—k — (Zx—l)H-lx(Z_xfl)A/—l’
(Zx—l)lz(zxfl)fl — (xy—l)l1l+]y(xy~])*m*|.

A longitude w represents the element
(xy71)-m (yz—l)k+1 (Zx—l)~/(xyAl)m+1 (yz-l)fk(zx—l)l-H .

If P(p, q. r) isreversible, there exists an automorphism « of the group that sends
meridians to inverse meridians and w to w~!. (Here a meridian is an element of
the group represented by a loop that goes from the base point along some path to
the knot, around the knot and back along the same path.) Thus if H is the subgroup
generated by the squares of meridians, H is normal and invariant under «. Then
« induces an automorphism of G/H, and G/H has a presentaion with generators

T 0
0.5

Figure 11.3

N
r\,’\,’\,’\,'\,’\,
:
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x, y and z, with the above three relations and the relations

=y =2 =1,

That easily simplifies to become
G/H=(x,y,2: =y =2 =1,y =2’ = (@x)7).

Now, abelianising G/H produces a cyclic group of order 2 (as p, g and r are
odd) with x, y and z all mapping to the generator. Thus the commutator subgroup
of G/ H is all elements expressible as words of even length in x, y and z. It is thus
the subgroup generated by xy, yz and zx (note that (xy)(yz) = xz), and each
of these three elements commutes with (xy)”. Thus if U is the subgroup of G/H
generated by (xy)”, then U is contained in the centre of the commutator subgroup
of G/H.

Let W be the quotient (G/H)/U so that W is

(x,y,2; X =y =27 = (xp) = (y2)’ = (@) = 1).

This is well known to be a triangle subgroup of isometries of the hyperbolic plane,
where x, y and z now represent the reflections in the three sides of a hyperbolic
triangle having vertex angles 7/ p, w/q and 7 /r. This means that xy, yz and zx
represent rotations about the three vertices. (It may be assumed, without effecting
the algebra, that p, g and r are now all positive.) It is easy to see that the subgroup
generated by those rotations has trivial centre. Hence U is the centre of the com-
mutator subgroup of G/H, and so U is mapped to itself by any automorphism of
G/H. Hence ¢ induces an automorphism & of W. In W, the longitude element
w has become ((xy)~™" (yz) ¥ (zx)™!)?, which represents a translation of the hy-
perbolic plane along the direction of one of the sides of the triangle. Then & must
send this element to its inverse, the translation in the opposite direction. However,
a little consideration of the triangular tessellation of the hyperbolic plane [125]
shows that this would mean that the direction of the side of the triangle would be
reversed by some element of W, and this is not possible when p, g and r are all
odd. O

Exercises

1. Find a presentation of the group of the knot 8, with the minimum possible number of
generators and the minimum possible number of relators.

2. Use the loop theorem (or Dehn’s Lemma) to show that a non-trivial knot K and a
longitude of K never constitute a split link.

3. Use the Loop Theorem and the Schonflies theorem to show that any torus 7', piecewise
linearly embedded in S, bounds, on one side in 3, a solid torus. [It should be assumed
that §* ~ T has two components.]

4. For a given positive integer » find a knot for which the group has no presentation with
fewer than n generators.
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5.

10.

Chapter 11

Explore the way in which the free differential calculus, applied to the Wirtinger pre-
sentation of a knot group, provides a way of deriving the Alexander polynomial of a
knot from the determinant of a matrix directly associated with a diagram of the knot.

. A knot K has tunnel number 1 if an arc o can be embedded (piecewise linearly) in

S3, meeting K precisely in da, so that the closure of the complement of a regular
neighbourhood of the #-curve K U « is a handlebody of genus 2 (see Chapter 12 for
discussion of handlebodies). Show that a 2-bridge knot has tunnel number 1 and so
does a torus knot. Prove that the group of a tunnel number 1 knot has a presentation
with two generators and one relator. What does that imply about the Alexander ideals
of the knot? Prove that the pretzel knot P (3, 3, —3) does not have tunnel number 1.

. The dihedral group D,, of 2n elements is the group of symmetries of a regular n-gon;

it has a presentation (x, y ; x", y?, yxyx). Suppose that there is given an n-colouring
of a diagram of a knot K. This is a function ¢ from the segments of the diagram to
Z/nZ so that at any crossing, the over-pass is labelled with the average, modulo n, of
the labels of the two segments on either side. If g; is the generator of the Wirtinger
presentation of [T, (§* — K) corresponding to the i th segment of the diagram, show that
g > yx°“ defines a homomorphism I1,(S> ~ K) — D,,. Show that any surjective
homomorphism IT1,(S* — K) — D, must arise in this way. [When # is odd, such
a surjection exists if and only if # divides the exponent (the lowest common multiple
of the orders of the elements) of the first homology group of the double cover of §*
branched over K. A necessary condition for the existence of an n-colouring is that n
divide the determinant of K.]

. Show that the genus of the (p, g) torus knot, where p and ¢ are coprime, is

1(p—-Dg—-D.

. Suppose that X is the exterior of a knot K. The 3-manifold (S' x D?) U, X, where

h: 8(S' x D*) — 3X is a homeomorphism with A (point x 3 D?) homologous to the
sum of & meridians and 8 longitudes, is said to be obtained by /8 Dehn surgery on K.
Show that if /8 Dehn surgery on a torus knot produces a simply connected manifold,
then (@, B) = (&1, 0) and the manifold produced is just S>. [A knot with this property
is said to have “Property P”; it is not known if all knots have this property.]

Prove that the trefoil knot 3, and its reflection are distinct by showing that there is no
isomorphism, from the group of one knot to the group of the other, that maps the ele-
ments corresponding to meridian and and longitude in one group to those corresponding
to meridian and longitude in the other.
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Obtaining 3-Manifolds by
Surgery on S°

The aim of this chapter is to show, in Theorem 12.14, that every closed connected
orientable 3-manifold can be obtained by “surgery” on S°. The method used is a
version of that of [77]. An elementary r-surgery on a general n-manifold M is the
operation of removing from M an embedded copy of §” x D"~" and replacing
it with a copy of D'*! x §"7"~!, the replacement being effected by means of
the obvious homeomorphism between the boundaries of the removed set and its
replacement. Surgery in general is a sequence of elementary surgeries. In the case
of surfaces, instances of 1-surgery and 0-surgery have already been employed in
carlier chapters, usually when the surface was contained in S3. The only surgeries
needed in this chapter are 1-surgeries on a 3-manifold, and it is easy to see they can
be performed “simultaneously”. The surgery process will consist of the removal
from S* of disjoint copies of S' x D? and their replacement by copies of D? x
S'. Of course, the set removed and its replacement are homeomorphic, but the
parametrisation of the removed set as disjoint copies of §' x D?, and the canonical
method of replacement with respect to that, ensure that the new manifold is usually
not S3. A collection of disjoint solid tori in S* is just a regular neighbourhood of
a link, and a parametrisation of a neighbourhood of each component by S' x D?
is called a framing of the link. Thus it will be shown that 3-manifolds can be
interpreted by means of framed links in S3.

The fact that any 3-manifold M is triangulable, and so can be regarded as a
simplicial complex, will be assumed. It is hoped that piecewise linearity, though
assumed throughout, will not be obtrusive. When M is closed (that is, compact
and with empty boundary) and orientable, a triangulation will lead easily to the
fact that M has a Heegaard splitting. This will mean that M is just two “handle-
bodies” (see Definition 12.10) with their boundary surfaces identified by some
homeomorphism between them. Philosophically, complete knowledge of surface
homeomorphisms should tell all about 3-manifolds. Thus a little investigation of
surface homeomorphisms is in order.

Firstly, it is desirable to divide homeomorphisms into isotopy classes. As
already mentioned in Chapter 1, homeomorphisms are isotopic if one can be
“slid” to the other. The definition of Chapter 1 is amplified below. If two
homeomorphisms between surfaces do not differ significantly, one would not

123
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expect much difference between 3-manifolds formed by operations using those
homeomorphisms.

Definition 12.1. Piecewise linear homeomorpisms /¢ and 4, between complexes
X and Y are isotopic if they are connected by a path of homeomorphisms {4, :
X — Y, t € [0, 1]} such thatthemap H : X x [0, 1] — Y x [0, 1] defined by
H(x,t) = (h,(x), t) is a piecewise linear homeomorphism.

If preferred, “smooth” could be substituted for “piecewise linear” in the above
definition when X is a smooth manifold. However, it is important that the home-
omorphism H should indeed belong in the category of choice. A classical result
of Alexander ([113], [47]) states that any piecewise linear homeomorphism of the
n-dimensional ball to itself, that is fixed on the boundary, is isotopic to the iden-
tity keeping the boundary fixed (by all the 4,). This leads to the result that any
piecewise linear orientation-preserving homeomorphism of the n-sphere to itself
is isotopic to the identity. (Although the smooth versions of these results are, in
general, false, they are true when n = 2.) For surfaces it is, in fact, known that
homotopic homeomorphisms are isotopic. It is easy to show that for any complex
X, the set of all self-homeomorphisms that are isotopic to the identity forms a nor-
mal subgroup of the group of all self-homeomorphisms of X. The quotient of the
group of all self-homeomorphisms by this normal subgroup is called the mapping
class group of X. The present motivation for thinking about isotopy comes from
the following elementary lemma.

Lemma 12.2. Suppose that U and V are 3-manifolds with homeomorphic
boundaries, and that hy : U — 93V and hy : oU — 9V are isofopic
homeomorphisms. Then U Uy, V and U Uy, V are homeomorphic.

Proor. Choose ([113], [47]) a collar neighbourhood C of 9U in U; C is a
neighbourhood of 3U homeomorphic to dU x [0, 1], with dU identified with
aU x 0. A homeomorphism f : U Uy, V — U U,, V can be constructed by
defining f to be the identity on (U — C) U V and on C defining f(x,?) =
(hi ' hex, 1), 0

In what follows, let F be a connected compact oriented surface, possibly with
non-empty boundary. Let C be a simple closed curve embedded in F, and let A be
an annulus neighbourhood of C. The standard annulus is S' x [0, 1] with some
fixed orientation.

Definition 12.3. A twist about C is any homeomorphism isotopic to the home-
omorphism tr : F — F defined such that 7|F — A is the identity and,
parametrising A as S' x [0, 1] in an orientation-preserving manner, 7|A is given
by t(e'?, 1) = (/27 1),
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Figure 12.1

Note that the effect of T on a path crossing C is to sweep that path all the way
around the annulus. See Figure 12.1. Strictly, of course, a twist homeomorphism
should here be piecewise linear; the fourth power of the piecewise linear homeo-
morphism shown in Figure 12.2 (which fixes the inner boundary component and
moves each vertex on the outer boundary to the next vertex in a clockwise direction)
is an appropriate piecewise linear model for a twist rather than the homeomorphism
of Figure 12.1.

Y —

/7 N\

Figure 12.2

Definition 12.4. Oriented simple closed curves p and ¢ contained in the interior
of the surface F are called twist-equivalent, written p ~, ¢q, if hp = ¢ for some
homeomorphism h of F that is in the group of homeomorphisms generated by all
twists of F' (which includes homeomorphisms isotopic to the identity).

In this definition /4 is required to carry the orientation of one curve to that of the
other. Of course, in general there may be no homeomorphism of any sort that sends
p to g; that is certainly the case if p separates F' and g does not.

Lemma 12.5. Suppose oriented simple closed curves p and q, contained in
the interior of the surface F, intersect transversely at precisely one point. Then
P~ q.

PROOF. The first diagram of Figures 12.3 shows the intersection point of p and
g and also a simple closed curve C, that runs parallel to, and is slightly displaced
from, ¢. Similarly, C; is a slightly displaced copy of p. The second diagram shows
7, p, where 1, is a twist about C. The third diagram shows 7,7 p, where 1, isa
twist about Cs. In this diagram 7,7, p has a doubled-back portion that can easily
be moved by a homeomorphism isotopic to the identity (that is, a slide in F) to
change tyT p to q. O
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Figure 12.3

Lemma 12.6. Suppose that oriented simple closed curves p and q contained in
the interior of the surface F are disjoint and that neither separates F (that is,

[p] # 0 # [q]in H\(F,3F)). Then p ~- q.

Proor. Consideration of the surface obtained by cutting F along p U ¢ shows
at once that there is a simple closed curve r in F that intersects each of p and g
transversely at one point. Then, by Lemma 12.5, p ~, r ~; q. O

Proposition 12.7. Suppose that oriented simple closed curves p and q are
contained in the interior of the surface F and that neither separates F. Then
P~ q.
ProOF. Changing ¢ by means of a homeomorphism of F that is (close to and)
isotopic to the identity, it can be assumed that p and ¢ intersect transversely at n
points. The proof is by induction on n; Lemmas 12.5 and 12.6 start the induction,
so assume thatn > 2 and that the result is true for less that # points of intersection.

Let A and B be consecutive points along p of p N g. Suppose firstly that p
leaves A on one side of g and returns to B from the other side of g. Let r be a
simple closed curve in F' that starts near A, follows close to p until near B and
then returns to its start in a neighbourhood of g. As shown in the first diagram of
Figure 12.4, r can be chosen so that p N r contains less than n points and g N r
is one point. Hence p ~; r by the induction hypothesis, and » ~; g by Lemma
12.5.

Suppose now that p leaves A on one side of ¢ and returns to B from the same
side of g. Let r; and r, be the two simple closed curves shown in the second

941"

94
A _p Al——3 )
Y —
4 ry
T/ J73 | —
B e
|

Figure 12.4
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diagram of Figure 12.4. Each starts near A, proceeds near p until close to B and
then back to its start following near to g. However, r| starts on the right of p and
ry starts on the left. Now in H,(F, aF), [r|] — [r2] = [q], and hence at least one
of r| and r; does not separate (as [¢] # 0). Let that curve be defined to be r. Then
r is disjoint from ¢, so r ~, g by Lemma 12.6 and, as r N p has at most n — 2

points, p ~, r by the induction hypothesis. O
Corollary 12.8. Let py, pa, . .. , py bedisjoint simple closed curves in the interior
of F the union of which does not separate F. Let q\, qa, . . . , q, be another set of
curves with the same properties. Then there is a homeomorphism h of F that is in
the group generated by twists, so that hp; = q; foreachi = 1,2, ..., n.

PRrOOF. Suppose inductively that such an % can be found so that 2p; = ¢; for
eachi =1,2,... ,n — 1. Apply Proposition 12.7 to hp, and g, in F cut along
G UgyU...Ugy-. d

The theory of homeomorphisms of surfaces will be left at that point and attention
turned back to n-manifolds with particular interest in n = 3.

Definition 12.9. Let M be an n-manifold, let e : dD” x D" — 0M be an
embedding (where, as usual, D* is the standard s-dimensional disc or ball). Then
M U, (D" x D"7") is called “M with an r-handle added”.

Note that the boundary of this new manifold is 3 M changed by an (r — 1)-surgery.

Definition 12.10. A handlebody of genus g is an orientable 3-manifold that is a
3-ball with g 1-handles added.

Here, “orientable” can be taken to mean that every simple closed curve in the
manifold has a solid torus neighbourhood. It is a straightforward exercise in the
elementary technicalities of piecewise linear manifold theory to show that, up to
homeomorphism, there is only one genus g handlebody. It is indeed, as already
stated, the product of an interval with a g-holed disc. A regular neighbourhood of
any finite connected graph embedded in an orientable 3-manifold is a handlebody.
This follows by taking the neighbourhood of a maximal tree as the 3-ball and
neighbourhoods of the midpoints of the remaining edges as 1-handles.

Definition 12.11. A Heegaard splitting of a (closed, connected, orientable) 3-
manifold M is a pair of handlebodies X and Y containedin M suchthat XUY = M
and X NY = 90X = Y.

Note that X and Y have the same genus; namely, the genus of their common
boundary surface.

Lemma 12.12. Any closed connected orientable 3-manifold has a Heegaard
splitting.
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PROOF. This is similar to the first part of the proof of Theorem 8.2. Take a
triangulation of M as a simplicial complex K. The vertices of the first derived
subdivision KV of K are the barycentres A of the simplexes A of K. The second
derived subdivision K® of K is, of course, just (KV)(). The 1-skeleton of K
(that is, the sub-complex consisting of the 0-simplexes and 1-simplexes of K),
being a graph, has, as intimated above, for its simplicial neighbourhood in K®, a
handlebody. The closure of the complement of this is the simplicial neighbourhood
in K@ of another graph. That graph, called the dual 1-skeleton of K, is the sub-
complex { J, Ca of Igl), where the union is over all 3-simplexes A, and C, is
the cone with vertex A on the barycentres of the 2-dimensional faces of A. Thus
K is expressed as the union of two handlebodies that intersect in their common
boundary, and this is the required Heegaard splitting. O

Theorem 12.13. Let M be a closed connected orientable 3-manifold. There exists
finite sets of disjoint solid tori T{, Ty, ..., T\, in M and Ty, Ty, . .., Ty in S* such
that M — U{VInt(T,-’) and S — U’lvlnt(T,-) are homeomorphic.

PROOF. By Lemma 12.12, M has a Heegaard splitting, so for handiebodies U
and V of some genus g, and some homeomorphism 4 : U — 3V, M =
Uy, V.Let pi, ps, ..., p;, be disjoint simple closed curves in dU, that bound
disjoint discs in U and let gy, g2, . . . g, be disjoint simple closed curves in 3V
(one around each “hole” of the handlebody) as shown in Figure 12.5, so that if
¢ is any homeomorphism ¢ : 90U — 8V such that ¢(p!) = ¢; for each i, then

CEED),

U
P 3’; 3”3
Figure 12.5

Let h(p;) = p; foreachi. Ifthere were a homeomorphism of V sending each p;
to g; then U U,, V would be S3. However, by Corollary 12.8, there is a product ¢ , of
twists and inverses of twists, of 9V that sends each p; to g;. Up to isotopy a twist t
of dV is, by definition, supported on an annulus A. By Lemma 12.2 (and using the
normality of the subgroup of all homeomorphisms isotopic to the identity) it may
be assumed that all the twists concerned are so supported. As in Lemma 12.2, 9V
has a collar neighbourhood in V, a neighbourhood homeomorphic to 3V x [0, 1]
with 0V identified with 9V x 0. Of course, A x [0, 1] C 9V x [0, 1],and t extends
tot x 1 onA x [0, 1/2]. Then t extends, by the identity, over the remainder of
the closure of V — (A x [1/2, 1]). Thus t extends over V after the removal of
the interior of a solid torus. This means that the product v, of twists and inverse
twists supported on annuli in 3V, extends to a homeomorphism from V less the
interiors of solid tori to V less the interiors of (in general, different) solid tori. The
solid tori that permit successive twists to extend are removed from successively
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narrower collars of 9V, Thus, at the cost of removing these solid tori, there is a
homeomorphism of V to V sending each p; to ¢;, so gluing on copies of U by
means of 4 to the first copy of V and by ¥/ to the second copy gives the required
result. O

Note that, with the notation of the above proof T maps the boundary of the
meridian disc of the solid torus A x [1/2, 1] to a curve that is homologous to one
longitude plus some number of meridians of the boundary of the solid torus. The
solid torus can, then, be parametrised as S' x D? so that T maps {*} x 3 D? to
S' x {*}. This translates at once into the following result:

Theorem 12.14. Any closed connected orientable 3-manifold M can be obtained
Sfrom S* by a collection of I-surgeries, that is, by removing disjoint copies of
S x D? and replacing them with copies of D* x S' in the canonical way. Thus M
bounds a 4-manifold that is a 4-ball to which a collection of 2-handles has been
added.

In using this result the disjoint copies of ' x D? that are to be removed from
§* are thought of as a neighbourhood of a link in S°. In order to specify the
parametrisation of this neighbourhood by copies of §' x D? parallels (in the
S! x D? structures) to the link components (the cores of the solid tori) are specified.
Each parallel, or framing curve, is a simple closed curve on the boundary of
a solid torus neighbourhood of a link component that wil/ bound a disc when
S' x D? is replaced by D? x S'. Each parallel can be specified by an integer,
allocated to the component of the link, that specifies the linking number in S*
of the component and its parallel (both oriented in the same direction around the
solid torus neighbourhood). Alternatively the framed link can be taken to be a
link of thin bands (annuli), the two boundary components of each annulus being
a component of the link and its parallel. Sometimes the link is drawn with cross-
overs in the plane (or some other surface), and it is assumed that the designated
parallel always runs beside the link component in the 2-dimensional projection.
The framing so encoded by a diagram is sometimes colloquially described as the
“blackboard framing”.

The representation of a closed connected orientable 3-manifold by means of
surgery on a framed link is by no means unique. That certainly seems likely from the
proof of Theorem 12.13. There is no unique way of expressing a homeomorphism
as a product of twists, for there are relations in the mapping class group of a
surface. The following theorem, due to Kirby [65], describes two ways in which
the framed links can be changed without changing the 3-manifolds that result from
them by means of surgery. It is fairly easy to see that the changes of links by such
Kirby moves do not change the 3-manifold. What is not obvious is the fact that
iterations of these two types of move relate any two framed links representing the
same 3-manifold.
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Figure 12.6

Theorem 12.15. Two framed links in S* give, by surgery, the same oriented 3-
manifold if and only if they are related by a sequence of moves of two types. In a
move of type 1, an extra unknotted component, unlinked from all other components,
with framing 1 or —1 is added to or removed from the link. In a move of type 2, any
two components that are, together with their framing curves, contained in a doubly
punctured disc (itself possibly knotted up and linked with other components) in S°,
as on the left of Figure 12.6, can be changed to the two curves on the right, the
new framing curves again being on the punctured disc.

For the proof, which uses 4-dimensional Cerf theory, refer to [65]. If one consid-
ers the surgery information as a recipe for adding 2-handles on to a 4-ball to create
a 4-manifold with the 3-manifold as its boundary, a move of type 2 corresponds
to sliding one 2-handle over another. A type 1 move changes the 4-manifold by
taking the connected sum with a complex projective plane (oriented in either way),
or by removing such a summand. Neither manoeuvre changes the boundary of the
4-manifold. The two moves of Theorem 12.15 can be, and indeed have been, ex-
plored at length to give many examples of different framed links representing the
same manifold [65]. An interesting exercise is to show that any closed connected
orientable 3-manifold can be obtained by surgery on S° using a framed link with
all its components unknotted (a crossing in a link diagram can be changed by
introducing, by a type 1 move, a new component and then employing two type 2

-a; -a,
@ COYBY --- T Do
%)\}as)\} R )"a, QJ’S

Figure 12.7
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moves). A few examples of framed links that yield, by surgery, certain well-known
3-manifolds are shown in Figure 12.7, where the integers indicate the linking num-
bers of framing curves. Diagram (a)is S' x $2,(b)is S! x S! x §!,(c) is the Poincaré
homology 3-sphere with finite fundamental group, (d) is the lens space L, , where
g/ p has continued fraction expansion 1/{a; + 1/{a; + 1/{az + - -+ + 1/a,}}},
and (e) is the connected sum of a homology 3-sphere and real projective 3-space.
The manifold obtained by surgery on a (p, g) cable knot with framing pg always
has L, , as a connected summand.

Atthe beginning of this chapter, the mapping class group (self-homeomorphisms
up to isotopy) of a space was introduced, and the twist homeomorphisms of a
surface were discussed. For a closed orientable surface the isotopy classes of
orientation-preserving homeomorphisms form a subgroup of index 2 in the map-
ping class group (beware that sometimes it is that subgroup that is named the
mapping class group). It can be shown that that subgroup is generated by all twists
([77]1 [24)). Further, a finite collection of twists generate ([78], [80]) this subgroup;
a minimal collection of twist generators, found by S. P. Humpbhries [48], consists
of the twists about the set of (2g + 1) curves shown in Figure 12.8. Foratorus T
these are just the familiar longitude and meridian curves; twists about them induce
standard generators of the group of automorphisms of H;(T") of determinant 1.

Figure 12.8

A finite presentation for the mapping class group of a surface was given by
B. Wajnryb [131]. Note that for a surface of genus 2 the five generators for the
orientation-preserving group commute with a 7 rotation about the “horizontal
axis” (see Figure 12.9), so this rotation is in the centre of the group. This implies
that a 3-manifold with a Heegaard splitting of genus 2 has a self-homeomorphism
of period 2. In turn, using results of Thurston, that can be shown to lead to the
result that any simply connected closed genus two 3-manifold is S3; that is, the
famous Poincaré conjecture is true for genus two 3-manifolds.

Studies of the mapping class group of a closed non-orientable surface can be
found in [79], [19] and [8].

Figure 12.9
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Exercises

12.

. Prove that any piecewise linear homeomorphism & : B" — B”", with 1[dB" the

identity, is isotopic, keeping the boundary fixed, to the identity homeomorphism. [Hint:
Consider the (n + 1)-ball B* x [0, 1] as the cone on its boundary, with an interior point
for the vertex of the cone.]

. Let X be a disc with n holes (that is, a 2-sphere from which the interiors of n + 1

disjoint discs have been removed). Suppose that & : X — X is a (piecewise linear)
homeomorphism that is the identity on 8 X. Prove that A can be expressed as a product
of finitely many twists. [Hint: If & is an arc in X from one boundary component to
another, consider the intersection of ha with other such arcs.]

. Prove that any orientation-preserving homeomorphism of a closed connected surface

F to itself is expressible as a product of finitely many twists.

. Consider the mapping class group of isotopy classes of orientation-preserving home-

omorphisms of the torus to itself. Show that this is isomorphic to the group of 2 x 2
matrices over Z generated by (l) i and i (1) ) What is the mapping class group

of isotopy classes of all homeomorphisms of the Klein bottle?

. Suppose that C is a simple closed curve in an orientable surface X and thath : X — X

is an orientation-preserving homeomorphism. How are the twist about C and the twist
about hC related? Suppose that p and ¢ are simple closed curves in X that intersect
transversely in precisely one point; 7, and 7, are the twists about p and g. Show that
in the mapping class group of X, 7,7,7, = 7,7,7,.

. Prove that surgery on the unknot in S* with 41 framing just produces S°.

. Find two distinct non-trivial framed knots in > that describe, by means of surgery, the

same 3-manifold.

. Verify that diagrams (a) and (b) of Figure 12.7 are indeed surgery diagrams for §' x S?

and S' x §' x §'. Find surgery diagrams for real projective 3-space R P* and (harder)
for §' x F, where F is a closed connected orientable surface.

. What is the effect on S* of (i) a O-surgery and (ii) a 2-surgery?

. Show that any closed connected orientable 3-manifold can be obtained by surgery on

a framed link in any other such manifold.

. If M is a 3-manifold with a genus g Heegaard splitting, show that the fundamental

group of M has a presentation with g generators and g relators.

Suppose an orientable connected surface is described in terms of a handle decomposi-
tion with just one 0-handle and some 1-handles. Use the idea of sliding a 1-handle over
other 1-handles (a 2-dimensional version of the 4-dimensional handle sliding described
in the second type Kirby move) to produce a canonical form for the surface as depicted
in Figure 6.1. What happens if there are more 0-handles and some 2-handles?
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3-Manifold Invariants from the
Jones Polynomial

As proved in Chapter 12, any closed connected orientable 3-manifold can be ob-
tained by the process of surgery on a framed link in S. Any invariant of framed
links can be applied to such a surgery prescription in the hope of finding an in-
variant of the 3-manifold. That would need to be some entity associated to the
3-manifold and not just to the particular surgery description; it would need to be
unchanged by all possible Kirby moves. An elementary example comes from the
idea of linking numbers. A framed link (with components temporarily ordered
and oriented) has a linking matrix. This is the symmetric matrix with entries the
linking numbers between the pairs of components of the link. The linking number
of a component with itself (a diagonal term of the matrix) is taken to be the integer
that gives the framing of that component. This linking matrix can easily be seen
to be a presentation matrix (in the sense of Chapter 6) for the first homology of
the 3-manifold arising from surgery on the framed link. Thus the modulus of the
determinant of the matrix, if it is non-zero, is the order of that homology group and
the nullity of the matrix is the first Betti number of the manifold. It is easy to check
that these numerical invariants do indeed remain unchanged by Kirby moves on
the framed link. This, however, is not too exciting, as homology is long and better
understood by other means. One might hope to emulate this procedure by a simple
direct application of some link invariant. The Alexander polynomial and the Jones
polynomial fail in that respect. This chapter explains how the Jones polynomial
can nevertheless be amplified to achieve a 3-manifold invariant. Roughly, the idea
is to take a linear sum of the Jones polynomials, evaluated at a complex root of
unity, of copies of the link with the components replaced by various parallels of
the original components. The resulting invariants are known as Witten’s quantum
SU,4(2) 3-manifold invariants. The details are somewhat intricate and, as might be
expected, will here be eased by the simplifying approach of the Kauffman bracket
and the linear skein theory associated with it. The Temperley—Lieb algebras ap-
pear as instances of that theory. E. Witten’s initiation of this topic can be found
in [135].

A proof, using quantum groups, of the existence of these SU,(2) 3-manifold
invariants was given first by N. Y. Reshetékhin and V. G. Turaev [109]; it was
amplified by Kirby and P. Melvin [68]. Early proofs using skein theory, or the

133
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Temperley—Lieb algebra, appeared in [82] and [83]; the proof that follows here
first appeared in [86].

When thinking about surgery, framed links are needed. As remarked in Chapter
12, a framing can be interpreted as annuli twisting along the components of a link,
and this can be encoded by a planar diagram of the link. The understanding then
is that each annulus is a widening of each component in the plane of the diagram.
Extra twists of the annulus correspond to extra ‘kinks’ in the diagram. This means
that the writhe of any component of the diagram is the linking number of a boundary
curve of the annulus with that link component. This integer is the framing of the
link component. A diagram so encoding the framing will be called a diagram for
the framed link. Of course, moving a framed link around by isotopy in S* will not
change at all the result of surgery upon it. This moving around corresponds to the
equivalence of regular isotopy on representing diagrams in R? U oo. Recall that
regular isotopy is generated by the Reidemeister moves of Types I and IIL

A Kirby type 2 move on a diagram of a framed link can be thought of as dragging
a segment of one component of the link up to another and then passing it over to
the far side of that component. The framings so encoded by the diagrams are then
correct for such a move. A Kirby type 1 move consists of adding to a diagram, or
subtracting from it, a curve with precisely one crossing. The theorem of Kirby [65],
Theorem 12.15, is then that closed connected oriented 3-manifolds are equivalent
if and only if any link diagrams that represent them (with respect to surgery) differ
by regular isotopy and a sequence of Kirby moves of the above two types. Thus,
to construct a 3-manifold invariant, it is necessary only to associate with each link
diagram some algebraic concept that does not change when the diagram changes
under regular isotopy or Kirby moves. Of course any link invariant is unchanged
under (regular) isotopy. It is in accommodating the type 2 move that difficulty
arises; the type 1 move turns out to be almost a piece of administration.

Consider now, for a surface, the following version of the linear skein theory
associated to the Kauffiman bracket. Let F be an oriented surface with a finite
collection (possibly empty) of points specified in its boundary 0 F. A link diagram
in the surface F consists of finitely many arcs and closed curves in F, with just
finitely many transverse crossings with the usual “over and under” information; the
end points of the arcs must be precisely the specified points in 9 F. This definition
is meant to contain no surprise. Two diagrams are regarded as the same if they
differ by a homeomorphism of F that is isotopic to the identity always keeping 9 F
fixed. The required linear skein theory of F (inspired by the Kauffman bracket) is
defined as follows:

Definition 13.1. Let A be a fixed complex number. The linear skein S(F) of F
is the vector space of formal linear sums, over C, of (unoriented) link diagrams in
F qotiented by the relations

(i) D U (atrivial closed curve) = (—=A~2 — A% D,

(i) > =4 D +4A™! .

Here a trivial closed curve in a diagram is one that is null-homotopic and that
contains no crossing. The empty set is a permitted diagram if no point is specified
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in 8 F. The equation in (ii) refers to three diagrams that are identical except where
shown. It follows, exactly as in Lemma 3.3, that diagrams that are regularly isotopic
in F (that is, related by the Reidemeister Type II and III moves in F) represent
the same element of S(F). Although a linear skein space is in this way associated
with any oriented surface, the only surfaces needed in what follows are the plane,
the sphere, the annulus and the disc.

The linear skein of the plane, S(IR?), is easily seen to be a 1-dimensional vector
space with the empty diagram as a (fairly natural) base. S (R?) will thus be identified
with C. This is because, by use of (ii), any link diagram in any surface can be
expressed uniquely as a linear sum of diagrams with no crossing at all, and, in this
case, it follows from (i) that those diagrams are multiples of the empty diagram.
Of course, this is the Kauffman bracket approach to the Jones polynomial; the
Kauffman bracket of a diagram is the coordinate of the diagram in S(R?) if the
zero-crossing diagram of the unknot were the base. The inclusion of R? in R? U co
induces an isomorphism of the skein spaces of the plane and the sphere.

The linear skein of the annulus, ' x I, similarly has a base consisting of dia-
grams with no crossing and no null-homotopic closed curve. Each base element is
then just a number of parallel curves encircling the annulus. A product of a diagram
in an annulus with a diagram in another annulus can be defined by identifying to-
gether one boundary component from each annulus. This produces a third annulus
containing a diagram that is the union of the two original diagrams. It is easy to see
that this operation induces a well-defined bilinear product on S(S' x I) that turns
it into a commutative algebra. Let o denote the base element that consists of one
single curve encircling the annulus once with no crossing. Then the base mentioned
above is {a, a!, a?, ...}, where o denotes the empty diagram in the annulus,
and & is represented by n parallel curves all encircling the annulus. S(S' x 1) is
thus C[«] the polynomial algebra in o with complex coefficients. Next consider
the linear skein S(D?, 2n) of a disc with 2n points in its boundary. Again, this has
a base consisting of all diagrams with no crossing and no closed curve. (A com-
binatorial exercise shows there are # (2:) such diagrams, this number being the
n'" Catalan number.) Regarding the disc as a square with 7 standard points on the
left edge and » on the right, a product of diagrams can be defined by juxtaposing
squares, identifying the right edge of one (with its n special points) with the left
edge of the other. This product of diagrams extends to a well-defined bilinear map
that turns S(D?, 2n) into an algebra T L,, the n'" Temperley—Lieb algebra. As
an algebra T'L, is generated by n elements 1, ey, €, . .., €, shown in Figure
13.1, for any of the above base elements is a product of these (an easy exercise).
In this and later diagrams, an integer n beside an arc signifies n copies of that arc
all parallel in the plane so that, for example, the identity element 1 € TL, isn
parallel arcs going from one side of the square to the other. Note that in practice,
some figures will, for convenience, show the square as a rectangle!

Figure 13.1
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f(")= Dn

Figure 13.2

Nothing subtle has yet occurred. It is now, however, essential to understand
the definition of the Jones—Wenzl idempotent £ € TL, as defined in [133].
In the following figures £ will be shown as a small blank square with n arcs
entering and n leaving (see Figure 13.2); indeed, the number of such arcs is used
to determine to which value of n, and hence to which Temperley—Lieb algebra,
such a blank square refers. Although ™ will be represented by a linear sum of
diagrams, it is sometimes helpful to pretend it is just one diagram! The complex
number A, will be that obtained by placing ™ in the plane, joining the n points
on the left of the square by parallel arcs to those on the right (see Figure 13.3) and
interpreting the resultin S(R?) = C. This type of definition will occur again. More
pedantically, A, is the image of f ™ under the linear map TL, — S(R?) = C
induced by mapping each diagram in the square (with 2n boundary points) to a
planar diagram formed by the above standard joining-up process.

4 - &GP
Figure 13.3

The element £ is defined and characterised in the following lemma:

Lemma 13.2. Suppose that A* is not a k'" root of unity for k < n. Then there is
a unique element f € T L, such that
(i) fMe; =0=¢ fMforl <i<n-—1,
(ii) (f™ — 1) belongs to the algebra generated by {e|, ez, . .., €x-1},
(iii) fUfO = f and
(iv) Ay = (—1)(A2FD — A=204D) /(A2 — A72),

PRrOOF. Note that if f exists, 1 — f is the identity of the algebra gener-

ated by {e;, €2, ..., e,_1}, and so f is then certainly unique. Let F© be the
empty diagram (so that Ag = 1), let f 0 = 1, and inductively assume that
F@ O £ have been defined with the above properties (i), (ii), (iii) and

(iv). Observe that (i) and (ii) immediately imply (iii) and that this generalises to
the identity shown in Figure 13.4 provided that (i + j) < n.

J

mirn

i+j _ i+j i+j

Figure 13.4
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Now consider the element x, say, of T L,,_, shown at the start of Figure 13.5.
The identity of Figure 13.4 implies that f"~Dx = x. But f"~Dx is, by (i), just
some scalar multiple A of £~ (because x is a linear sum of 1’s and products
of ¢;’s); the trick of placing squares in the plane and joining points on the left to
points on the right, in the standard way, implies that the scalar A is A, /A, _.

: B : - A I:ln-l

n-1 n-1 n-

Figure 13.5

Suppose now that A% £ | fork < n + 1, so that Ay # 0 for k < n. Define
fU*Y e TL,, inductively by the equation of Figure 13.6.

1 1 1
- - M
n+1 - = An 7 —5LIn
Figure 13.6

Properties (i) and (i) (and hence (iii)) for f"* follow immediately, except
perhaps for the fact that f"*De, = 0. However, Figure 13.7 shows, using the
identities of Figure 13.5 and Figure 13.4, why that also is true.

e 1) [ é g 1 1C 0
f €n ;’ ! 3 - A m_—l -

n n n-1 n

Figure 13.7

It remains to investigate A, . Consider the operation of placing a square in an
annulus and joining k points on one side to k points on the other by parallel arcs
encircling the annulus. For each k, this gives a linear map TL; — S(S' x I).
The image of f® is some polynomial S, () in the generator a of S(S' x ).
So(e) = ® and S, () = «. Inserting into the annulus, in this way, the defining
relation of Figure 13.6 for f@*1 gives the formula of Figure 13.8. However, in
the last diagram in Figure 13.8 the two small squares representing f 0 can be slid
together to become one small square (using £ f = f), and an application
of the formula of Figure 13.5 gives

Sl‘l+|(a) = (XS,,(Q) - S”._](Ot).
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Figure 13.8

This, with the above initial conditions, is the recurrence formula for the n'" Cheby-
shev polynomial (of the second kind, renormalised) in «. If now an annulus
is placed in the plane, the ensuing linear map S(S' x 1) — S(R) sends ok to
(—A~% — A?)*, and by definition it maps S; () to Ay. Thus
An+1 = (_A—z - AZ)AH - An—I-
An induction argument then easily shows that
—1nt! A2(n+2) _ A~2(n+2)
Ay = (=D ) _ -
A2 _ A2

The proof of Lemma 13.2 could have been slightly shortened by inserting the
squares directly into the plane, but consideration of the annulus is important later.
Also, attention has been drawn to the Chebyshev polynomial S,, which, with
indeterminate x and integer coefficients, is defined by

Spt1(x) = x5, (x) — Sp—1(x); Sox) =1, S§ix) =x.
It has the important (easy) properties that
Sp(x) = (=1)"S,(=x) and (¢t — ¢S, (t + 17 =" —7OFD,

Further, it has been seen that £ inserted into S' x I with the boundary points
of f™ connected up by arcs encircling the annulus is S, () € S(S P'x I). This
features in the next most important definition, soon to be extensively employed.

Definition 13.3. For a given integer r, let w € S(S' x I) be defined by
r—2

As a final instance of skein theory, consider the linear skein of an annulus with
two points specified on one of its boundary components, S(S' x I, 2 points). Let
aw and bw be the elements of S(S' x I, 2 points) that consist of w inserted into
the annulus together with an arc, joining the two boundary points of the annulus;
the arc goes “above” w for aw or “below” w for bw (see Figure 13.9).

Lemma 13.4. [n S(S' x I, 2 points), aw — bw is a linear sum of two elements,
each of which contains a copy of f"~V. (That is, each of the two elements is
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G

Figure 13.9

the image of £~V under some map TL,_;, — S(S' x I, 2 points) formed by
including a square into an annulus and joining up boundary points in some way.)

ProoOF. Consider the inclusion, shown in Figure 13.10, of the T L, recurrence
relation of Figure 13.6 into the annulus.

Figure 13.10

The top boundary points on either side of the square are joined to the two points
on the annulus boundary, and the other n points on the left of the square are joined
to the n on the right by parallel arcs encircling the annulus. As in the proof of
Lemma 13.2, the two small squares in the final diagram of Figure 13.10 can be
slid together (using £ £ = £®) to become one square, and the equality can
then be rearranged to become that of Figure 13.11. Sum these equalities from
n=0ton =r — 2 (here A_; = 0). The right-hand side is aw. Rotate each
annulus of Figure 13.11 through 7 and sum again. The right-hand side is now bw.
The left-hand sides of the formulae so obtained are almost the same; recalling that

A_; = 0, the difference of these left-hand sides is the difference of the first term
of Figure 13.11, when n = r — 2, and its rotation; in each is a copy of f"~1. O
—
O RO
\=/ "

Figure 13.11



140 Chapter 13

If D is a planar diagram of a link of n ordered components, D defines a
multilinear map

< o spiSS'xDxSES'xI) x - x S x 1) - SRY).

This map is defined, by multilinearity, using the following construction with di-
agrams: Take n link diagrams in n annuli and immerse the annuli, with their
diagrams, in the plane as a regular neighbourhood of the n (ordered) components
of D. Over- and under-crossings of D become over- and under-crossings of the
immersed annuli and of the diagrams that they contain. In this way the diagrams
in the annuli are made to run parallel to the original components of D. Then the
n annulus diagrams have produced a diagram in R? representing an element of
S(R?) = C. It is easy to check that this induces a well-defined map of the re-
quired form. As a simple example, let D be the diagram on the left of Figure
13.12; then < &, @, 1 >p is represented in S(R?) by the diagram on the right of
Figure 13.12 (remember that in S(S' x 1), « is the generator and 1 is represented

by the empty set).
CacC o=

Figure 13.12

Lemma 13.5. Suppose that A is chosen so that A* is a primitive r'" root of unity,
r > 3. Suppose that D is a planar diagram of a link of n (ordered) components.
Suppose that D’ is another such diagram, obtained from D by a Kirby type 2 move,
in which a parallel of the first component of D is joined by some band to another
component (or, equivalently, a segment of the second component is moved up to
and over the first). Then

<W, 4, .., Sp=<®, , ..., >p .

PROOF. It must be checked that the elements of S(R?), produced as described
above from D and from D', with w as the “‘diagram” around the first component
and with any given diagrams around the others, are in fact the same element.
The difference between these elements is the result of a sequence of moves, each
consisting of moving, by regular isotopy, an arc of some component up to that
labelled with w, and changing from an immersed copy of aw to one of bw. By
Lemma 13.4, this difference is a linear sum of elements of S(IR?), each containing
a copy of £, However, in S(R?) any element containing a copy of f ! is
zero if A* is a primitive r'" root of unity. That is because such an element is, for
somex € TL,_;,theimage in S(R?) of £ ~"x under the map induced by placing
the square in the plane and joining the r — 1 points on the left to those on the right
by parallel arcs. As usual, £~ Dx is a scalar multiple of f“~", but =" maps
to A,_, and A,_; = 0 because A* = 1. 0
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Corollary 13.6. If A% is a primitive r'" root of unity, r > 3, and planar diagrams

D and D’ are related by a sequence of Kirby moves of type 2, then

<W,w, ..., W >p=< W, O ... ,0 >p .

In what follows, U, and U_ will be planar figure-eight diagrams, each with one
crossing, representing the unknot with framings +1 and —1 respectively; U will
denote the diagram of the 0-framed unknot with no crossing at all. The definition
of w implies at once that < @ >y= 372 A,%. When A* is a primitive r'* root
of unity, the substitution

(_l)n(AZ(n-H) _ A—2(r1+l))
A2 — A2

and the summation of the ensuing geometric progression produce the formula

An -

r—2
—2r
_ 2 _
< w >U_Z<;A" = (A7 _ A2

Note that < @ >y # 0. The next result implies that < w >y, and < @ >y_ are
also non-zero. The proof of this lemma will be given a little later.

th

Lemma 13.7. Suppose r > 3 and A is a primitive 4r'" root of unity. Then

<w >y <w >U__‘=< w >y = (142_#2)2

Now comes the theorem (first proved in another form in [109]) asserting the
existence of certain 3-manifold invariants that, up to normalisation, are often called
the quantum SU, (2) invariants. First though, recall the linking matrix of a framed
link with ordered oriented components mentioned at the start of this chapter. This
matrix changes by congruence under Kirby type 2 moves, so its numbers of positive
and of negative eigenvalues do not change under such moves, nor do they change
if different orientations or orderings on the link’s components are chosen.

Theorem 13.8. Suppose that a closed oriented 3-manifold M is obtained by
surgery on a framed link that is represented by a planar diagram D. Let b be the
number of positive eigenvalues and b_ be the number negative eigenvalues of the
linking matrix of this link. Suppose r > 3 and that A is a primitive 4r'" root of
unity. Then
—bs —b_
<0, 0,...,0>p< 0> T< o>,
is a well-defined invariant of M.

PROOF. Note that A is a primitive 45" root of unity, and so, by Lemma 13.7,
< w >y, and < @ >y_ are non-zero. It follows from the Corollary 13.6 and the
preceding remarks about the linking matrix that the given expression is invariant
under Kirby type 2 moves. The last two factors make it invariant under Kirby type
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1 moves, and regular isotopy of D just induces regular isotopies of all the diagrams
used in defining the expression. ]

The invariant just defined is essentially the SU, (2) invariant of M at a “level”
corresponding to r. Observe however that if w is replaced throughout by pw, where
w is a constant complex number, then clearly another slightly different invariant
is obtained. (The new invariant is the old one multiplied by 1 raised to the power
of the first Betti number of M which is the nullity of the above linking matrix.)
It may often be more convenient to use some such renormalisation. Some small
generalisations to this whole approach can be made in several directions. One can
take A to be a primitive 2r"* root of unity when r is odd ([12], or see [86]). One can
take A to be an indeterminate symbol rather than a complex number and work with
modules over Z[A, A~'] rather than vector spaces, quotienting when appropriate
by a cyclotomic polynomial. One can also rephrase the exposition in terms of the
skein theory of framed links in 3-manifolds rather than using link diagrams in
surfaces. The invariant generalises at once to become an invariant of framed links
in 3-manifolds; just add extra components to the surgery link (see [86]).

A more subtle extension to the theory comes from expressing w as wg + i,

where

r—2 r=2
Wy = Z A, Sa(a), w| = Z Ay Sy ().
n=0

n=0 =
n even n odd

If w is replaced by wy or w; in Figure 13.9, the result analogous to that of Lemma
13.4 isthateach of awy — bw) and aw| — bwy is a multiple of an element containing a
copy of £ =1, The theory just described can be altered by decorating some subset
of the components of the surgery link with wo the remainder with w;. Careful
choice of those subsets leads ([11], or see [86]) to invariants of a 3-manifold M
with spin structure or with a preferred element of H "(M; 2.)27).

To complete this chapter, a proof of Lemma 13.7 is needed. If the square, with
n points specified on each of its two sides, is placed in the plane or in S2, each
element of T'L,, (a linear sum of diagrams inside the square) can be regarded as
a linear map to C of the linear skein of diagrams outside the square. This map is
induced by taking a diagram inside and a diagram outside the square and regarding
the union of the two as an element of S(R?) = C. As has already been noted,
if > 3 and A* is a primitive r"* root of unity, f"~" defines the zero map of
outsides although it is not the zero element of T'L,_;. Consider now the element
of T L,, shown in Figure 13.13, regarded as a map of outsides, that consists of f )

encircled by an w.

Lemma 13.9. Supposer > 3 and A is a primitive 4r'" root of unity. The element
of T L,, shown in Figure 13.13 is the zero map of outsides if | < n < r —2. When
n = 0, the element acts as multiplication by < o >y.
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1)

(]

Figure 13.13

PROOF. Consider first the element of T L, that consists of £ encircled by one
simple closed curve. This is shown in Figure 13.14 for n = 4. Figure 13.14 shows
a calculation for that element. Firstly one crossing is removed in the two standard
ways, the results being multiplied by A and A~' and added. The two elements
obtained are then simplified by removing kinks and multiplying by —A*>. Now,
in the two resulting elements, removal of any of the crossings depicted in one of
the standard ways gives zero (as f™e; = 0), so only the other standard way need
be considered. It follows that ™ encircled by one simple closed curve is equal,
in TL,, to (—A20"+D — A=20+D) pln),

Now the element required in this Lemma is £ encircled by an w, regarded as
a map of outsides. Let this be denoted x. A small single unknotted simple closed
curve inserted into this changes x, in the usual way, to (—A~2 — A?)x . However,
that small curve can be slid right over the w without (by Lemma 13.5) changing
the map of outsides, and then removed altogether (by the preceding paragraph)
at the cost of multiplying by (—A2"*) — A=20+Dy Thus (~A72 — AY)x =
(— A2+ — A=2+Dyx Hence either x = 0 or A2t = A2 or A2+ = A2
The two latter possibilities do not occur for 1 < n < r —2,as A is a primitive 4r'"
root of unity, so then x = 0. When n = 0, it is trivial that x acts as multiplication
by < w >y because there is nothing but the curve labelled w to consider. 0

Proor orF LEMMA 13.7. By Corollary 13.6, < @ >y, < w >y_ is equal to
a component with one crossing labelled @ simply linked with a component with
no self-crossing also labelled w, (see Figure 13.15). By definition the w on the
first component is Z;;ﬁ A, S (@), and S, () is £ inserted into the annulus and
joined around the annulus by n parallel arcs. By Lemma 13.9, the linking curve
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Figure 13.15

labelled w converts to zero each term of the summation except the first (when
n=0).This < w >y, <w >y =< o >y. O

That completes the proof of the existence of the SU,(2) 3-manifold invariants
associated with the Jones polynomial. The first proof by V. G. Turaev and H. Wenzl,
based on representation theory, of the existence of SU, (n) invariants (associated
with the HOMFLY polynomial of Chapter 15) can be found in [ 128]. A skein theory
SU, (n) proof—a much harder version of the proof of this chapter—is given by Y.
Yokota [139].

Exercises

1. Prove that the elements 1, e, e;,...¢e,_; do indeed generate the Temperley—Lieb
algebra TL,,.

2. Draw five diagrams that form a base of 7' L; and determine a specific expression for
the idempotent f® as a linear sum of these base elements.

3. Consider the -rotations of the square, used to define the Temperley—Lieb algebra T' L,
about axes from north to south, from east to west and perpendicular to the plane of the
square. Show that for n > 3, these rotations induce involutions of T L, which are not
the identity but which fix the element .

4. Let p be an clement of the permutation group S,. Let D, be the clement of the
Temperley—Lieb algebra T L, that consists of precisely n arcs, one arc joining the
point labelled i on the left edge of the square to the point labelled pi on the right edge
(where labellings start at the top). In D,,, if i < j and pi > pj, there is one crossing
between the arc starting at i and that starting at j and there the first arc is over the sec-
ond. There are no other crossings. Let | o| denote the number of crossings in D,,. Show
that the idempotent f™ € T L, is a scalar multiple of ) ¢ A3ID, and determine

that scalar.

5. The operation of placing a square, containing a generating diagram of 7L,, in the
plane, joining the n points on the left to the  on the right (introducing no new crossing)
and evaluating the result in the skein of the plane induces a linear map tr : 7L, — C.
(Thus tr( f?) = A,.) Show that tr(xy) = tr(yx) and that (x, y) > tr(xy) defines a
bilinear form on T L,. If A is not a root of unity show that this form is non-degenerate.

6. Prove that the Chebyshev polynomials have a product formula of the form
Su(x)S,(x) =Y S,(x), and determine the range of r for given m and n.
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. The collections of elements {«”" : n > 0} and {S,(«) : n > 0} are bases of the space

S(S' x I). Find an expression for " as a linear sum of elements in the second base.

[Hint: Prove that x"*' = " | (’r’) Su—2r41(x) ]

. Suppose a diagram D of a framed knot can be changed by mutation to become a

diagram D', where the mutation is effected by rotating, in the usual way, a disc in the
plane whose boundary meets D at just four points. Prove that (S, («))p = (S,(@))p .
Is it true that (@")p = (¢")p ?

. Prove that the signature of the linking matrix of a framed link is not changed when the

link is changed by a Kirby move of the second type.

. Let A be a primitive 4r™ root of unity. Suppose that ¢ € S(S' x I) is an element

of the skein of the annulus with the property that if H is a two-crossing diagram of
a non-trivial (Hopf) link, (¢, ¥)y = 0 for all ¥ € S(S' x I). Show that if D is a
diagram of any other two-component link, then (¢, ¥)p = 0 forall € S(S! x I).
[Hint: Use w.]

Let D be a planar link diagram, Dy, D,, ..., D, being the sub-diagrams of the indi-
vidual components. Let A be a primitive 47" root of unity and suppose thatk < r — 2.
Let w(D;) be the writhe of D,. Ifi(2), i(3), ..., i(n) are non-negative integers, show
that

(Si(e), '@, o/, &™)
. - -2 w(Dy) - . .
— (_l)/\+l ((_1)1\+r+lA—r ) (Sr—Z—k(a)» (1’(2), ar(})! o (x'("))D,

where A = 3", i(HIk(Dy, D;).
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Methods for Calculating Quantum
Invariants

The quantum SU,(2) 3-manifold invariants associated with a primitive 47t root of
unity, described in the previous chapter, are fairly new and mysterious. Their use has
so far been exceedingly limited in knot theory and in 3-manifold theory. Certainly
they do distinguish many pairs of 3-manifolds, even pairs with the same homotopy
type, but that has usually been more simply achieved by other means. However,
there exist pairs of distinct manifolds with the same invariants for all r (see [85],
[55] and [62]). For some manifolds, for some values of r the invariant is known by
direct calculation to be zero. Superficially it might seem to be almost impossible
to calculate any of these invariants. The calculation, from first principles, of the
invariant corresponding to a 4r™ root of unity involves taking an (r — 2)-parallel
of a surgery link giving the 3-manifold. If the link’s diagram has n crossings, that
of the parallel has n(r — 2)? crossings; calculating a Jones polynomial by naive
means soon becomes impractical when many crossings are involved. It will be
shown here that it is in principle fairly easy to give a formula, as a summation,
for the invariants of lens spaces and, more generally, for certain Seifert fibrations.
Although in theory any of the invariants can always be calculated, it is sensible to
use various simplifying procedures whenever possible. Some of those will be de-
scribed in this chapter. Tables of specific computer calculations appear in [104] and
in [62], where one can search for patterns in the resulting lists of complex numbers.

The basic strategy in making calculations of the quantum SU, (2) invariants is to
make calculations of elements of the skein of S, making as much use as possible
of the idempotents £ of the Temperley—Lieb algebras T L,. The methods for
doing this were first developed by several authors; original accounts can be found
in [87], [86], [84], [61], [62] and [137]. The next two important preparatory results
relate to the Temperley—Lieb algebras.

Lemma 14.1. The element of T L,, shown on the left of Figure 14.1, which consists
of the idempotent f™ followed by a complete positive “kink” in all n strands, is
(=1)" Anz+2nf(n).

PROOF. As shown in Figure 14.1, one strand can be separated a little from the
other n — 1 strands. Now removing the kink in that single strand contributes —A?,

146
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—

n 1
Ly - _D:\//—Daﬁ

2n+1 |n 1

_A = (_1)':4112-!-2" lD_

|

Figure 14.1

and (as in the proof of Lemma 13.9) removing all the other crossings of the single
strand with the other n — 1 strands contributes only a multiplying factor of A2~
(any removal of a crossing in a negative manner gives zero on interacting with
™). Thus the first diagram of Figure 14.1 is equal to —A?"*! times the third
diagram, but that is (—1)""' A" ~! f® by induction on n. The result follows at
once. O

Note that this implies that the removal a negative kink adjacent to an £ entails
multiplying by a factor of (—1)" A2

Lemma 14.2. The element of T L,, shown in Figure 14.2, which consists of the
idempotent 'V with all its strands encircled by a parallel strands that join up the
ends of an idempotent f“ | is

A2(n+l)(a+l) _ A—Z(n+1)(a+l)

f(").

=D° A2+ _ A=201+1)
PROOF. The a parallel strands and the idempotent f® can, as explained in
Chapter 13, be thought of as S, (c) contained in an annulus encircling the strands
of f | where S, is the a™ Chebyshev polynomial. Now, as in the proof of
Lemma 13.9, £ with a single strand encircling it (to be thought of as « in
the annulus) is (—AX"+D — A=2(1+D) £ Hence the element required here is
S, (— A2+ _ A=201+D)y £ This immediately gives the result using the remarks
about Chebyshev polynomials after Lemma 13.2. O

Figure 14.2
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The first of these results is sometimes interpreted by saying that the operation
of inserting a positive kink induces a linear map S(S' x 1) — S(S' x I) and,
with respect to this, each S, («) is an eigenvector with corresponding eigenvalue
(—1)"AT 2 A direct application of this result is the following:

Lemma 14.3. Suppose A is a primitive 4r™ root of unity. Then
G
2A(3+r2)(A2 - A-Y) ’

<w >y, =

where G is the Gauss sum given by G = Z:rzl A"

PROOF. Recall that U is the diagram of the unknot with one positive crossing,

58]

w = A, Sy(e) and A, =

n

(_1)11(A2(n+|) _ A72(11+1))
A2 — A2 :

Il
=3

So use of Lemma 14.1 to remove the kink in each S, () shows that < @ >, is

r—2 r—2
Z Az(_1)11A112+2n — (A2 _ A—Z)‘Z Z(_l)nAnz+2n(A2(n+l) - A~2(n+]))2.
n=0 n=0

Now elementary manoeuvres of algebraic number theory (see [74] for example)
show that the summation in the last term is 1 A=C+) (A2 — A=) ™7 A" O

The fact that reflecting diagrams induces in S(S5?) an interchange of A with A~!,
and that A, is unaltered by such interchange, means that

-G
2A-G+H(A2 — A7)

<w >y =

Thus
~GG/4A* — A =< w >y, <o >y

and this has already been shown, in Lemma 13.7, to be —2r(A? — A=2)72. Thus
GG = 8r. In fact, when A = ¢/™/2" it can be shown that G = 2+/2r ¢/7/4.

It was remarked in Chapter 12 that a lens space has a surgery diagram that
consists of a chain of unknotted simple closed curves, each with some framing,
each simply linking the curve before it in the chain and the curve after it (except
that the curves at the two ends of the chain only link one other curve). Calculation
of the invariant of Chapter 13 involves evaluating the element of S(S?) that arises
from allocating w to each component of the chain. That can be done by expanding
each w as Z;;%) A, S, (o) and using multilinearity, next changing all framings to
zero by removing “kinks” using Lemma 14.1, and then removing components from
the end of the chain using Lemma 14.2. Factors involving powers of < w >y, and
< w >y_ can be evaluated using Lemma 14.3. There results a formula that can be
given to a computer for determination (see [104] for details). An extensive analysis
of such a formula appears in [76]. Work on the formula shows, for example, that
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for all r the lens spaces Lgsg and Lgs |5 have the same invariant, but that the
invariant is not a function of the fundamental group. The lens space invariants
were also explored in [28] and [51]. The same method works if the unknotted
components of the surgery diagram are linked not just in a linear chain but in
a tree-like configuration. The 3-manifold then has the structure of the union of
Seifert fibre spaces (see [104]).

It has already been intimated that it is expedient to renormalise the SU,(2)
invariant discussed so far by replacing w with puw, for some carefully chosen
pu € C. Now choose i € C so that

—2r
-2
Wi =<w>y.<w>py =< >y = —————
* (A2 — A~2)?

(quoting Lemma 13.7 in the last equality). This means that < puw >y, =
< Jw >EE. The renormalisation of the invariant can then be written in terms

of the signature of the linking matrix of the surgery link; it is this renormalisation,
which will now be defined, that produces some elegant evaluations.

Definition 14.4. Suppose r > 3 and A is a primitive 47" root of unity. Let M be
a closed oriented 3-manifold. Define the invariant Z, (M) by

Ta(M) =< pw, po, ..., pw >p< pow >3 W,

where o is the signature of the linking matrix of a link diagram D that is a surgery
diagram for M.

It follows at once that when A is a primitive 4r™ root of unity,

2 2
L) = X287 ad i x 8 = L.
—2r
This is because the empty diagram represents S, so Z4(S%) = pu, this being
the term inserted somewhat gratuitously at the end of the above definition. From
the definition of i, < pw >;' = u = (A — A~2)//=2r. The diagram U, the
zero-crossing diagram of the unknot, represents S' x 2,50 Zo(S' x §%) = 1.

Figure 14.3

To make more general progress in calculating these 3-manifold invariants, it is
necessary to develop some expertise in evaluating, in S ($?), certain “diagrams”
that consist of idempotents of various Temperley—Lieb algebras joined together by
arcs in very simple ways. Consider first the diagram shown on the left of Figure
14.3. 1t consists of x parallel copies of a circle, y of another circle and z of a third
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with fOF | fO+2 and £@+) ingerted as shown. Let I'(x, y, z) be the element
of S(5?) that this diagram represents. This element will now be determined, for
it will be important to know when I'(x, y, z) is and is not zero. In what follows,
A, denotes A, A, _1A,_> ... A, this being interpreted as 1 if n is —1 or zero.

Lemma 14.5.
Aciyr! A 1Ay 1A 4!

I'(x,y,2) = .
A_v+z—l !Az+x—l !Ax+_v~l !
1 1
y y+z-2 Ay+z-2 y “y+z-3
z-1 A_ 2 z-1
-1) Alez :E_)}-\Dm
Y y y-1

Figure 14.4

PROOF. Consider the equations depicted in Figure 14.4; as usual a symbol be-
side a line is a count of the number of parallel arcs that it represents. The first
equality follows from the defining relation of Figure 13.6 for f +2=D (together
with f®@e,_; = 0), and the second line follows by iterating the first line. Next,
the defining relation for f*% followed by a double application of Figure 14.4
produces the identity of Figure 14.5.

y y y LIy
1
_ Ay+z-2 r4 1 4
Ayiz-1 ﬂD')_y y+z-_gij£2 7 1
A 2 1T z-1
( y-l) L4 Z- z
Ay+z-1A.V+Z'2 y y-1 y-1 y

Figure 14.5
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Now apply this last identity to Figure 14.3, using the formulae of Figures 13.4
and 13.5. The following recurrence relation results:

Fx,y,2) =

['(x, v, 2= DA /Bt —Tx+ 1, y—1,2— 1)(Ay—l)2/(A_v+z—l Ayyz-2).

This is ready for a verification of the given formula by induction on z. That
formula is clearly true when z = 0, and inserting it into this recurrence relation
reduces the proof to a demonstration of the equality

A.r+y+zAz—l = A.H—sz+z—1 - Ay—le-

The truth of this can however easily be checked either directly from the formula
for A, or using a double induction on

Ariy = DBy — Ar 1Ay, 0

Figure 14.6

Consider the skein space of the disc D with a + b + ¢ specified points in its
boundary. The points are partitioned into three sets of a, b and ¢ (consecutive)
points. The effect of adding the idempotents f@, £® and £ just outside every
diagram in such a disc with specified points (and so slightly enlarging the disc), is
to map the skein space of the disc into a subspace of itself. That subspace will be
be denoted T, 5 .. Thus 7, 5 . is spanned by all diagrams inserted into the inner disc
of Figure 14.6. The dimension of 7, ;, . is either one or zero, for the only chance of
obtaining a non-zero skein element on inserting a diagram without crossings into
Figure 14.6 is when the element obtained is a multiple of that on the left of Figure
14.7. This element, if it exists, will be denoted 7, 5, .. (The insertion of any other
zero-crossing diagram into Figure 14.6 always gives zero on interacting with the
idempotents.) For 1, , . to exist, it is necessary that there should be non-negative
integers x, y and z definedbya = y + 2,6 = z + x and ¢ = x + y. This occurs
precisely when a, b and ¢ are admissible in the following sense:

Figure 14.7
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Definition 14.6. The triple (a, b, ¢) of non-negative integers will be called
admissible ifa + b + ciseven,a < b +c,b <c+aandc <a + b.

When (a, b, ¢) is admissible, it is easy to see that t, 5 . is not the zero element
of T, . by considering the 1-terms of the expansions of the three idempotents as
sums of base elements of the various Temperley—Lieb algebras. When (a, b, c) is
admissible, define

f(a,b,c) =T(x,y,2),

where non-negative integers x, y and z are defined in the above way. In the diagrams
that follow, a triad consisting of a black dot with three arcs emerging from it labelled
a, b and ¢, will be an abbreviation for the triad diagram t, , . (see Figure 14.7);
it is always then to be assumed that (a, b, ¢) is admissible. Note that 8 (a, b, ¢) is
the evaluation of the diagram consisting of two black dots joined together by three
simple disjoint arcs labelled a, b, and c; see Figure 14.3. It should be observed that
each arc emerging from a black dot is automatically decorated with the relevant
idempotent. A useful identity that uses this notation is shown in Figure 14.8.

a oc d - Sad 0 (a, b, c) "
A,

b

L

Figure 14.8

The Kronecker delta function occurs because if, say, @ > d then the copy of
f@ in the left-hand triad must, in the expansion of the remainder as a sum of
diagrams with no crossing, always abut some “e;”, (in each such diagram, some
curve leaving the left must return to the left). When a = d, the left diagram must
be some scalar multiple of f@, and the multiplier is readily found by joining, in
the plane, points on the left of the diagram to points on the right.

Suppose that D is in S? and D’ is the disc complementary to D with the same
specified a + b + ¢ boundary points. Taking unions of diagrams in the two discs
induces a bilinear form SD x SD’ — S($8%) = C, and using this, ... corre-
sponds to the element 77, . of the dual space to S D’. In this way T, . can be
regarded as a space T, . of linear maps of the skein outside D; an element of
T,.b.c is thus a “map of outsides”. Strictly, 7%, . is the quotient of 7, , . by the

kernel of the bilinear form. This is almost unnecessary sophistry for generic A,
but is significant when A is a root of unity.

Lemma 14.7. Let (a, b, ¢) be admissible and let A be a primitive 4r™ root of
unity. Then t*, . is non-zero if and only ifa + b + ¢ < 2(r —2).

a.b,c

PROOF. SD’ has a base consisting of all diagrams in D’ with no crossing. For all
but one of these diagrams there is an arc from a point of one of the three specified
subsets (for example, that with a points) to another point of the same subset. As
usual (using f@e; = 0), 7, . annihilates such an element. There remains to
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consider the base element of SD’ that consists of z arcs from the first boundary
subset to the second such subset, x from the second to the third and y from the
third to the first. Of course, 7,7, . maps this element to I'(x, y, z). It follows from

Lemma 14.5 that as x 4 y + z increases, this is non-zero until A, ,.! = 0 and
that this occurs whenx + y +z =r — 1. O

Definition 14.8. A triple (a, b, ¢) of non-negative integers will be called
r-admissible if it is admissibleanda + b + ¢ < 2(r — 2).

The substance of the last result is that for A a primitive 4r™ root of unity, the
space of maps T, .. is zero unless (a, b, ) is r-admissible, and in that case it has
dimension 1.

These ideas are now to be generalised to the disc with an even number, (a +
b + ¢ + d), of points specified in its boundary, partitioned consecutively into a ,
b, ¢ and d points. Let Q, .4 denote the subspace of the skein space of such a
disc that comes from placing the idempotents f@, f® £ and £ just outside
every diagram that generates this space (see Figure 14.9).

o

Q"
Figure 14.9

Lemma 14.9. Suppose A is not a root of unity. A base for Qg.p.c.q is the set of
elements as in Figure 14.10 (the boundary of the disc is not shown), where j takes
all values such that (a, b, j) and (c, d, j) are both admissible.

b c
a : J : d
Figure 14.10

PROOF. Note that the proposed base elements each consist of two triads glued
together; there is an f/) on the central line. Certainly Q.4 is spanned by all
elements of the form shown in Figure 14.11, where the lines all represent multiple
parallel arcs, for, as usual, any other diagrams interact with the idempotents to give
zero. Without loss of generality, it is assumed that b + d > a + ¢, and it is clear
that the diagonal line represents % {b + d — a — c} parallel arcs. The number of
arcs represented by the other lines can vary. Suppose there are j arcs crossing the
vertical dotted line. In the Temperley—Lieb algebra T L, recall that 1 — f ) is
in the ideal generated by the e;. Thus a diagram with j arcs crossing the dotted
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line can be replaced with a linear sum of diagrams, one with j arcs containing an
fY7 and others that cross the vertical line fewer than j times (coming from the ¢;).
Thus, by induction on the number of arcs crossing the vertical line, it is seen that
the given elements span the space.

a | d

Figure 14.11

Gluing a triad 7. 4 onto the right of the disc under consideration produces
a linear map from Q, 5.4 to T, . Of course this operation maps the element
of Figure 14.10 to 8; ¢ (8(c,d, k)/Ai)Ta bk, using the formula of Figure 14.8.
When j = k, this is non-zero, and so the proposed base elements are indeed
independent. d

Lemma 14.10. Suppose A is a primitive 4r'" root of unity. A base for O3 4 oy (this
being Qg .p.c.qa regarded as maps of diagrams outside the disc) is the set of elements
as in Figure 14.10 where j takes all values such that (a, b, j) and (c, d, j) are
both r-admissible.

ProOF. The proof that the given elements span is the same as in Lemma 14.9
with a small modification. Now, £ does not exist for n > r. However, f¢~V
is the zero map of outsides. Thus working in this dual context, any diagram as in
the above proof, with at least (» — 1) arcs crossing the dotted vertical line, can be
replaced by a sum of diagrams with fewer such arcs. Further, any triad encountered
that is not r-admissible may be discarded, since it represents the zero map. The
proof of independence is essentially the same as before (though the map used now
goes from and to the dual spaces). O

The bases for Q44 and Q7 , . ; given in the last two lemmas have a “hori-
zontal” bias. There is, by symmetry, a base in each case with a “vertical” bias. The
change-of-base equation is depicted in Figure 14.12, where the summation is over
all { for which the triples (b, ¢, i) and (a, d, i) are admissible (or, respectively, r-
b i
d
called 6 j-symbols. The 6j-symbols can be evaluated in terms of a diagrammatic
presentation by adjoining a triad 7, 4 beneath the diagrams of both sides of the
equation of Figure 14.12. This produces zero for every term on the right hand
side except the k™ term. That term becomes (with no summation convention)

a b k
{ c d j

admissible). The terms . { of this change-of-base matrix are sometimes

} O(a,d, k)Ak_'r,,vC,k. Now place a copy of 7, . on the outside of
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>7K - rey

Figure 14.12

both sides of the equation. It transpires (keeping track of what has happened to the
left hand side) that the labelled diagram in the shape of the edges of a tetrahedron
Z k 6(a, d, k)o(b, c, k)Ak A lengthy
closed formula is known for this labelled tetrahedral diagram and hence for the
6 j-symbol, but it is not very attractive (except to a computer). It is quoted in [62],
a proof is in [12], and the form of the answer is known from quantum field theory

[69].
b
C S\,

Figure 14.13

as in Figure 14.13 is equal to

One more general formula of use is the identity shown in Figure 14.14. The
1-dimensional nature of 7, 5, . asserts that the element on the left of Flgure 14.14
is some multiple of 7, ... That the multiplier is (—1)(@t6=0/2 gatb=ct(@+=c)/2)
is left as a fairly easy exercise.

Figure 14.14

Suppose now it is desired to evaluate in & (S%) = C, the complex number
represented by a link diagram in which each component is replaced by some
S, (@) as encountered in the definition of the 3-manifold invariants. This can be
thought of as a diagram with segments representing multiple parallel arcs with
some [ included (and note that because f™ f@ = f as many copies of
£ as might be desired may be inserted around any component of the link). Near
each crossing, two such parallel multiple arcs with labels a and b can be replaced
by a linear sum of the above base elements of Q% , , ., and then the crossing can
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be removed in each summand using the equality of Figure 14.14. What emerges
is a linear sum of weighted trivalent graphs in S? with a black dot at each vertex.
Again at the expense of taking linear sums, the graphs can be changed using the
6 j-symbol equation to reduce the number of edges of the graph around a region
of the graph’s complement in S?. When a region is bounded by just two edges, it
can be removed using Figure 14.8. This eventually simplifies completely all the
graphs to be considered. Although in principle such a method of calculation will
always work, in general it desperately needs computer assistance.

(D) - % s D
] ¢ @b g@be)y b/ © \b

admissible
Figure 14.15

Sometimes the SU,(2) 3-manifold invariant does have a compact formulation
with an elegant method of calculation. An example, which will now be described,
is the manifold consisting of the product of a closed orientable surface and a circle.

In Figure 14.15 is a picture of a strands with an @ inserted beside b strands
withan f. This can be regarded as an element of Qp, , 4 » or of O}, , ,. Ineither
case, it must be expressible as a linear sum of the basis elements. The summation
is over all ¢ for which (a, b, c) is admissible (or r-admissible), and the coefficients
of the sum are determined by adjoining the triad 7, , . and using Figure 14.8.

Lemma 14.11. In S(S' x I), S,(@)S,(@) = > Sc(«) where the summation is
over all ¢ such that (a, b, ¢) is admissible. If A is a primitive 4r'" root of unity
regarding both sides of the equation as maps of outsides (of immersed annuli as in
Chapter 13), Sa(a)Sp(t) = Y . Sc(@), where now the sum is over all ¢ such that
(a, b, ¢) is r-admissible.

PrOOF. In fact the first part of this lemma is almost immediate. This is because
it is a result on Chebyshev polynomials that S,(x)S,(x) = >__ S.(x), the sum
being over all ¢ such that (a, b, ¢) is admissible. This follows by induction on b.
However, another proof is shown in Figure 14.16, where the result of Figure 14.15
is first applied at the top of the diagram and then the result of Figure 14.8 is applied
at the bottom. The advantage of this alternative proof is that it also works in the
r-admissible case as well. O

Figure 14.17 shows an element of S(S' x I) that will temporarily be denoted
B. Regarding S as a map of outsides, expanding one of the w’s as Z;;ﬁ A Sy (a)
and using Figure 14.15, a summation expression for 8 is obtained. This is also
depicted in Figure 14.17, where the a’s at the top are to be understood to be joined
to those at the bottom by arcs that encircle the annulus. But, by Lemma 13.9,1f A is
a primitive 4r'" root of unity, then the only non-zero contribution to that expression
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A C
= X G@bo

¢ : (abc)
admissible

z

¢ : (ab,c)
admissible [ |

Figure 14.16

is when ¢ = 0. Thus as maps of outsides (recall that 8(a, a, 0) = A,),

r—=2

B=Y <>y (S.@)
a=0

Aa AC

0<a<r-2 0 (aac)
c : (aac)
admissible

Figure 14.17

Theorem 14.12. Let F, be the closed orientable surface of genus g and let A be
a primitive 4r'™ root of unity, r > 3. Then To(S' x F,) is an integer. It is r — 1
when g = 1. Otherwise it is the number of ways of labelling the 3(g — 1) edges
of the graph of Figure 14.18 with integers a;, 0 < a; < r — 2, so that the three
labels at any node form an r-admissible triple.

PROOF. The 3-manifold S' x F, is obtained by surgery on a link that con-
sists of g copies of the Borromean rings summed together on one component,
each component having the zero framing. (Proving this is an interesting exercise.)
A diagram D for such a link is obtained by taking g annuli, each containing a
link as on the left of Figure 14.17, threading an unknotted closed curve through
these annuli and then taking the resultant diagram of 2g + 1 components. Then
<w,w,...,w >p =< w, 8 >y, where H is just the two-crossing diagram of
the simple Hopf link of two curves. Thus, as the signature of the linking matrix of
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a
1 a2 a3 ag
Qg +1 L) ag .3 a9
2 —_ =

2g+1 a2g+2

Figure 14.18

this link is zero (and using < pw >p= p"),
Ta(S' x Fp) = u®¥™? < o, B8 >y .

Now g = Z;;ﬁ 12(S4(r))?, so B8 can be expressed as a sum of the S,(«)’s
by Lemma 14.11. Then, by Lemma 13.9, < w, 8% >y is u=>"%N, where N
is the number of times Sy(«) appears in the expansion (by Lemma 14.11) for
(Z;;%)(S[, (@))?)% as a sum of the S,(«)’s. This N is the number of r-admissible

labellings of the edges of Figure 14.18. O

The last result can, in general terms, be anticipated. It was shown in [13] that
these SU, (2) invariants can be regarded as emanating from a topological quantum
field theory. These theories will not be described here in any detail (but see [4]).
Roughly, such a theory is a functor from the category of oriented surfaces and
cobordisms to that of vector spaces and linear maps that sends disjoint unions to
tensor products. It follows from such an abstract formulation [4] that the invariant
of the mapping torus of an automorphism of a surface F is the trace of some linear
map. The invariant for S' x F is the trace of the identity map, and that is certainly
an integer.

When the surface has genus equal to 1 or 2, it is easy to make a count of this
integer from the theorem. The results obtained are

r3—r

6

Working from the same surgery diagram, with A still a primitive 47 root of unity,
r > 3, it can also be shown [86] that

TaS' x S'"x SH =@ =1, ZuS'x F) =

r—2
Ta (Sl x Fg) — (_2r)g—l Z(AZ(H—H) _ A—Z(n+l))2—2g.
a=0
It is surprising that this last expression must be an integer as, indeed, it has just
been proved to be.

The mapping torus of the automorphism of S' x S' that reverses the sign of every
element of H,(S' x S') has a surgery diagram as shown in Figure 14.19. It is clearly
very similar to the diagram of the Borromean rings with zero framings, considered
above, for §' x S' x S'. It is an easy exercise using the above methods to show
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Figure 14.19

that this manifold also has 74 = (r — 1). That can, in fact, also be deduced from
considerations of the topological quantum field theory. Of course this manifold is
not equal to §' x S' x S; its first homology is Z @ Z/27 & Z/27Z. Thus two
manifolds can have all SU,(2) invariants the same and yet be distinguished by
their first homology groups.

a
a\ ./ 1) __n__n/ ! X <a
\@\ =_Aa_b ‘}O'@ :(/uf " @b o) b> 0<?
) i v \ y Yy c © c

()

Figure 14.20

Less obvious, whether by calculation or philosophy, is the fact that the 3-
manifolds (described by Kauffman [62]), obtained by surgery on the framed links
shown in the diagrams at the top of Figure 14.21 and the top of Figure 14.22,
also have the same integer invariants. To see this, first note the equalities shown in
Figure 14.20, applicable when A is a primitive 4r" root of unity. The first of these
identities has, essentially, already been used. It foilows at once from Figure 14.15
and Lemma 13.9. The second one follows by using Figure 14.15 twice and then
Lemma 13.9, but note that the right-hand side is to be interpreted as zero unless
(a, b, ¢) is an r-admissible triple. The diagram D at the top of Figure 14.21 has
three zero-framed components. With appropriate orientations it has linking matrix

0 3 0
3 0 3],
0 3 0

and this matrix has signature zero. The matrix represents the first homology of the
3-manifold M obtained by surgery on this diagram, and so this homology group
iSZ ®Z/37 & 7/37Z.

The remainder of Figure 14.21 considers the above identities (together with
that of Figure 14.14) applied to the diagram, with @ decorating the left and
right components and A,S,(¢) decorating the other component. The result is
(<w>y)? = w~* when (a, a, a) is an r-admissible triple and zero otherwise.
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(1D
(D, G- -0 &

- 0@aa’ 0 g” a%’ 0O - 00
w a a w w W

Figure 14.21

2

Q

Summing this over all @, 0 < a < r — 2, shows that u* < w, ®, w >p is the
number of a such that (a, a, a) is -admissible. Thus Z, (M) is equal to the number

' &
(R D - @
N ) A, L)
Aa w@ - B(a,a,a)w@/ga @

" b@aa w@a @ B O(a:l,a) @ . ﬁ ﬂ

Figure 14.22
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The manifold M obtained by surgery on the zero-framed reef knot shown at the
top of Figure 14.22 has Z as its first homology group. The second line of Figure
14.22 shows the effect of changing this to a different diagram by some adroit Kirby
moves. The first moves introduce a —1-framed unknot and a +1-framed unknot
and slide parts of the knot over them, then the first of those unknots is slid over
the second; the last move is an isotopy. Figure 14.22 then analyses the resulting
diagram, with w decorating two components and A,S,(«) decorating the third
component. Again, summing this over all a shows that the result of evaluating w
decorating the original reef knot diagram is the product of (< @ >)*{< w >y,
< @ >y_}~! with the number of a such that (a, a, a) is r-admissible. Hence again
that number is the invariant 7 4(M).

One more example of these “recombination techniques” wiil conclude this chap-
ter. It is not actually concerned with calculating a 3-manifold invariant, but with
calculating the Jones polynomial of a torus knot. The method used here is mod-
elled on a paper by P. M. Strickland [117]. In what follows, A is a generic complex
number.

Theorem 14.13. If p and g are coprime positive integers, then the Jones
polynomial of the (p, q)-torus knot is

[(1)—1)(11-1)/2(1 _ [2)_1(1 R lq+l + lp+q).

Proor. Consider the diagram of Figure 14.23, which shows p arcs traversing a
rectangle. Suppose g copies of this are placed side by side and the result is closed
up by joining the p points on the left to those on the right, using p crossing-free
arcs encircling an annulus §' x I to form a diagram T (p, ¢) in that annulus.
It is desired to evaluate this diagram in the skein of the annulus in terms of the
base elements {S, («)}. Then, placing the annulus in the plane will at once give a
value for the Jones polynomial of the (p, ¢)-torus knot. For some fixed k (which
will here later be taken to be 1), consider p arcs side by side in a diagram, each
labelled with an % so that as usual each arc represents k parallel arcs with the
idempotent inserted. Applying the identity of Figure 14.15 (p — 1) times shows
that this is of the form of Figure 14.24, where the coefficient A(i1, i2, ..., ip-2, a)
is the quotient of a product of A’s by a product of 6’s and the summation is over
all (i1, i2,...,1p—2, a) that produce an admissible triple at each vertex of the
diagram.

- _—
==

Figure 14.23
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N A Gy iy s ipas @)

EIE I L R )

Figure 14.24

The diagram of Figure 14.25 is, of course, a multiple of f@; let it be denoted,
without any summation convention, by

(MG ize s ip2s @AGL Jas oo Jp—2e @) M @5

The {M(a )}} will be regarded as a matrix M (a) with rows and columns indexed by

i and j, each representing a multi-suffix (i, iz, ..., ip=2) Or (J1, jas -+« Jp—2)-
& 2 A PR W i,y a
TN SN —F
k
Figure 14.25

Suppose T (p, ) is the diagram T (p, q) decorated by Sy («). Suppose that in
T(p, q)*, between consecutive occurrences of (the k-weighted) Figure 14.23, the
p parallel strings are “combined” as in Figure 14.24. Note that terms with distinct
values of a compose to give zero. The terms with a given value of a combine to
be the trace of the matrix (M (a))? multiplying S, (). This follows just from the
above notation.

Now, (M(@)?)} £V is {AGir, i, - - ip—2, @)A1 J2s - -+ Jp-2,@)}/? times
the diagram of Figure 14.26, and that diagram in turn is zero unless i = j and is
then, by Lemma 14.1 and Figure 14.8, equal to

(AGL g iy @A, Jas e s fpozs @)} 2(=1)7 ACF2 pl@),

Hence (M (a))” is (— 1)“A“2+2" times an identity matrix, of size dependent on the
number of admissible labellings of the diagram of Figure 14.24.

Figure 14.26
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This means that the eigenvalues of M(a) are all p™ roots of (—1)9A%+20 =
(— A)”Z”" and, of course, the trace is the sum of those eigenvalues. Each eigenvalue
can be regarded as & p, where p is some fixed p' root of (—A)* 12 and £ j s some
p'™ root of unity. The trace of M (a) is, as explained above, the coefficient of S, (cr)
in the expansion of T(p, 1)* in terms of the S,(a). Suppose (see below) that p
can be chosen so that Z &; is an integer; it will be denoted N,. Then, 1f p and
g are coprime, Z (€;)7 is also equal to N, (because if a primitive p™ root of
unity is a zero of a polynomlal with integer coefficients, then any other primitive
p™ root of unity is a zero of the same polynomial). From this it emerges that
T(p, D® =¥ Nu(— A)@+20/p g () for some integers {N,} and then, using
the same integers, T(p, ¢)® = Y, Na(— A)9@+20/P§ (o). Thus it remains to
evaluate T (p, 1)®, at least when k = 1.

The element T'(p, 1) of S(S' x I) contains a copy of Figure 14.23. The process
of removing the top crossing of Figure 14.23 by using the defining skein relation
and removing a kink leads at once to the recurrence relation

T(p,1) = AaT(p — 1,1) — A’T(p — 2, 1).

Letting x, = A™"T(p, 1), this becomes x, = ax,_| — xp—2. This is, of course,
the recurrence relation which has as solution the Chebyshev polynomials S, («).
Now x; = —A2x andxg = —A~2 — A2. Thus x, = —A%S, (@) + A72S, 2 ().
Hence, for k = 1, p can indeed be chosen for each a so that >, & s an integer
N,: when a = p, choose p = (—A)"*? and then N, = (— )”JF1 and when
a = p — 2,choose p = (—A)"~ 2 and then Np_y = (— 1)” otherwise N, = 0.
Hence

T(p, )" = (=D (AP, (@) + (=1 (AP, 2 ().
Placing S! x I in the standard way in the plane sends T (p, q)(" to the element
(=D (ATPRA, + (=DM (ATTTIA,

in the skein of the plane. This planar diagram is a diagram with writhe pg of the
(p, g) torus knot. To obtain the Jones polynomial, the above expression must be
multiplied by (—A) =379 to account for the writhe, then by (—A~2 — A?)~! because
the Jones polynomial is the coordinate of the skein element with the zero-crossing
unknot as base, and then the substitution t = A% must be made. Thus, with
t = A~?, the Jones polynomial of the knot is

(A*4_A4)—1(_A)"zpq[_AZCI(A2(P+1)_A—Z(P+l))+A~2q(A2(p—])_A—Z(p—]))].
This is
(A = A4)—1(_A)—z,;qA2(17+1)A2q[_1 L ACAPED 4 A4gHD _ A—4(p+q)]
= —(1 - A—S)—IA—Z(pq—P~q+ll[_1 4+ ATHPTD o pmHerD A—4(p+q)]’

and this is the stated result. O
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This chapter has really been about the calculation of SU, (2) invariants of framed
coloured links in S*. Such a link is a framed link L together with a non-negative
integer n(i) assigned to each component L;. The coloured invariant is then the
element of Z[A~', A] that results from decorating every L; with S, () and eval-
uating the result in S(R?). Applications have been found for these link invariants.
They are used in [96], [138] and [71] to give information about the tunnel number
of a knot. (The tunnel number is the minimal number of arcs that can be embedded
in the knot exterior X, with each arc meeting 8 X at its end points, so that X less a
regular neighbourhood of the arcs is a handlebody.) They have also been employed
in [73] to give information about a generalised unknotting operation.

Exercises

1. Prove the formula displayed in Figure 14.14.

2. Let D be a diagram in S? of the p-framed (p, 2) torus knot. Calculate (S, (¢)) p, where
S, 1s the usual Chebyshev polynomial.

3. Suppose that D is the usual three-crossing diagram of the trefoil knot and that surgery
prescribed by this diagram gives a 3-manifold M. Calculate the invariant Z, (M) when
A = exp(mi/10).

4. Let A = exp(wi/2r). If M and M are the same closed connected 3-manifold but with
opposite orientations, show that Z, (M) is the complex conjugate of T, (M).
Let M, + M, be the connected sum of two oriented closed connected 3-manifolds M,
and M,. (This sum is formed by removing a 3-ball from each manifold and identifying
the 2-sphere boundaries together so that orientations match up.) Show that

uZy(My + My) = To(M)L4(M>).

5. Let A be a primitive 47" root of unity. Find, in the r-admissible situation, expressions
for all the 6 j-symbols when r = 4.

6. Let A be a primitive 4™ root of unity. Suppose that ' is another element of S(S' x I)
with the property of invariance under type 2 Kirby moves that is described (for w) in
Lemma 13.5. Let i’ be defined so that (1)) 2 = ('), and suppose that this is non-zero.
Suppose that @’ and p are used to define an invariant 7', (M) of closed, connected,
oriented 3-manifolds M exactly as in Definition 14.4. By considering

(up'ow', pp'eww’, ..., pp'oo’)p
for a link diagram D, determine the relationship between 7/, (M) and Z4(M).

7. Show that any compact connected oriented 3-manifold with boundary a torus can be
obtained by surgery on a framed link in a solid torus. [Glue a solid torus to the boundary
and use the surgery result for closed 3-manifolds.] Suppose that X; and X, are knot
exteriors and & : dX, — X, is a homeomorphism. Let —k be the composition of
hand —id : 84X, — 9X,, where —id is a homeomorphism that sends longitude to
longitude and meridian to meridian but reverses the directions of them both. Show that
for every primitive 47" root of unity A,

Ta(X) Uy Xo) = Tu(X) Uy X2).
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Let A be a primitive 4r" root of unity. In Lemma 14.10, a base is described for the
space of skeins of a disc, with points in its boundary partitioned into four sets and with
an idempotent (of the relevant Temperley—Lieb algebra) adjacent to each set, when that
space is regarded as a dual space (as “maps of outside diagrams”). Generalise this from
a partition into four sets to a partition into 1 sets of points, finding a base corresponding
to labelled trivalent graphs with r-admissibility for the labels at every vertex.

Let A be a primitive 47 root of unity. Let
N=1{peSS" xI): (¢, ¥)y =0forallyy € S(S' x I)}.

Here, again, H is a two-crossing diagram of a non-trivial (Hopf) link. Show that the
dimension of the quotient space S(S' x I)/N is r — 1, and find for this space two bases,
represented by sets {8;} and {y;} of elements of S(S' x I), such that {8, v;)y = & .

. Repeat the previous exercise with a g-holed disc replacing the annulus, the bilinear

form being given by placing skein space elements in the diagram of two linked g-
holed discs, shown below, and evaluating the result in the skein space of the plane. The
dimension of the quotient space is to be shown to be the integer Z4(S' x F,) obtained
in Theorem 14.12. Show that a base is all labelled diagrams in the g-holed disc, of the
form of Figure 14.18 with r-admissibility at each vertex.

LR,
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Generalisations of the Jones
Polynomial

The Jones polynomial invariant of oriented links has already been expressed by
means of a so-called skein formula in Proposition 3.7. and a similar, but different,
formula was given for the Conway polynomial in Theorem 8.6. It will now be
shown that those are two instances of a more general polynomial invariant in two
indeterminates, sometimes called the HOMFLY polynomial ([31], [90], [106]).
This is one of two two-variable generalisations of the Jones invariant. The other
is the Kauffman polynomial invariant ([60], [58], [16], [45]). The main aim of
this chapter is to show that these two invariants exist—that is, that they are indeed
well defined. These proofs of existence are harder than the one given for the Jones
polynomial in Chapter 3.

The simple defining formulae of these invariants are in the statements of the
next two theorems and the proofs of the two are very similar. First, however,
there follows a preparatory and slightly technical result of planar geometry. It
investigates the way in which a lens-shaped region R of the plane is divided into
regions by a collection of transversals {t;}.

Lemma 15.1. Suppose that p and q are two arcs in R? meeting only at their end
points A and B, and let R be the compact region bounded by p U q. Suppose
that t|, 1y, ... t, are arcs in R, each meeting p U q at just its end points, one in
p and one in q. Suppose that every t; N t; is at most one point, that intersections
of arcs are transverse and that there are no triple points. The graph, with vertices
all intersections of these arcs and edges comprising p U q U |, t;, separates R
into a collection of v-gons, amongst these v-gons there is a 3-gon with an edge in
p and a 3-gon with an edge in q.

PRrROOF. Proceed by induction on the number n of arcs. The result is trivial if
n = 1, soassume n > 1. Amongst the end points of the #; that lie on p, let X be
the nearest to A. If then X is an end of ¢;, let B" be the other end of #; on g. If
possible, from {; : i # j}selectas, with# Nt; = X', 4 Ng = A’, such that 7,
has no point of intersection with a 7; between A’ and X’. Select such a f; with X’
as near as possible to B’, see Figure 15.1. If there is no such #, select p instead,
taking A’ = A and X’ = X. Now let p’ be an arc starting at A’, proceeding along

166
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Figure 15.1

tx (or p if there is no #;) to X’ and then along ¢; to B’ (it helps not to think of a
corner at X’). Let g’ be the sub-arc of g from A’ to B’ and let R’ be the region
bounded by p’ U ¢’. If no ¢; meets the interior of R’, then R’ is a 3-gon with an
edge in g. Otherwise R’ meets {t; : i # j, i # k} in fewer than r arcs and so, by
induction, there is a 3-gon in R’ with an edge in ¢’. The choice made for 1, ensures
that A’ is not a vertex of this 3-gon (which is important, as X’ is not a vertex of a
v-gon of R), and so it is one of the original 3-gons having an edge contained in
g. Similarly, there is a 3-gon with an edge in p. O

In the course of the proof of the existence of the HOMFLY and Kauffman
polynomials, the idea of an ascending link diagram will be used. The idea is as
follows: A diagram D of an oriented link is ordered if an ordering is chosen for the
link components and based if a base point is selected in D on each link component.
If D is so ordered and based, the associated ascending diagram « D is formed from
D by changing the crossings so that on a journey around all the components in the
given order, always beginning at the base point of each component, each crossing is
first encountered as an under-pass. That means that the link represented by o D can
be thought of as lying in R? above the diagram, with each component entirely below
those following it in the given order, and with each component ascending as one
moves around it away from its base point, but eventually dropping vertically back
to that base point. Thus o D represents a trivial link. It is important to remember,
given D, that « D depends on those two choices, component order and base points.

Qe ~=Q |o<o|

Typel Type IV

<->\/ \//QX/
/\ / //\ /\/\

Type III
Figure 15.2
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Also needed in the proofis the idea of Reidemeister moves that do not increase
the number of crossings of a diagram above a certain bound. In principle it is clear
what that means, but the moves will be taken to be the usual Type 11 move together
with those of the Figure 15.2, which include two forms of the Type I and Type 111
moves and a Type IV move. The usual proofs that this is a redundant list involve
increasing the number of crossings.

Theorem 15.2. There is a unique function
P : {Oriented links in §%} —> Z[I%!, m*']

such that P takes the value 1 on the unknot and, if L., L_ and L are links that
have diagrams D, D_ and Dy that are the same except near a single point where
they are as in Figure 15.3, then

[IP(L) +17'P(L_) + mP(Ly) = 0.
P (L) is called the HOMFLY polynomial (see [31]) of the oriented link L.

XX

D D_

+

Figure 15.3

PrROOF. In outline, the proof consists of defining P on link diagrams (using
induction on the number of crossings), ensuring the validity of the skein relation

(*)  [P(Dy)+17'P(D_) + mP(Dg) = 0

for diagrams related as in Figure 15.3, and verifying invariance under Reidemeister
moves. Note first that the equation (x) determines uniquely any one of P(Dy),
P(D_) and P(Dy) from knowledge of the other two. Note, too, that a solution to
(») is

(P(D), P(D-), P(Do)) = (x, x, pux),

where x is arbitrary and . = ~m~'({ +-17").

Let D, be the set of all oriented link diagrams in the plane with at most
n crossings (two diagrams are regarded as being identical if they differ by an
orientation-preserving homeomorphism of the plane). Suppose inductively that
P :D,_, — Z[I*', m*'] has been defined such that on D,,

(i) the skein relation () holds for any three diagrams in D, _ related in the usual
way;
(ii) P(D) is unchanged by Reidemeister moves on D that never involve more
than n — 1 crossings;
(iii) if D is any ascending diagram of a link in D,_, with #D components, then
P(D) = p*P~ .
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The induction starts with Dy in which any diagram is, trivially, ascending, and
there is nothing to prove.

Now extend the definition of P over D, in the following way: If D is an n-
crossing diagram, select an ordering of its components, select a base point on each
component and let « D be the associated ascending diagram. Define P(¢D) =
w*P=t where #D is the number of link components of D. The crossings of o D
can be changed one at a time to achieve D. If D and D_ are the diagrams before
and after such a crossing change, and Dy is the diagram with the crossing annulled,
the value of P on the diagram after the change can be calculated, using (x), from
P(Dy) and the value on the diagram before the change. The value of P(Dy) is
known by induction. The value for P(D) is then defined to be the value thus
calculated from P(a D) by changing crossings of a D to produce D. It is easy to
see that P (D) does not depend on the ordering of the sequence of crossing changes
chosen to get from oD to D (consider transposing one crossing change and the
next one in the sequence). However, the problem is to show that P(D) does not
depend on component order and choice of base points.

It is fairly easy to deal with base points. Suppose, keeping fixed the order of link
components, the base point b of a certain link component of D is moved from just
before a crossing to ', a point just after the crossing. Let 8D be the ascending
diagram using b’ instead of b. If the other segment involved at the crossing is from
a different component, then « D = BD. Otherwise 8D is constructed from o D
by simply changing this crossing. However, the diagram Dy obtained by annulling
this crossing is also an ascending diagram with #D + 1 link components and is, of
course, in D,_,. Thus by the induction, P(Dy) = pu*P and, as P(aD) = u*P~!,
the skein formula gives P(8D) = w*P~'. This means that if one had defined
P(BD) = u*P~! next calculated that P(aD) = u*P~! and then calculated
P (D), one would have obtained the same value for P (D) as before. Hence the
definition of P (D) is independent of choice of base points.

At this stage P is well defined on n-crossing diagrams with an ordering of
their components. For such diagrams the identity (x) is satisfied (assuming D
and D_ have the “same” orderings), for (x) may be regarded as the first step in a
calculation of P (D, ) from P («x D). Reidemeister moves, that never involve more
than n-crossings, on an ordered diagram D will now be considered. Note that if
the diagram before a Reidemeister move has an ordering on its components, then
this clearly induces an ordering on the components of the diagram after the move.
A move is to be interpreted with respect to such associated orderings.

Suppose a crossing of D is to be removed by a Type I move on some component.
It can be assumed (as position of base points is immaterial) that in selecting base
points, the base point on the component in question is immediately before the
crossing. Then this crossing is not changed in obtaining D from o D. Thus the
calculation of P for D is exactly the same as the calculation for the diagram after
the move.

With reference to a Reidemeister move of Type II, consider the two triples of
diagrams shown in Figure 15.4(a). The two diagrams labelled D_ are the same, as
are the two labelled Dy. Thus, by (), P takes the same value on the two labelled
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D... The same is true for the two triples of Figure 15.4(b), using in addition invari-
ance of P under Type I moves. Hence when considering removing two crossings
of D by a Type II move, choose base points away from the area concerned, and
note that the above remarks on Figure 15.4 imply that, without loss of generality,
both crossings may be changed before even considering the move. Thus it may be
assumed that the crossings are such that neither has to be changed in obtaining D
from aD. As before, the calculations of P on the diagrams before and after the
move are the same.

AR g
A

D,

(

Figure 15.4

The same general idea works for Type III moves. Consider the diagrams of
Figure 15.5 where it is supposed that the components are in some way oriented.
The task of showing that P(D,) = P(D)’) is equivalent to the task of showing
that P(D,) = P(Dy’). This is because D3 = Dj, and D4 and D are related
by a Type Il move; (x) gives the usual relationship between P(D;), P(D), and
one of P(D3) and P (D4) (according to the orientation situation), and it also gives
exactly the same relation between the P(D?). In this way the three crossings under
consideration in the diagrams before and after a contemplated Type III move may
be adjusted so that (choosing base points well out of the way) no crossing needs
to be changed to achieve the ascending diagram. As before, the calculations of P
before and after the move are the same. Finally, note that the fourth type of move,
introduced (temporarily) above, clearly does not effect calculations of P.

N\ \ N\

N X N

A A )DQ 7\
3

Dl 2 D4
X \)( <
AR ¢
7N /\D/\ - > 7 o\
'1 2 3

Figure 15.5
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One thing remains to be proved. Suppose D is any n-crossing diagram with
an ordering of its components and o D is the associated ascending diagram (with
respect to any base points). Suppose that 8D is an ascending diagram constructed
from D with reference to a different ordering. Give the components of 8D the
original ordering, so that P(BD) is defined by calculating it from P(aD). It
is required to show that P(BD) = wu*P~! . If this is so, then a calculation of
a value of P(D) could be started from knowing P(BD) = u*P~!, calculat-
ing P(@D) = u*P~! and then calculating the value of P (D) as prescribed in
the definition (with D having its original «-given order). That would mean that
P (D) would be well defined, independent of the ordering of its components. It
would also complete the induction as 8D is an arbitrary ascending rn-crossing
diagram.

To make this final check, consider the ascending diagram 8D. Any component
with no crossing that bounds a disc whose interior is disjoint from the diagram may
be moved away from the rest of the diagram (into the unbounded complementary
region) using the fourth type of move. Now, consider an innermost loop of the
diagram (it may help to forget the over-crossing information for a while), a loop
being a sub-arc of the diagram starting and stopping at the same crossing. If this
loop contains no crossing (except at its ends) it can be removed using a Type I move
(in this case, “innermost” and the remark on zero-crossing components imply there
is no component totally within the area bounded by the loop). That move leaves
the value of P unchanged. However, the new diagram has n — 1 crossings and is
still ascending. Thus, by the induction, P(8D) = u*P~!. Otherwise other arcs of
B D traverse the loop; these transversals are simple arcs, as the loop is innermost
and each meets the loop at two points. One transversal and part of the loop bound
a 2-gon, which is probably crossed by many transversals. Amongst such 2-gons,
and similar 2-gons bounded by pairs of the transversals, choose an innermost one.
Let the two arcs involved, denoted p and g, meet at points A and B and bound the
region R. (Again, the innermost condition implies there is no component entirely
within R.) Any of the remaining transversals that meets R, meets each of p and g,
and within R, transversals meet each other in at most one point (as R is innermost).
This is the situation described in Lemma 15.1, so considering the pattern of v-gons
in R formed by the complementary regions of 8D, there is a 3-gon having an edge
in p. Assuming all the base points are outside R, the fact that 8D is ascending
means that the 3-gon has cross-overs at its three vertices that are appropriate for a
Type I1I Reidemeister move. Thus change the diagram by such a move, moving the
part of p across the 3-gon. This changes R to a new region, and the procedure can
be repeated; at each stage the diagram is still ascending. Eventually there are no
3-gons in the new region R, in which case that region can be removed completely
by a Type Il move. Thus 8D can be changed by Reidemeister moves, which never
involve more than n crossings, to an ascending diagram with n — 2 crossings. Thus
P(BD) = u*P~! by induction. This means that choosing the base points outside
R was valid, as position of base points is irrelevant in ascending diagrams with
this value of P.
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This completes the proof of the induction hypothesis. Thus P is, finally, well de-
fined on D, for all n, the skein formula (x) is always satisfied, and as any collection
of Reidemeister moves remains within D,, for some n, P (D) is unchanged by all
Reidemeister moves. Thus a link invariant is produced by taking P(L) = P(D),
where D is any diagram for the link L.

There is only one such P as described in the theorem, for the properties of the
statement of the theorem always allow P (L) to be calculated from an ascending
diagram. An ascending diagram with ¢ components is an unlink and so is rep-
resented by a zero-crossing diagram of ¢ components. It then follows (an easy
exercise) from the statement of the theorem that the value of P on that diagram
is <! O

There is nothing sacrosanct about the notation used here for the HOMFLY
polynomial. The skein formula simply expresses a linear relation between the
values of P on three oriented diagrams related in the usual way. It is equally valid to
regard P as having values in the Laurent polynomials in three (projective) variables
x, y and z, with the skein relation being x P(L) + yP(L_) + zP(Ly) = 0. A
helpful custom has been established to the effect that any use of the HOMFLY
polynomial is accompanied by a declaration of notational conventions.

In earlier chapters the skein formulae for the Jones polynomial and the Conway
polynomial have already been considered, so the general procedures that might be
applied to the HOMFLY polynomial are not unfamiliar. The details of the proof of
the above theorem explain how P (L) canbe calculated by reference to an ascending
diagram. Although the length of such a calculation depends exponentially on the
number of crossings of a diagram, it is easy to calculate with diagrams of only a
few crossings. It is also easy to make trivial errors in such calculations; several
computer programs have been written to obviate this and to manage an inhuman
number of crossings. Further exploration of the HOMFLY polynomial will be
postponed to the following chapter. Instead, the preceding existence proof will first
be adapted to give a proof of the existence of the Kauffman polynomial. That is
the other two-variable polynomial invariant that generalises the Jones polynomial;
it should not to be confused with the Kauffman bracket. Parts of the two existence
proofs are the same, including the final tricky component re-ordering section. Thus
emphasis will be placed on places where the proofs differ. One difference is that
the Kauffman polynomial is really not defined on links but on framed links. The
HOMFLY polynomial can be regarded as referring to framed links but that can
seem, initially, to be an unnecessary sophistication. For the Kauffman polynomial
it is necessary. In what follows, framings will be interpreted by means of diagrams,
the framing on a component being the sum of the signs of the crossings at which
that component crosses itself.

The work of the second existence proof consists in defining a two-variable
Laurent polynomial invariant A(D) € Z[a*', z*'] for unoriented link diagrams
D. This is the burden of the next theorem. If a diagram D happens to have an
orientation, it should be forgotten when evaluating A (D). Given this, the Kauffman
polynomial F (L) of an oriented link L has the following simple definition:
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Definition 15.3. The Kauffman polynomial is the function
F : {Oriented links in $°) — Z[a™!, z!]

defined by F(L) = a~ P’ A(D), where D is a diagram with writhe w(D) of the
oriented link L and A is the function of the next theorem.

In the course of the proof of the next theorem, it will be useful to use a self~-writhe
w(D) of alink diagram D, defined to be the sum of the signs of crossings at which
all link components cross themselves (not other components). This self-writhe can
be considered as the sum of the framings of all the components; note that it does
not depend on a choice of orientation on the link. For an oriented link diagram D,
the difference w(D) — w(D) is twice the sum of the linking numbers between all
pairs of link components. (It might have been better, and equally valid, had the
Kauffman polynomial been defined using w(D) instead of w (D), fora P’ A (D)
is just an invariant of unoriented links.)

The proof of the next theorem will again use a definition involving induction
on the number of crossings in a diagram and reference to ascending diagrams.
However, a slight generalisation of an ascending diagram will be needed. This
consists of the idea of a link diagram having an untying function (to be thought of
as a “height”) in the following sense:

Definition 15.4. Suppose D is a diagram for a link L with ordered components.
An untying function for D is a real-valued function 4 on D, two-valued at the cross-
ings, that corresponds to a continuous function & : L — R, with the following
properties:
(i) If component ¢; precedes component c¢; in the ordering, then h(x;) < h(x;)
for any x; € ¢; and x; € c;.

(ii) Oneach link component ¢;, the function / is monotonically strictly increasing
from some base point b; € ¢; to some top point #; € ¢;, in both directions
around c;.

(iii) At a crossing the value of & on the over-pass exceeds that on the undez-pass.

Note that any ascending (oriented) diagram has an untying function in which
the top points of components always just precede the base points. Note, too, that
if D has an untying function, it represents the unlink. This is because it represents
a link L in which # is the height function of L above the plane of the diagram D
(just “lift D up” to the height specified by /). Then L attains each height at most
twice (by the monotonicity of &), so that the union of line segments joining points
of L of equal height gives a collection of disjoint discs bounded by L.

Theorem 15.5. There exists a function
A : {Unoriented links diagrams in $%} —> Z[a*!, 71

that is defined uniquely by the following:
(i) A(U) = 1, where U is the zero-crossing diagram of the unknot,
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(iiy A(D) is unchanged by Reidemeister moves of Types Il and Il on the
diagram D;

(i) A(7o™™) =aA(~— ™),

(iv) If Dy, D_, Dy and Dy are four diagrams exactly the same except near a
point where they are as shown in Figure 15.6, then

(%) A(Dy) + AD-) = 2(A(Do) + A(Do)).

K XOCX
D. D D, D,

Figure 15.6

PrOOF. Note that, when considering a crossing in an unoriented diagram, it
has no claim to be termed D, rather than D_ in the above notation. How-
ever, this never matters, since D, and D_ feature symmetrically in the formula
(); the treatment of Dy and D, is likewise symmetric. Observe that the equa-
tion (»x) determines uniquely any one of A(D.), A(D_), A(Dy) and A(Dy)
from knowledge of the other three. Observe also that a solution to (xx) is
(A(Dy), A(D2), A(Dy), A(Dw)) = (ax, a~'x, x, 8x), where x is arbitrary and
S=(@+a"Hz'-1.

Now follow the pattern of the proof of Theorem 15.2. Let D, be the set of all
unoriented link diagrams in the plane with at most n crossings. Suppose inductively
that A : D,_, — Z[a™', z*'] has been defined such that on D,,_,

(a) the skein relation (x«) holds for any four diagrams in D,_; related as in
Figure 15.6;

(b) A(FrO ™) =aA( ~~)adA(—¢ ) =a'A(~ > );

(¢) A(D) is unchanged by Reidemeister moves of Types I, Il and IV on D that
never involve more than n — 1 crossings (see Figure 15.2);

(d) if D is any diagram of a link in D,.; with #D link components that has an
untying function, then A(D) = a®P)§#P~1,

The induction starts with Dy in which any diagram has, trivially, an untying
function.

Now extend the definition of A over D, in the following way: If D is an n-
crossing diagram, select an orientation on each component, an ordering of the
components and a base point on each component. Let o D be the associated as-
cending diagram (it is just to define this that the orientation is needed). Define
A(@D) = a* @D §#P=1 \where #D is the number of link components of D (and
of a D). The value for A (D) is defined to be the value calculated from A (a D) by
changing one by one the crossings of @ D to produce D, using (»*) and inductive
knowledge of A(Dg) and A(Dy) at each crossing change. It is easy to see that
A (D) does not depend on the ordering of the sequence of crossing changes cho-
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sen to change a D to D . The problem is to show that A (D) does not depend on
component order, component orientation and choice of base points.

Suppose, keeping fixed the orientations and the order of link components, the
base point b of a certain link component of D is moved from just before a crossing
to b, a point just after the crossing. Let SD be the ascending diagram using b’
instead of b. If the other segment involved at the crossing is from a different
component, then «D = BD. Otherwise D is constructed from D by simply
changing this crossing. However, the diagram Dy, obtained from « D by annulling
that crossing in the way consistent with orientation, is also an ascending diagram
with #D + 1 link components, and the diagram D, obtained by annulling in
the other way, is easily seen to have an untying function. Both Dy and D4 are in
D, _1. Hence A(Dy) = a”Po§*P and A(Do) = a®P=)§*P~! However, as in
all four diagrams there are zero linking numbers between components, W(Dy,) =
w(Dy), and w(a D) and w(BD) are W(Dy) + 1 and wW(Dy) — 1 (which is which
depending on the sign of the crossing). Hence the skein relation (**) shows that
A(BD) = a" D) §#*D=1 as this valued substituted in (x%) gives

aPP0) (q§#D=1 | g=IghD=1y — 7o W(Do)sHD | g#D=1y
and that accords with the definition of 8. This value for A(B8D) is that calculated
using b as the base point; it is, of course, equal to the value it would have, by
definition, if &’ were the base point. Thus A (D) does not depend on choice of base
points.

At this stage A is well defined on n-crossing diagrams with an ordering of their
components and an orientation on each component. For such diagrams the (xx)
identity of statement (a) of the induction hypothesis is satisfied exactly as in the
proof of Theorem 15.2. To see that the formulae of statement (b) are satisfied, let
D be the diagram on the left-hand side of such a formula and D’ that on the right.
Placing the base point just before the crossing shown ensures that the crossing
is unchanged in the ascending diagram o D. But then w(eD) = w(aD’) £ 1,
the choice of sign depending on the sign of the crossing. Thus by definition,
A(@D) = a*'A(aD’), and the factor a*! persists throughout the calculations to
show that A(D) = a*'A(D).

Reidemeister moves other than of Type I, and never involving more than n-
crossings, on ordered oriented diagrams must now be considered. The invariance
of A(D) under a Reidemeister move of Type II is shown in exactly the same way
as in Theorem 15.2. The diagrams of Figure 15.4 should be considered without
arrows, and it should be noted that the values of A on the two diagrams labelled
Dy in Figure 15.4(b) are the same by means of two applications of the formula
(b) that has just been proved. Similarly, invariance under a Reidemeister move of
Type III follows as before; it is simply required to use all of the D; and D;’ shown
in Figure 15.5. Again invariance under a Type IV move follows trivially.

It is necessary, for (d), to check that A(D) = a®®§*P~! for an n-crossing
oriented ordered diagram D with an untying function 4. This is true if the top
points on all components immediately precede the base points, as then the diagram
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is ascending with respect to its ordering and orientation. Thus proceed by a sub-
induction on the total number of self-crossings of all components from top points
to base points in the directions of the orientations. On a component c, let X be the
first self-crossing on c after top point ¢ ( before the base point b is reached). If, on
travelling from z, the crossing is an over-pass, # can be changed to be increasing
from  to just beyond X and still be an untying function. Then A(D) = a¥(?)§#P~!
by the sub-induction. Otherwise X is encountered as an under-pass. It must be
an under-passing of part of ¢ from b to t; this follows from the monotonicity
properties of h. The situation is illustrated in Figure 15.7(a), where 4 is to be
thought of as decreasing along broken lines and increasing along unbroken lines.
Calculate A (D) using (xx) applied to the crossing X. Changing the crossing gives
a diagram D’, and this diagram has an untying function with the top point moved
nearer to base point . Thus, by the sub-induction, A(D’") = a”P§#*P~!. The
diagrams Dy and D, have n — 1 crossings and are as in Figure 15.7(c) and Figure
15.7(d); these diagrams have untying functions as indicated by the broken and
unbroken lines. Thus A(Dy) and A (D) are known by induction on . Of course,
W(Ds) = w(Dy), and W(D) and w(D’) are w(Dy) + 1 and w(Dy) — 1. Further,
Dy has one more component than the other diagrams. It then follows at once from
(%%) that A(D) = a”P6#*P~!, and the induction argument is complete.

Figure 15.7

Consider an ordered oriented based diagram D and the associated ascending
diagram « D. Suppose the component ordering is kept fixed but that the orientation
on some component ¢ is reversed. Let 8 D be the resulting ascending diagram. Then
B D has an untying function (and untying functions ignore orientation). Thus, with
respect to the original orientation on 8D, A(BD) = a*#P§*P~! This means
that the definition of A (D) does not depend on choice of the orientations used in
defining ascending diagrams.

At this stage any possible ambiguity in A(D) depends only on the chosen
ordering of components. However, that this choice, too, is irrelevant follows exactly
as in Theorem 15.2. So with the induction on n complete, the theorem is proved,
for uniqueness follows easily as before. O

A variant in the signs for the Kauffman polynomial is sometimes useful. (The
resulting polynomial is sometimes called the “Dubrovnic” polynomial [60].) This
is based on a function

A* : {Unoriented links diagrams in $?} — Z[a®', 0™']
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that is defined in exactly the same way as is A in Theorem 15.5 (with « in place
of a and w in place of z) except that (iv) is replaced by
A*(Dy) — A*(D-) = w(A*(Dg) — A*(Doy)).
If an oriented link L is represented by diagram D, define F*(L) = a~*® A*(D).
It is, however, fairly easy to verify that if L has #L components, then
F*(L) = (D" " [F(L))a.0y=Ga i

where i> = —1. Thus this variant contains no additional information.

Exercises

1. Evaluate the HOMFLY and Kauffman polynomials for each of the three knots with
crossing number 6.

2. Suppose that the HOMFLY polynomial exists and satisfies the criteria of the statement
of Theorem 15.2. Show that if L is the trivial link with #L components then P(L) =
w1 where p = —m='( +17Y).

3. Suppose that an oriented link L’ is obtained from oriented link L by reversing the
direction of one of the components of L. Show, by considering specific examples, that
there is no simple multiplicative formula relating P (L) and P(L’) of the type that exists
for the Jones and Kauffman polynomials.

4. Show that there exists a version P*(L) ofthe HOMFLY polynomial invariant of oriented
links that is a function of indeterminates x, y, and z, with the property that P*(unknot) =
1 and

xP*(Ly) +yP"(L_) +zP"(Lp) = 0.

Here, as usual, L, L_ and L, are three oriented links identical except within a ball
where, respectively, they have a positive crossing, a negative crossing and no crossing.
Show that P*(L) is homogeneous in x, y, and z and determine the relationship between
P*(L) and P(L).

5. Show that the existence of the HOMFLY polynomial implies that X (L), an invariant
of an oriented link L, that is a function of /, m, a and z, can be defined by

X (unknot) = a and IX(L,) +17'X(L_) + mX (L) +z = 0.
Here L., L_ and Ly are related in the usuval way.

6. Show that an invariant Y (L) of an oriented link L, with Y (L) a function of an
indeterminate x, can be defined by

Y(unknot) = 1 and Y(L_)Y(Ly) = x(Y(L+) - Y(L-) - Y(Lo)>.

7. Show that if L is a split link, then under the substitution (a, z) = (g, ¢~ + q), the
polynomial F(L) is zero.

8. For an oriented diagram D of an oriented link L, define P(D) by P(D) = "D P(L).
Show that
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(i) if D is changed by regular isotopy, then ’};(D) does not change;
(ii) if D, D_ and Dy are oriented diagrams related in the usual way, then
P(D,) + P(D-) + mP(Dy) = 0;
(iit) if D' is D with a positive kink removed, then /f;(D) = l?(D’).

9. What is the value of the “Dubrovnik” polynomial F*(L) of the oriented link L when
a =17

10. Foraknot K, let Q(K) be the polynomial in z obtained by substitutinga = 11in F(L).
If K has an alternating diagram with n crossings, show that the degree of Q(L) is at
mostn — 1.
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Exploring the HOMFLY and
Kauffman Polynomials

Elementary properties of the Jones polynomial have already been discussed in
Chapter 3. Versions of some of those results which hold equally well for the HOM-
FLY and Kauffman polynomials are given below. Where proofs are essentially the
same as those relating to the Jones polynomial, they are left as an exercise.

Proposition 16.1. [f L is an oriented link and L is its reflection, then

(i) changing the signs of both variables leaves P(L) and F (L) unchanged;
(i) P(L) = P(L) wherel =1~ andm = m;
(iti)y F(L) = F(L) whered@ = a~' and 7 = .

Proposition 16.2. If L| and L, are oriented links, then
(i) P(L1 + L) = P(L)P(Ly);

(i) F(Ly + Ly) = F(L)F(Ly);

(iii) P(L1 U Ly) = —( +1""Ym™ ' P(L))P(Ly);

(iv) F(LyULy) = ((@a+a "z ' — DF(L)F(Ly).

Note that in the above “LI” denotes the separated (or split) union of links. Note too
that the sum of oriented links is not well defined; it depends upon which compo-
nents are used to produce the sum. The above results are true whatever components
are selected, and so by varying that selection, different links are obtained with the
same polynomials.

Proposition 16.3. Both P(L) and F(L) are unchanged by mutation of L.

Mutation was discussed in Chapter 3, with a famous example shown in Figure
3.3. That example thus produces different knots with the same polynomials. In
[54], T. Kanenobu gave infinitely many distinct knots all with the same HOMFLY
polynomial (and hence also the same Jones polynomial).

Proposition 16.4. If the oriented link L* is obtained from the oriented link L by
reversing the orientation of one component K, then

F(L*) — a4[k(K‘ L—-K)F(L)‘

179
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Changing the orientation of all components of L leaves both P(L) and F(L)
unchanged.

The HOMFLY polynomial and the Kauffman polynomial are independent in-
variants in the sense that they distinguish different pairs of knots. Thus neither
polynomial can be seen to be trivially contained in the other by means of some
subtle change of variables. Examples are shown in Figure 16.1. The knots 8 and
10129 have the same HOMFLY polynomial but distinct Kauffman polynomials
(even when taking the variable ¢ = 1). Knots 11,55 and 11,57 have the same
Kauffman polynomial but distinct HOMFLY polynomials (and even have distinct
Alexander polynomials).

R(E) AR

GO \&2 NCEAS

9 XD e &

8 10, 1, 11,5,

Figure 16.1

Skein formulae have already been given for the Jones polynomial, in Proposition
3.7, and for the Conway-normalised Alexander polynomial in Theorem 8.6. Those
results just mean that certain substitutions of variables in the HOMFLY polynomial

give the Jones polynomial on the one hand or the Alexander polynomial on the
other. The precise results, in the notation used here, are as follows:

Proposition 16.5. For an oriented link L, the Conway-normalised Alexander
polynomial Ay (t) and the Jones polynomial V (L) are related to the HOMFLY
polynomial P(L) by

Ap(t) = P(L). igirn—i-112y) and V(L) = P(L) 1. ig-1r2-112y),

where i = —1.

The Alexander polynomial is not contained within the Kauffman polynomial
as the example above shows. However, the Jones polynomial is hidden in the
Kauffman polynomial in two ways.

Proposition 16.6. For an oriented link L,

V(L) = F(L) when (a,z) = (—[‘3/4’ (l‘_l/4 + 11/4)),
(VL) = (=D*"F(L) whent = —q72, (a,2) = (>, ¢ + ).
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PRroOF. Underlying the Jones polynomial is the Kauffman bracket. Reverting to
the notation for that, given in Definition 3.1,

(SR)=ADQ)+Aa7 (=),
(X)=A"T0OQ+A ).

Adding these equations gives

SO+ =A+ADH OO+ (=.

However, (o) = —A3(~—), and the Kauffman bracket is invariant under
regular isotopy (Reidemeister Type II and III moves). However, these are the
defining rules for the polynomial A (D) of Theorem 15.5 with the variables changed
to (a, z) = (—A%, (A + A™")). The substitution r = A~* gives the first result.

Subtracting the square of one of the above two equations from the square of the
other gives

L= (X =@ =AU O - =D

Of course (~o~)? = A%(~)?, and so the square of the Kauffman bracket is
an instance of the A*(D) polynomial, defined at the very end of Chapter 15, that
satisfies

A*(Dy) — A(D-) = o(A™ (Do) — A" (Do)

Now, translating the notation by w = (A? — A7), a = A%t = —¢~% = A4
and (from Chapter 15) (a, z) = (io, —iw) the second result follows. O

Many of the best simple applications of the skein theoretic polynomials refer to
the Jones and Alexander polynomials and have already been considered (particu-
larly in Chapter 5). However, the following result is a significant direct application
of the HOMFLY polynomial; it is one of the best applications of that polynomial
to geometric questions. Versions of it first appeared in [27] and [97]. The result
gives, particularly in its corollary, some information about the complexity that
must exist in a diagram of a specific link. As convenient notation, let E;(P (L))
and ¢;(P(L)) be the maximum and minimum exponents of that appear in the
HOMFLY polynomial P(L) of an oriented link L.

Theorem 16.7. Suppose that an oriented link L is represented by a diagram D
with writhe w(D), having s(D) Seifert circuits and n(D) crossings. Then the
degrees of m that occur in P(L) are bounded above by n(D) — s(D) + 1, and

—w(D) — s(D) + 1 < ¢(P(L)) < Ei(P(L)) = —w(D) +s(D) — 1.

PROOF. The first inequality asserts that E,,(P(L)) < n(D) — s(D) + 1, where
E,,(P(L)) is the maximum exponent of m occurring in P(L). This will be proved
by induction on n(D). If n(D) = 0, then s(D) = #D and P(D) = utP—l
where u = —m~'( +1 ~1), and the result follows. The skein relation for P (D)
isIP(Dy) + 7' P(D_) + mP(Dy) = 0, where D, D_ and Dy, being diagrams
related in the usual way, have the same number of Seifert circuits. The inequality is
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by induction true on Dy, so using induction again on the number of crossings that
need to be changed to achieve an ascending diagram, it is just necessary to prove
the result for ascending diagrams. That is, it is required to prove for an ascending
diagram D that —(#D — 1) < n(D) — s(D) + 1, or that s(D) < n(D) + #D.
However, this inequality is true for any link diagram, as can be seen in the following
way, again by induction on n(D). It is clear when n(D) = 0. Let D’ be the result
of annulling a crossing of D. Then the inequality is true for D', and clearly s (D) =
s(D),#D = #D’ £ 1 and n(D) = n(D’) + 1. That gives the inequality for D.

To consider the second inequality, define for an oriented link diagram D the
Laurent polynomial X (D) = [*®) P(D). It is required to show that E;(X(D)) <
s(D) — 1. Proceed again by induction on n; the inequality is clearly true when
n = 0. The skein relation for X (D) is X (D) + X (D-) + mX(Dy) = 0. Again,
D, D_ and Dy all have the same number of Seifert circuits and, as the required
inequality is true by induction for Dy, it is sufficient to prove it for ascending
diagrams. Suppose D is ascending so that P(D) = p*P~! It is required to show
that w(D) + #D < s(D). Suppose that in D, some crossing of a component with
itself is annulled to give another ascending diagram D’ (the self-crossing following
a base point will do). By induction on the number of crossings, w(D’) + #D’ <
s(D") = s(D). However, #D’ = #D + 1 and w(D’) = w(D) =£ 1, and so the
inequality is true for D. If there is no crossing at which a component crosses itself,
let D" be obtained from D by annulling a negative crossing where one component
crosses another. This can be done, as all linking numbers are zero. Choose the two
components as close as possible, in the ordering of the components of D as an
ascending diagram, and then D” is also ascending. By induction on the number
of crossings, w(D") + #D” < s(D") = s(D). Now w(D") = w(D) + 1 and
#D" = #D — 1, and so the inequality holds for D.

The inequality —w(D) — s(D) + 1 < ¢/(P(L)) can be proved similarly or

deduced from the above by reflection of the diagram. O

Corollary 16.8. The [-breadth of P(L) satisfies E,(P(L)) — ¢(P(L)) <
2(s(D) — 1).

The significance of this corollary is that for an oriented link L it gives a lower
bound on the number of Seifert circuits in any diagram that might represent L. The
minimum number of such Seifert circuits is known to be equal to another invariant,
the “braid index” of L, which is defined to be the minimal n for which L can be
described as the closure of an n-string braid (see [136]), so the corollary gives a
lower bound for the braid index.

Applications of the Kauffman polynomial have been explored by Thistlethwaite
in [119] and [120] and by Kidwell [64]. Some, though not all, of those results now
follow from the technique of Chapter 5. One result of [64] is that if Q(L) is the
polynomial in z obtained by the substitution @ = 1 in F(L), and L has a diagram
with n(D) crossings, then

degree Q(L) < n(D) — b(D),
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where b(D) is the maximum number of consecutive over-passes that occur any-
where in the diagram. This b(D) is called the bridge length of the diagram D; if
D is alternating then (D) = 1.

It may be helpful to have a rough idea of the appearance of these polynomial
invariants for knots. There follow two tables giving the values of the HOMFLY
polynomial for knots up to eight crossings (as depicted in Chapter 1) and the
Kauffman polynomial for knots up to 87. The HOMFLY polynomial of a knot, inthe
notation of the last chapter, is of the form 3, , p; (1*)m’, where p; (I*) is a Laurent
polynomial in {2, p; (%) is zero if i is odd and if i is sufficiently large. These simple
facts are exploited in the table, which gives (in notation due to Thistlethwaite), for
each knot listed, the coefficients in the polynomial. The numbers in the ith brackets
give the coefficients in pz(,-ﬁl)(lz), the bold face number being the coefficient of
1°. Thus, for example, the knot 7; has polynomial (/™* + 2172 4 2) 4+ (=212 —
2 — I))m? 4+ m*, and this is abbreviated in the table to (12 2) (=2 =2 — 1) (1).

The Kauffman polynomial of a knot, in the notation of the last chapter, is of
the form Y, o gi (a)z', where g;(a) is a Laurent polynomial in a. However, g;(a)
contains only odd powers of a if i is odd and only even powers if i is even. Ifi is
sufficiently large, g, is zero. The table given here for Kauffman polynomials uses
these elementary facts. Again in notation due to Thistlethwaite, the conventions
are as follows: For a knot listed, the numbers in the i'" bracket give the coefficients
in g;(a). If i is even, the coefficients listed are of the even powers of a (for the
others are zero), the bold face number being the coefficient of a®. If i is odd, the
coeflicients listed are of the odd powers of a, the star denoting the divide between
negative and positive powers. Many of the listings occupy two lines. Thus, for
example, the knot 6; has polynomial

(—a_2 +a*+ a4) + (2a + 2a3)z + (a_2 — 4q% — 3a4)z2
+ @ =2a— 3a3)z3 + (1 + 20> + a7t + (@ + a7,
and this is encoded as
-1011) (*22)(10-4-3) 1x-2-3) (121) (x11).

A glance at the tables of the HOMFLY and Kauffman polynomials (Tables 16.1
and 16.2) reveals that for any knot the first entry is the same in the two tables. That
is an instance of the following result, the proof of which is left as an easy exercise.

Proposition 16.9. Suppose L is an oriented link with #L components. Then (1 —
#L) is the lowest power both of m in P(L) and of z in F (L), and

[ Fw) = [=mTPa)]

(a.2)=(1,0) m=0

Perhaps the elegance of this result is a quirk of notation, but it serves to focus
attention on the polynomial po(/?). That invariant has been used by P. Traczyk
[122] to provide a necessary condition that a knot should have a certain type of
symmetry. The symmetry envisaged is that the knot might be (set-wise) invariant
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TabLE 16.1. HOMFLY Polynomial Table

3 0-2-1) ©1)
4, (-1-1-1) (1)
5, 0032) (00-4-1) 001)
5 ©-111) ©1-1)
61 1011) 1-1)
62 221) (-1-3-1) 1)
63 (131)  (-1-3-1) )

7 (000-4-3) (000104) (000-6-1) (000 1)
7, (0-10-1-1) (01-11)
7 (-2-2100) (13-300) (-1100)

74 (-10200) (1-210)
7s (0020-1) (00-321) (001-1)

s 1121  (-1-2-2) 1)

75 (122)  (2-2-1) 1)

8 (-100-1-1) (1-11)

8, ©0-33-1) (0473) (0-1-5-1) (001)
85 (10-101)  (-12-1)

84 (2-201) (13-2-1) ¢-11)

85 (2-540) (3840) (-1-5-10) (100)
86 @21-1-1) (-1-221) 01-1)

8, (-2 -4-1) (383)  (-1-5-1) (10)
85 1-121) (12-2-1) ¢11)

86 (-2-3-2) (383)  (-1-5-1) 1)
810 (-3-6-2) (393)  (-1-5-1) (10)
811 (1-1-2-1) (1-121) 01-1)

81 (11111 (2-1-2) (1)

813 ©0-2-1) (-1-121) 1-1)

814 1) (1-111) (01-1)

8s (001-3-4-1) (00-253) (001-2)

816 (0-2-1) (252)  (-1-4-1) ©1)
817 (-1-1-1) (252)  (-1-4-1) (1)
818 (131) (111)  (-1-3-1) 1)
8 (-1-5-5000) (510000) (-1-6000) (1000)
830 (-1-4-2) (141) (0-1)

821 0-3-3-1) 0231) ©00-1)
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TasLE 16.2. Kauffman Polynomial Table
3 0-2-1) x011) ot
4, (-1-1-1) (-1 x-1) azn (1x1)
5 (0032) *00-2-11) 00-4-31) *0011)
0011)
5; @0-111) *00-2-2) 01-1-2) *x0121)
0011)
61 -1011) (x22) 10-4-3) (1% -2-3)
121 (*11)
62 221) (*0-1-1) -3-6-21) (x-202)
(132) (x11)
63 (131 (-1-2%x-2-1) (-3-6-3) (11x11)
242 (1x1)
T 000-4-3) x00031-11) (000107-21) (x000-4-31)
000-6-51) *x00011) 0001 D)
7, (0-10-1-1) *x00033) 01034) (x01-1-6-4)
(001-3-4) *00121) 00011)
73 (-2-2100) (-213000%) (-164-300) (1-1-4-200x)
(1-3-3100) (12100%) (11000)
74 (-10200) 44000%) 2-3410) (4-8-220%)
(-30300) (13200%) (11000)
75 0020-1) *00-111-1) 00-301-2) (x00-1-4-21)
001-102) *00132) 00011
76 1121 (*x120-1) (-2-4-4-2) (x-4-6-11)
(1122) (x242) @011
74 (122) 23x1) (-2-6-7-3) (-4-8%x-31)
(1243) (25x%3) (11)
8 (-100-1-1) *x0-3-3) (10076) (Ax-157)
(1-2-8-5) (x1-4-5) 0121) *011)
8 (0-3-3-1) *011-1-1) (07123-11) *03-1-22)
(0-5-12-52) (x0-4-22) 0132 (x011)
83 (10-101D) (-4 « -4) (-3181-3) (-28%8-2)
(1-2-6-21) (1-4x-41) 1z (1«1
84 (-2-201) (-1x12) (710-1-31) 4x-3-52)
(-5-11-33) (-4%-13) (132) (1«1
8 (-2-5-40) (4730%x) (1-241580) (2-8-1000x)
(3-7-15-50) (41-30x%) 3410 (110%)
8 21-1-1 (x-1-3-11) (-3-263-2) (x-152-4)
(10-6-41) (x1-2-12) 0132) *011
8, (-2-4-1) (-1022x1) (24126) (1-1-2-3x-3)
2-3-12-7) 20-1x1) 242 (11%)
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under a 27/ p rotation about some axis, for some prime p; the condition is in terms
of the coefficients modulo p of po(I?).

Table 16.3 shows the values taken by the HOMFLY, Jones and Kauffman poly-
nomials for an arbitrary link L when various specific values are substituted for the
variables of the polynomial. The items of information shown here are not always
independent of one another. This follows from Propositions 16.5 and 16.6. The
values obtained are all simple functions of classical invariants, of the number of
components, #L, of L, of homology data of various covers branched over the link,
of the Arf invariant of L, and some intricacies of sign. Immediate additional infor-
mation can, of course, be obtained by changing the signs of variables and also by
taking complex conjugates. It is thought that it may not be possible to produce any
more such valuations. This is because complexity theory (see [50]) suggests that
bounds on the length of the evaluation process at other choices of the variables may
not be expressible as a polynomial in the number of crossings of a link diagram.

That many of these specific evaluations should exist was first suggested by Jones.
Once it is suspected what one of these evaluations ought to be, it is usually not
too hard to give a proof of the result. That has already been done here in the case
of the Arf invariant in Chapter 10. The nature of the proofs is always the same:
just check that the postulated evaluation satisfies the relevant skein formula for
the given values of the polynomial variables. The proof is then an exercise in the

TaBLE 16.3.  Evaluations of Polynomials

P(L) V(L) F(L) Value
(I, m) t (a,2)
A, —-1-1""Y i (1, 1) 1
1 1, =2) (=2)*-!
6271!'/3 (l, Z) (_1)#L—]
B (i, =2) -1 AL(=1)
(1,2) (detL)?
C (1, \/E) i (_ﬁ)#L~l(__1)Arf(L)
0 if Arf(L) undefined
D (1,1 (i+/2)2 )
(e”i/6, 1) eni/3 83i#L—l(l’\/§)d3(D(L))
(1, =1y (~3)BPw)
(1, \/§2A1 ) 55«/5 ds(D(L))
G (_q’q—l +q) %(_1)#L—lzq4lk(X.LfX)

XcL
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understanding of some classical invariant (the Arf invariant or the homology of a
branched cover).

Some explanation of the notation used in the table of evaluations is required.
The results of row A of the table are elementary. They do however assert that the
number of components of a link is incorporated in its polynomial invariants. Row
B refers to A;(—1), the value at 1 = —1 of the Conway-normalised Alexander
polynomial, det L = |A;(—1)| (see Chapter 9). For a knot K, det K is the order of
H{(D(K); Z.), where D(K) is the double cover of §* branched over K (for a link,
the determinant is zero if the homology group is infinite). Row C has already been
discussed in Chapter 10. In the remaining rows, D (L) is again the double branched
cover and 7' (L) is the threefold cyclic cover of §3 branched over oriented link L.
The prefix d, denotes the dimension, as a Z/ r Z-vector space, of the first homology
with Z/rZ coefficients of the space in question. Details of proofs relating to row
D and row E can be found in [88]. The coefficients 3 and 85 are both +1 and
can be evaluated in terms of Legendre symbols (see [91]). Row G is a result to
be found in [89]; the summation is over all sublinks X of L, including the empty
sublink and L itself, and Ik(X, L — X) is the sum of the linking numbers of every
component of X with every component of L — X.

The representation of links as closed braids (see Chapter 1) was the original
starting point for the invention of the Jones polynomial [53]. Fundamental were
the theorems of Alexander and Markov that, combined, constitute the following
proposition. Modern proofs can be found in [7] and [98].

Proposition 16.10. Any oriented link in S* is the  closure E of some & belonging

to the braid group B, for some n. Oriented links & and 7| are equivalent if § and

n differ by a sequence of (Markov) moves of the following two types and inverses

of such moves:

(i) Change an element of B, to a conjugate element in that group;

(i1)) Change & € B, to iy, (é,*)o”il € B, wherei, : B, — By is the inclusion
(that disregards the (n + 1)th string).

The braid approach has also been used in an entirely different way to give another
existence proof for the HOMFLY polynomial [52], {126]. (A version also works
for the Kauffiman polynomial [126].) This method, which involves ““R-matrices”
and the Yang-Baxter equations, is of particular interest as it employs some of the
same mathematics as is used in quantum statistical mechanics [6]. The method is
amenable to considerable extension, abstraction and generalisation; so much so, in
fact, that it has lead to the birth of the subject of quantum groups, now a branch of
abstract algebra. That subject is now the main topic of several books, for example
[127] and [56]. The method can also be interpreted in terms of a ““states model” fora
sequence of values of the HOMFLY polynomial. This gives a complete, immediate
(though complicated) definition of P(L)q-w+1 i(q—q-1y) @s @ Laurent polynomial
in g, without recourse to any existence theorem. A brief outline follows.

Let V be a free module with base e, e, . . ., ¢, over a commutative ring K.
As usual, let V® denote the n-fold tensor product V @ V & - - - ® V. Suppose
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R :V ®V — V ® V is an automorphism; in suffix notation R maps ¢; ® ¢;
to R "e, ® e,, summing over the repeated suffices. Let R; : V®" — V& be
IRI® - -®1®R®1®- - -Q 1, where the R operates on the tensor product
of the ith and (i + 1)th copies of V. This R is called a Yang—Baxter operator if it
satisfies the (quantum) Yang—Baxter equations

RiRR) = R2R(R,.

Suppose that 4 : V — V isrepresented by the diagonal matrix diag(4;, pa, .. .,
lu’m)’ and

Ru@u) = (u®WR, Y Riiu;=cpsfand Y (R u; =o' s},
J J

where o and B are fixed units in K. If this occurs, u is called an enhancement
of R. Often it is not too difficult to find such a p once a solution is known for
the Yang—Baxter equations. Given such R and u, a representation of the braid
group can be found as follows: Define ¢ : B, — AutV® by ¢(0;) = R;. The
Yang—Baxter equations imply that ¢ is compatible with the relations of the braid
group (quoted in Chapter 1), and so ¢ gives a well-defined group homomorphism.
Define T : | J, B, — Kby

T() = o™ ™" Trace(¢ (§)u®"),
where § € B, and w : B, — Z is the homomorphism defined by w(c;) = 1.

Theorem 16.11. [fan oriented link L is the closure of € € B, let T (L) be defined
to be T (§). This is a well-defined link invariant.

PROOF. Because T is essentially a trace function, if&, n € B, then T (n~'&n) =
T(§). Using the properties of p, it is easy to show that T(£0,) = T(Son“) =
T (). The result then follows from Proposition 16.10. O

Proposition 16.12. Suppose the minimal polynomial equation satisfied by the

automorphism R : V@V - V@ Vis Z?:,; kiR' = 0 for some ki € K. Then
?:], kia'T(L;) = 0 whenever L; are links identical except near a point where

L; has a “tassel” of i crossings.

PROOF. The “tassel” of i crossings can be taken to be an occurrence of of in a

braid word representing L;. Now if n € B,, the result follows from

T(ojn) = a™' """ g~"Trace(R'¢ (n)u®"). 0

The example that leads to the HOMFLY polynomial is as follows: Let X be
Zlg~', qland let m > 1. Let E; ; be the endomorphism of V that maps e; to e;
and maps the other base elements to zero. A solution to the Yang—Baxter equations
is given by

R=—q) E;®Ei+Y E;®Ei+@q "' —q) Ei®E;,.
i i£] i<j



Exploring the HOMFLY and Kauffman Polynomials 189

It is arduous but straightforward to check directly that this is a solution. It is,
however, not hard to see that

R =g Z Eii®E,;+ Z E;®Eji+(@—-q" Z Ei,®E;,.
i Py i>j
sothat R — R™' = (¢! — g)1ygy. This is then the minimal polynomial equation
for R. Let u = diag(i, i2, . .., ) Where u; = g¥ ="' and leta = —g™

and 8 = 1. A routine check shows that this provides an enhancement for R. Thus
by Theorem 16.11, these data provide an oriented link invariant 7'(L) which, by
Proposition 16.12, satisfies

q"T(Ly) —q™"T(L) + (g~ — )T (Lo) =0,

where L, L_ and Lg are related in the usual way. Re-normalising to get the
polynomial of the unknot to be one, gives for £ € B,

—mu(s) Trace(@@u®")

P& ignitg—1-gn = (—q) Trace 1

As m varies, the evaluations of the HOMFLY polynomial at these special values
of the variables do, of course, determine the whole two-variable polynomial. It is
interesting to note that the Alexander polynomial Ay (t) = P(L) i¢v2—r-12y) does
not feature as one of the special values (as m > 1); from this standpoint A ()
occurs only by way of creating the entire two-variable polynomial from the whole
sequence of special values. A full version of this Yang-Baxter equation approach
to the HOMFLY and Kauffman polynomials is given in [127]. More complicated
R-matrices lead to descriptions of those invariants for “coloured” links that are
linear combinations of invariants for satellites and parallels.

From the above example, Jones [52] produced a “states model” for each of the
above values of the HOMFLY polynomial. His result is as follows: Fix n > 0, let
D be a diagram of an oriented link L, and let D* be D less the crossings of D. A
maps : {segments of D*} — {—n, —n+2, —n+4,...,n—2,n}isalabelling
of D if near each crossing the values of s conform to one of the three types shown
in Figure 16.2.

a b a b a a a a a b b a

AN Ve AN Vol AN Vol

S A X /\:,,;\a
a#b a>

Type 1 Type 2 Type 3

Figure 16.2
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Let |C,.isl be the number of *crossings of type i with respect to s for i €
{1,2, 3}, and let |C;s| = |C;"s| + |C; s|. Then

(_1)l+rol(D)(q7n + q—11+2 + . + q”)P(L)(iq*‘”*]),i(q—q‘]))
— grhud Z(_1)|c;s|+|c2s|q1C;s|—|cz+s|—fs W (g — g~y

N

In this formula, [ s d@ is the integer obtained by smoothing D (that is, changing
D2 to Dy) at all crossings of types 2 and 3 (so that each resulting link component
has a constant label) and subtracting the sum of the labels on clockwise components
from the sum of those on anti-clockwise components. The term rot(D) is f 1d6,
where 1 is the labelling with constant value 1; the summation is over all labellings
5. This formula could be used as a definition of P(L),-w+n jq—qg-1), and then the
(L, L_, Ly)-formula and invariance under Reidemeister moves could be checked
directly. Note that, although this “states model” was certainly derived by means of
consideration of representations of the braid group, the final formulation contains
no mention of braids.

The structure and significance of the HOMFLY and Kauffman polynomials are
frequently interpreted in the language of Vassiliev invariants, sometimes called
invariants of finite type. A final remark will give the rough idea of these, but for
many more details, see [5] and [10]. Suppose V is any invariant of oriented links
taking values in some abelian group. This V be can extended to be an invariant of
singular links in the following way: A singular link is an immersion of simple closed
curves in $* with finitely many transverse double points. These self-intersections
are required to remain transverse in any isotopy demonstrating the equivalence of
such singular links. If the definition of V has been extended over singular links
with n — 1 double points, define it on a singular link L, with n singularities by

V(Ly) = V(Ly) — V(Lo),

where V(L) , V(L) and V(L_) are identical except near a point where they
are as in Figure 16.2. Note that V(L) and V(L_) each has » — 1 double points.
Then V is called a Vassiliev invariant of order n, or an invariant of finite type n, if
V(L) = 0 for every L with n 4+ 1 or more singularities.

XX XX
Lx L, L. Ly
Figure 16.3

Recall the Conway polynomial invariant, V,(z) € Z[z], of oriented links
defined by Vinknot(z) = 1 and

Vi (@) = Vi (2) = 2V, (2).
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Extend this over singular links by the above method. Then if L, is a link with
r singularities, Vp (z) = zV,(z) where Ly is a link with » — 1 singularities.
Thus by induction on r, if L has r singularities then V. (z) has a factor of z". This
implies at once that the coefficient of z" in the Conway polynomial of a link is a
Vassiliev invariant of order n.

Now suppose one considers the HOMFLY polynomial and makes the sub-
stitution (I, m) = (it"/?,i(t7'/2 — t'/2)). The characterising skein relation
becomes

[N/ZP(L+) _ t—N/2P(L_) — (II/Z _ t*]/z)P(L()).

Note that this becomes the Jones polynomial when N = 2. Now make the further
substitution ¢t = exp x. Here exp x should be thought of as the classical power
series expansion. Of course, exp x /2 and exp(—x /2) have power series expansions;
power series can be multiplied and added to give power series. Thus P(L) has a
power series expansion in powers of x. It follows immediately that P(L,) —
P(L_) = xS(x) for some power series S(x). Hence the proof used above for the
Conway polynomial shows at once that the coefficient of x" in the power series
expansion of P(L) is a Vassiliev invariant of order 7.

Vassiliev invariants have attracted much attention, partly because they seem
to give a structured view of the polynomial invariants discussed here. They also
have associated with them a pleasing blend of linear algebra and diagrammatic
combinatorics and an interaction with Lie algebras. This is described in some
detail in [5]. They can also be interpreted in terms of the configuration space of
immersions of closed curves into S> ([129], [130]).

Exercises

1. Generalise to the theories of the HOMFLY and Kauffman polynomials the “numerator”
and “denominator” ideas that work so neatly for the Conway polynomial (see Exercise
4 of Chapter 8).

2. Prove Proposition 16.9 concerning the “first” terms in the HOMFLY and Kauffman
polynomials.

3. Suppose that in a diagram of an oriented knot K, some crossings labelled 1, 2, ..., n,
with crossing i having sign €;, are changed one by one to obtain the unknot. Let K; be
the knot created from K by the first i changes so that K = K and K, is the unknot. Let
L, be the oriented two-component link obtained from K;_; by nullifying the crossing
i (that is, by replacing it with no crossing in the way that respects orientations). Let
the total twisting T(K) of K be defined by 7(K) = Z:’Z, €1k(L;), where 1k(L;) is
the linking number of the two components of L;. If the HOMFLY polynomial of K
is written P(K) = Zj p,;()m’, prove that the derivatives of the Laurent polynomial
po(l) satisfy
(i) py(v/=1) =0,

(i) py(+/=1) = 8t(K).

Deduce that 7(K) is well defined independent of the chosen crossing changes.
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. In the notation of the previous question, show that p,(~/—1) = —7(K).
. The HOMFLY skein of the solid torus S! x D?, denoted Sy(S' x D?), is the free

module over Z[/*', m*'] generated by all oriented links in §' x D? quotiented by all
relations of the form /L, + ["'L_ + mLy = 0, where L., L_ and L, are related in
the usual way. Show that embedding two solid tori in one (by taking the product with
S' of two discs embedded in one disc) induces a product structure on Sy (S' x D?)
that turns it into a commutative algebra. Show that this algebra is generated by the
closure in the solid torus of all braids of the form 0,03 . . . 0, with either orientation.
Consider the order-2 homeomorphism of §' x D? to itself that rotates the solid torus
through an angle 7 about an axis meeting it in two intervals ( reverses the S' direction
but preserves the orientation of the solid torus). Show that . induces a linear map
of Sy(S' x D?) which sends one of the above generators to itself but with reversed
direction. Show that this fact can be used to construct different links with the same
HOMFLY polynomial by rotating a solid torus containing some components of a link
and changing their directions.

. Suppose that K| and K, are two oriented knots that are related by a mutation. For

i = 1,2, let Ki(z’ be the 2-parallel of K; (that is, the link consisting of K; and a
longitude of K; with parallel orientation). Prove that P(K,) = P(K3). Extend this
result to anti-parallels, where now the other orientation is chosen for the longitude.

. Prove the theorem of Alexander that asserts that any oriented link in S? is the closure

of some element of some braid group B,.

. Suppose that V is a free module of dimension 2 over Z[q~', qg]and that R : V@ V —

V ® V is defined by
R=—q Z E,®E.,;+ Z E,QEji+(@q "' —q Z Ei;®E;;.
i i#] i<j
Show that R satisfies the Yang—Baxter equation
R1R2R1 - R2R|R2.
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